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ITEPE/IMOBA

Ha cporoasi npu nmpoeKkTyBaHHI Ta JOCIIHKEHHI BUCOKOE(PEKTUBHUX CUCTEM
1 IpOI1IeCiB B €KOHOMILI1, TEXHIIIl, BAPOOHHUIITBI Ta €KOJIOT11 ONEPYIOTh HE 3 CAMUMU
o0’ exTamu, a 3 iX MoJeIsIMHU, TOOTO MOJCIIOBAHHS BHUCTYNAaE 1 SK amapar, 1 sK
3aci0, 3a JOMOMOTOIO SIKOTO Peasi3yloThCs MOCTABIICHI 3aa4i. Y HIUPOKOMY CEHCI
il MOJCITIOBAHHSIM PO3yMIIOTh IPOIIEC aJCKBATHOTO BIMOOpa)KCHHsSI HANWOUIBII
CYTTEBUX CTOPIH JOCTIKYBaHOTO 00’ €KTa abo0 SIBUINA 3 TOYHICTIO, KA HEOOXigHa
JUTS IpaKTUYHUX MOTpeO. [lpu boMy MozenoBaHHS — 1€ TPOLIeC MOIaHHA 00’ €KTa
JOCHI/DKeHHST  ajekBatHOi  (momiOHOT) oMy  MOJAEII0 1 TPOBEICHHS
EKCIIEPUMEHTIB 3 MOJIEIUTIO JUIsl OTpUMaHHsI 1HGopMaIlii mpo 00’ €KT JOCIIIKEHHS.

Kowmn’ roTepHe MOJeNntOBaHHS € METOJIOM PO3B’si3aHHS 3ajad aHaiizy abo
CHUHTE3Y JOCIIDKYBaHOI CHCTEMH, MpOILeCy Ta fABMINA, IO O0a3yeTbcs Ha
BUKOPHUCTaHH1 O0YMCITIOBATIBHOI TeXHIKK. OJTHUM 13 HaHOUIbII €PEKTUBHUX METO/IIB
CTBOPEHHSI Ta JOCITIDKEHHS CHUCTEM € MaTeMaThdHe iX mojemtoBaHHs. CyTHICTh
KOMII FOTEPHOTO MOJICIIIOBAHHS TMOJIATAE Y BHU3HAYEHHI KUIBKICHUX 1 SIKICHHX
pe3ysbTaTiB 3 BHUKOPHCTAHHSM CTBOPEHOI MaTreMaTH4Hoi Mojem. Taka
KOMIT' FOT€pHA MOJIENb IIPOIIECY Ta CUCTEMU Ma€ SIKOMOTra TOBHIIlIe BiJjoOpaXkaTu BCi
OCHOBHI (PaKTOPH 1 B3a€EMO3B’ I3KH, 110 XapaKTEPU3yIOTh peabHi CUTYyallii, Kputepii
Ta oOMexxeHHsa. Jlo TOro X Mojenh mMae OyTHM HACTUIBKH YHIBEPCAJIbHOIO, 100
OXOIUTIOBAaTH SIKHAWIIMpIIE KOJIO OJIM3bKUX 3a MpU3HAUYEHHSIM 00’ €KTIB, Ta
HAaCTUIbKM M TMPOCTOI0, MO0 CHPUATH BUKOHAHHIO HEOOXITHUX JOCTIKEHb 13
MiHIMAJIBHUMU BUTPATaAMHU.

HaiiGinpr  mommMpeHuM METOJIOM MaTeMaTUYHOro MOJIETIOBAHHS, €
YlUCeJIbHE MOJENIOBaHHA. YMCenbHI METOAM MOJIETIOBAHHS 0a3yloThCs HE
BHKOHAHHI MOCIIOBHOCTI M HaJ YUCIaMH, [0 MPUBOIAUTHL 0 PO3B’ I3yBaHHS
nmocTaBjeHol 3amadi. [Ipu oMy HOCTIKEHHS 00’ €KTIB YHCETLHUMH METOIaMH
3MIMCHIOETHCA IUISAXOM 3aMIHM MaTEeMaTUYHUX OIepaiiii 1 CHiBBIAHOIICHb
KIHIICBOIO TITOCJIOBHICTIO OJHOTHUITHUX Mii HaJ YHCIIaMH. 3aMiHI 1HTETrpaiB
CyMaMH, TOXITHAX — pPI3HUIECBUMH BITHOIICHHSIMH, HECKIHUYCHHHUX CyM —
KIHIIEBUMH TOIIO. [[J1s1 IIbOTO CTBOPIOETHCS AJITOPUTM, IO JI03BOJISIE TOYHO a00 3
3aJIJaHOI0 MOXMOKOI0 OOYMCIIIOBATH 3HAYEHHSI HEOOXITHUX BEJIMYUH 32 JOIIOMOT OO

KOMIT  IOT€PHOI TEXHIKHU.
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ToMy B MAPYYHHUKY PO3IJISTAIOTHCS MUTAHHS MOOYJAOBHU, BUKOPUCTAHHS 1
TEOPETUYHOTO0 OOTPYHTYBAHHS METOAUK HAOJMKEHOTO PO3B’I3aHHS PI3HOMaHITHUX
KJIaCiB MaTEMaTHYHHMX 3a7a4 YHCEIbHUMH METOJIaMH, IO BKJIIOYAIOTh METOIIB
eheKTUBHOrO OOYHMCIICHHS €JeMEHTapHUX (YHKIH, YUCENBbHOI IHTEPIOJSIII Ta
anpokcuMarii (yHKIH, po3B’sA3aHHS HEIIHIMHUX pPIBHSIHb, CHCTEM JIIHIMHHUX 1
HENIHIWHUX PIBHSIHB, YMCEIHHOTO IHTETpYyBaHHS Ta Mu(epeHiiioBaHHs QyHKIN i
yrcenbHOro po3B’sizanHs 3anadl Komri. TyT BpaxoBaHo XapakTepHi 0COOJIMBOCTI
YHCEJIbHUX METO/IIB MOJICTIOBAHHSI, 1110 JI03BOJISIIOTH PO3B’ SI3aTH OJIHY 1 TY K 3a/1auy
PI3HUMH METOJIaMHU 3 BIAIOBITHOIO TOYHICTIO Ta MOKJIMBOCTI 3aCTOCOBYBAaTH HOBI
e(peKTUBHI METOAM OOYHUCIICHHS, SIKI OPIEHTOBHI Ha BHUKOPHCTAHHS CY4YacCHHX
KOMII' FOTEPIB.

[ligpyyHUK MpU3HAYEHO ISl CTYIEHTIB, 10 HABYAIOTHCA 3a HAMPSIMKOM
MIATOTOBKA  OakajgaBpiB  CHCIIIAIBHOCTI «ABTOMATH3aIlii Ta KOMIT FOTEpHO-
IHTErpoBaH1 TEXHOJIOTII» MPHU BUBUEHHI JUCIUIUTIHUA «KoMI' FoTepHE MOJICITIOBAHHS
CUCTEM Ta IPOIIECIB», TOMY B KIHI[I KOXXHOTO PO3AUTY HABEACHO NPUKIAIN
MPAKTUYHOTO 3aCTOCYBAaHHS YHCENBHOTO PO3B sI3aHHSA 3a7a4  KOMIT IOTEPHOTO
MOJICIIIOBaHHS, TPHUBEICHO MHOXHHY 3a1ad JJII CAMOKOHTPOJIO 1 TIEpelTiK

KOHTPOJIbHHX 3allNTaHb.



1. BCTYII Y KOMII'IOTEPHE
MOJAEJJIIOBAHHA ITPOLHECIB I CUCTEM

Komn'toTepHe MopentoBaHHS — OJWH 3 HAWMOTYXKHIIIUX 1HCTPYMEHTIB
Mi3HAHHS, aHaji3y Ta MPOEKTYyBaHHS, 110 MaioTh (axiBli BiANOBIJAIbHI 3a
pO3p0oOKYy ¥ (YHKIIOHYBaHHS CKJQJHMX TEXHOJIOTIA 1 BUpPOOHULTB. Ines
KOMIT IOTEPHOTO MOJISTIOBAHHSA TMpocTa ¥ B TOM camMuil dYac IHTYiTUBHO
npuBabauBa. BoHa 1ae MOXIHMBICTh iHXEHEPY (IOCITITHUKY) €KCIIEPUMEHTYBATH 3
0o0’€KTaMM B THUX BHIAJKaX, KOJM BHUKOHYBaTH II€ Ha pPeaJbHOMY 00 €KTI
MPaKTUYHO HEMOXKJIMBO ab0 HeAouuUibHO. CyTHICTh METOMOJIOTII KOMIT FOTEPHOTO
MOJICITIOBAHHS MOJIsiTa€ B 3aMiHi 00 €KkTa JociikeHHs (Mpolecy, CHUCTEMH,
SIBUIIIA) HOTO «00pa30M» — MaTEMAaTUYHOK MOJICIUTIO Ta B TIOJAJbIIIOMY BUBYCHHI
JAaHO1 MOJEJl 3a JOMOMOTIOI0 PEali30BAHUX Ha KOMII I0T€pax OOUYMCIIOBAIBHO-
JoriyHuX anropuTmiB. Lleit Meron mi3HAHHS, KOHCTPYIOBaHHS, MPOEKTYBaHHS
MOEHYE B cOO1 TiepeBaru K Teopii, Tak 1 ekcrepuMeHTy. Pobota He 3 camMum
00’ ekTOM (SBUIIIEM, TIPOIIECOM), a 3 HOr0 MOJEIUIIO Ja€ MOKIJIMBICTH BiJJHOCHO
IIBUJKO 1 0€3 ICTOTHMX BHTpAT JOCIIKYBAaTH WOTO BIIACTHBOCTI 1 TIOBEAIHKY B
Oyab-IKMX MOJKJIMBHX CHUTyaIlisfiX. Y TOH K¢ 4Yac OOYHMCIIOBaabHI (iMiTaIriiimi)
EKCIIEPUMEHTH 3 MOJCIISIMU 00’ €KTIB JO3BOJSIOTH JCTAIBHO 1 TITMOOKO BUBYATH
00’ €KTH B IOCTaTHIM MOBHOTI, III0 € HEJOCTYIMHOIO YUCTO TEOPETUUHUM IT1X0JIaM.
B npomy € mepeBara eKCnepuMeHTy 3 BUKOPUCTAHHSIM MAaTeMaTUYHOT MOJIEN.

CydacHl mpOMHUCIIOBI OO0 €KTH CKIAMAIOThCS 3  BEJIMKOI  KIJIBKOCTI
B3a€EMOIIOB’ I3aHUX ITJICUCTEM, MK SIKUMH ICHYIOTh BITHOCUHH
MIAMOPSIAKOBAHOCTI Y BUIJIAI OaraTopiBHEBOI 1€papX1yHOl CTPYKTypH. llepimii
piBeHb YTBOPIOIOTH THUIOBI BUPOOHHWYI TPOLECH 1 JIOKaJIbHI CHCTEMHU
aBTOMATMYHOTO KepyBaHHS HUMHU. OCHOBY Apyroro piBHs l€papXii CTaHOBJISATh
BUPOOHWYI IIEXW Ta CHUCTEMH aBTOMATH30BAaHOTO KepyBaHHS Iexamu. Llex — me
CYKYTIHICTh OKPEMHX TEXHOJOTIYHUX TPOIECIB W CHCTEeM aBTOMATHYHOTO
KOHTPOJIIO 1 yIpaBliHHA HUMU. TpeTiil, HaBUIINI PIBEHb 1€PAPXIUHOI CTPYKTYpHU
HIAOPUEMCTBA — 1€ CUCTEMH OpraHi3amii Ta ONEepaTHBHOIO IUTAHYBAaHHA 1
yOpaBliHHA BCiM BHUpOOHHITBOM. Ha 1pbOMy piBHI BHUHUKAIOTh 3aBJaHHS
CUTYallIHHOTO aHaii3y 1 ONTHUMAJbHOTO YMPABIIHHA BCIM HIANPUEMCTBOM
(cykymHICTIO BCIX LIEXIB).

OCHOBOIO CY4YacHOTo KIOEpHETHYHOrO IIJIXOAYy 10 BHUpPIIIEHHA 3a7a4y B

aBTOMaTH3allli Ta MpuiIaa00yayBaHHI € CUCTEMHHM aHaji3, BIJIMOBIIHO JIO SIKOTO
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3a/1a4ul OCHIIKEHHS, aHaji3y 1 PO3pPaxyHKY OKpPEMHX TEXHOJOTIYHUX MPOIIECIB,
KOMIT IOTEPHOTO MOJICITIOBAHHS Ta ONTUMI3alii CKIQAHUX CUCTEM, ONTHMAIBHOTO
MPOEKTYBAHHS TEXHOJOTTYHUX KOMIUIEKCIB BUPIIIYIOTHCS TICHOMY 3B’ 513Ky OJIMH 3
OJIHMM, O00’€HaHI CHIJBHOIO CTpaTeri€l0 Ta MIANOPSAKOBAaHI €IUHIA METI —
CTBOPEHHIO BHCOKOS()DEKTUBHOTO BUPOOHUIITBA.

CyTHICTh CHCTEMHOTO aHaJi3y BH3HAYAETHCS HOTO CTpATETi€0, B OCHOBI
KO TMOKJIAJCHO 3arajbHl MPUHIIMIH, 110 3aCTOCOBHI JO BUPIIICHHS OYJb-SKOi
cucTeMHOi 3agavi. J[0 HMX MOXKHa BIJHECTH UYITKE (OPMYIIIOBAaHHSI METHU
JOCIIHKSHHSI, TIOCTAHOBKY 3a/ayi JUisl JOCATHEHHS 3a/J1aHO0l METH 1 BU3HAUCHHS
KpUTEpPit0 e()EeKTUBHOCTI BUKOHAHHS 3a/4ayl; po3poOKy pO3TOpHYTOI CTpaterii
JOCJIIIPKCHHS 13 3a3HAUYCHHSIM OCHOBHMX €TalliB 1 HAmpsMiB B PO3B’ sI3aHHI TaKUX
3a1a4, SK. TOCIIJOBHO-TIApaJielbHE MEPEMILIEHHS 3a BCIM  KOMIUIEKCOM
B32€MOIIOB’ I3aHUX €TalliB 1 MOXJIMBUX HAMpsMIB; OpraHi3aiilo MOCTiAOBHUX
HAOJIKEHb 1 MOBTOPHUX LMKIIB JOCHIKEHb Ha OKpPEMHUX eTanax; MpUHLHUII
CHajHo1 1epapXii aHaji3y 1 BUCXIHIN 1€epapXii CUHTE3Yy MPHU BUPIMICHH] CKJIaJI0BUX
PUBATHUX 3aBJaHb TOIIO.

[leHTpanbHUM TMOHSTTAM CHUCTEMHOTO aHANI3y € TMOHSATTS CHUCTEMH, TOOTO
00’ €KTa, 110 B3a€EMOJIE 13 30BHILIHIM CEpPEJOBUIIEM Ta MA€ CKJIAJHY BHYTPILIHIO
OyIOBY, 3 BEJTMKOIO KIJTbKICTIO CKJIAJIOBMX YaCTHH 1 €JIEMEHTIB. EleMeHT cuctemu —
caMmOoCTiiiHa 1 yMOBHO Heno iiibHa oauHULA. CyKyIHICTh €JIEMEHTIB Ta 3B’ I3KIB MIXK
HUMH YTBOPIOE CTPYKTypy cHucTeMu. EjneMeHTH B3aeMOAiloTh MK Cc00010 1
HABKOJIMIIHIM CE€pelOBUIIEM, TOOTO MI>)K HUMH ICHY€ MaTeplaibHUI, EHEPreTHIHUM
Ta iHpOpMaliiHUKA 3B’ s30K. [lomi crcTeMHM Ha IMiJICHCTEMH JI03BOJISIE PO3KPUTH
lepapxif0 CTPYKTYpH 1 PO3TISAaTH CUCTEMY Ha PI3HHX pIBHAX 11 meraiizarii.
CxJ1aiHICTh CUCTEMHU BU3HAYAETHCS CKJIAJIHICTIO 11 CTPYKTYPH, KUIBKICTIO €IEMEHTIB
1 3B'S3KIB, KUIBKICTIO PIBHIB lepapxii, 00’emMoM iH@opMallii, 0 LHHUPKYIOE B
cuctemi. CucreMa XapakTEpHU3YETbCS  AITOPUTMOM  (YHKIIOHYBaHHS, IO
CIIPSIMOBAaHMU Ha TOCATHEHHSI [IEBHOI METH.

dopmanizallis CUCTEMH 3IIHCHIOETHCS 3a JOTIOMOTOI0 MaTeMaTHYHOI MOJIEN,
10 BioOpaXkae 3B’ 130K MK BUXIAHUMHU 3MIHHUMH CUCTEMH, MapaMeTpamMH CTaHy i
BXIIHUMHU KepyrodynuMmu 1 30yprorounMu BruiBaMu. CKiajJHa cHUCTEMa 3a3BUYAl
(dopMani3yeThes K AETEPMIHOBAHOK-CTOXACTUYHA MOJEIb. 3 MO3UIIIM CUCTEMHOTO
aHaJli3y BHPILIYIOTbCA 3a7aya KOMII FOTEPHOIO MOJEIIOBAHHS, ONTUMI3allli,
YOPaBIiHHA Ta ONTHUMAJIBLHOTO MPOEKTYBaHHS TEXHOJIOTIYHUX CHUCTEM B MaciuTabi

uexy, mnignpuemMctBa. CyTHICTH CHCTEMHOrO IMIAXOAY TMOJSIrae B TOMY, HIO
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iHdopMallis, MO OTPUMYEThCA B Jaboparopisix, Ha JOCTIAHO-TIPOMHUCIOBUX
YCTaHOBKAaX, TMOCHIIOBHO HAKOMUYYETHCS 1 y3arajJbHIOETHCS B TMPOIECT PO3POOKU
MOBHOI MaTEMaTHYHOI MOJIENI CUCTEMH, KA B MMOAAJIBIIIOMY BUKOPUCTOBYETHCS IS
ONTHUMI3aIlli TOro a00 1HIIIOTO BUPOOHUIITBA.

Komm' ioTepHe Moaeq0BaHHsI — 1€ TPOLEC KOHCTPYIOBAaHHS MOEIi
peanbHOro 00’ ekra (CHCTEMH, TPOIECY, SBHINA) 1 MOCTAHOBKHA OOYHMCIIIOBAIBHUX
eKCTIIEpPUMEHTIB Ha I1i MOJIEJI 3 METOI0 a0 JOCITIIUTH MOBEAIHKY i€l cucTeMu, abo
OLIIHATHU pi3HiI cTparterii (aaroputMmu), Mo 3a0e3neuyioTh (PYHKI[IOHYBaHHS JaHOI
cucTeMH. TakuM YHHOM, MPOIEC KOMII FOTEPHOTO MOETIOBAHHS BKIIIOYAE SIK
KOHCTPYIOBAaHHSI MOJIENI, TaK U 11 3aCTOCYBaHHS JJISl BUPIIIEHHS MMOCTABJICHUX 3a]a4
aHami3y, JOCIIDKCHHS, ONTHMI3allii a0bo cuHTe3y (MPOSKTYBaHHSA) BUPOOHHYUX
npoiieciB 1 o0aaHanHs. Beil 111 3ama4l HaA3BUYaiHO CKJIa/IHI Ta BKJIIOYAIOTh B ce0e
Maike HECKIHYCHHY KUIBKICTh €JIEMEHTIB, 3MIHHUX, TapaMeTpiB, 0OMEXEHb TOIIIO.
Hamaratounce noOyayBaTu TOYHY MOJIENIb, MOKHA CHpOOyBaTH BKJIIOUMTH BCl 1l
eleMeHTH (ABUWINA) 1 BUTpAaTUTH OaraTo dacy, 30uparoudm JpiOHI (akTh, M0
CTOCYIOTBCSI OyJIb-SIKO1 CHTYyaIlii, 1 BCTAHOBJIIOIOYHM 3B SI3KM MK HHMH. [1o1i10HICTD
Mojieni 3 00’ €KTOM, KMl BOHA BioOpa)kae, Ha3MBAETHCS CTYMEHEM 130MOpQi3My.
st Toro, mo6 OyTy 130MOp(HOI0, MOAETH MOBUHHA 33JJ0BOJIBHITH JBOM YMOBAM:
Ma€ ICHyBaTH OJTHO3HAYHA BIIMOBIAHICTh MK €IEMEHTAaMH MOJEII Ta eJIeMECHTaMH
peasibHOTO 00’ €KTa; TTIOBUMHHI OyTH 30€pe)KeH1 TOYHI CITIBBIIHOIICHHS a00 B3aeMO/IIi
MDX €JIeMEHTaMHU.

Crymiap 130MOpdi3My Mojielll BIAHOCHA, ¥ OUIBIIICTh MOJENEH CKopille
romomop®Hi, HiX i3oMopdHi. Ilix romomopdizmMoM po3yMirOTh MOAIOHICTH 3a
dbopMOIO TIpH PO3XOMKEHHI OCHOBHUX CTPYKTYp, NPHUUOMY Ma€ Miclle JIUIIE
MOBEpPXHEBA MOAIOHICT, MDK PI3HUMHU TpyIlaMH €JIEMEHTIB Mojeii Ta o0’ €KTa.
['omoMopdHI MOJIEi € pe3yJIbTaTOM IIPOIIECIB CIPOIICHHS Ta a0CTpaKIIii.

OcCHOBOIO yCHIITHOT METOAMKH KOMI FOTEPHOTO MOJICTIOBAHHS € pPETEeIbHE
BIMIpAIlIOBaHHS MOJENIe. 3a3BUuaid, po3Mo4yaB 3 JyXKe TMPOCTOI MOJAEII,
MOCTYIIOBO TPOCYBAIOThCA N0 OUIBII JOCKOHaNO1 ii ¢dopmu, mo BigoOpaxkae
CKJIaJIHy CHUTYyaIli0 01l TOYHO. AHaiorii Ta acoraimii 3 7o0pe moOyaoBaHUMU
CTPyKTypaMH, MaOyThb, TpalOTh Ba}JIMBY pOJIb y BU3HAYEHHI BIANPABHOI TOYKHU
FOTO TIPOIIECY BJOCKOHAJCHHS Ta BiAmpamtoBaHHs jAetaneid. Lleit mporec
BJIOCKOHAJICHHSI Ta BIANPALIOBaHHSI OB SI3aHUNW 3 BpaxyBaHHAM IOCTIHHOIO
MPOLIECy B3a€EMO/II Ta 3BOPOTHOTO 3B’ SI3KY MK PEATbHOIO CUTYAIIIEI0 1 MOACILIIO.
Mix mnpomecoMm Moaudikamii Mojaeni Ta MpouecoM OOpoOKH JaHUX, IO
TeHEPYIOThCS peajbHUM 00’ €KTOM, Mae Micue OesnepepBHa B3aemomis. Takum
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YHHOM, MOJICTIOBAHHSI IOJISATAa€ B 3aTHOCTI aHANi3yBaTH MpoOJeMy, BHIIATH 3
Hel muisixoM abctpakmii il ICTOTHI pucH, OOMpaTH W HAJICKHUM YHHOM
MonU(IKyBaTH MNPUNYIIEHHS, [0 XapakTepu3ylTh CHUCTEMYy, a IMOTIM
BIJIMPAIlbOBYBATH 1 BAOCKOHAIIOBATH MOJEIb JO THX Iip, TTOKK BOHA HE CTaHE
JAaBaTH KOPUCHI JJIs IPAKTHKU PE3YIIbTATH.

Po3pobka Ta 3acTocyBaHHS KOMI IOTEPHUX MOJEJIEH € OUIBIIOK MipOko
MHCTENTBOM, HDK Haykow. OTke, SK 1 B IHIIUX BUJAX MHCTEITBA, YCIX abo
HEBJIaua BU3HAYAETHCS HE CTUIBKU METOJIOM, CKUTBKH THM, SIK BIH 3aCTOCOBYETHCS.
MucTtenTBO MOIEIIOBAHHS MOXYTh OMAHYBAaTU Ti, XTO BOJIOAIE OPUTIHAIBHUM
MHCJIEHHSIM, BHHAXIJUIMBICTIO, TaK caMO SIK M TIMOOKMMH 3HAHHSIMHM CHCTEM 1
(13UYHUX SIBULL, SIKI HEOOX1HO MOJICTIOBATH.

1.1. 3arajbHi BiioMOCTI PO MoAeJi
i KoMI'I0TepHE MO/IeJTIOBaHHS

BuBuaroun ckimamgHi 00’ €KTH, TPOIIECH, SBHINA, HE MOYKHAa BpaxyBaTH BCl
(dakTopu: sIKI BUSBIISIIOTHCS ICTOTHUMH, a SIKUMH MOKHa 3HexTyBatu. [Ipu mipomy
dbopMyeTbcsi  MojeNb 00’ €KTa JOCHKEHHA. B mporieci  Komm I0TEpPHOTO
MO/ICITFOBAHHSI TOCIIITHUK Ma€ CIpaBy 3 TpboMa 00’ EKTaMU: CHCTEMOIO (peaibHOIO,
TaKOI0, IO TPOCKTYEThCS, Ta YSABHOIO), MareMaTHuHor wmomemwmo (MM) i
MpPOrpaMoro, IO peaii3ye aJroOpuTM pO3B’s3aHHS PIBHAHb Mojneni. TpanuiiiiHa
CXeMa KOMII IOTEpHOTO MOJICIIOBaHHA, $K €IWHOTO Tpolecy MoO0yaoBU 1
JOCIIDKCHHST MOJIENi, 0 Ma€ BiAMOBIIHY MPOTpamMHy MiATPUMKY, MOXe OyTH
npejcTaBieHa B HacTynHomy Burisiai (puc. 1.1):

1. TeopeTnuHi 2. CtpyKTypHHI 3. AHanmiTHuHi
— »|  mocmimxeHHsS aHai3 Mojen JIOCTII K EHHS
Mozenm

A 4
\ 4
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Puc. 1.1. Cxema opranizaiiii mporecy KOMI F0TEpPHOTO MOICITIOBAHHS
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Buxonsuu 3 TOro, mo KOMM IOTEpHE MOJENIOBAHHS 3aCTOCOBYETHCS IS
JOCHI/DKEHHS, ONTUMI3allii Ta NPOEKTYBaHHS pealibHuX 00 €KTiB (mporiecis,
CHCTEM), MO’KHA BUUINTH HACTYIIHI €TAH [OTO MPOIIECY:

1) Bu3HaYeHHs 00 €KTa — BCTAHOBJICHHS MEX, OOMEXEHb 1 BUMIipIOBAJILHOT
edeKTUBHOCTI (YHKIIIOHYBaHHS 00’ €KTa,

2) dopmamizamis 00’ exta (mOOymOoBa MOJEINi) — TEpeXil BiJ peasbHOTO
00’ ekTa J10 JeIKOi JIOTIYHOT cxemu (abcTparyBaHHs);

3) miaroToBKa JaHMX — BiAOIp AaHUX, 10 HEOOXIAHI A MOOYI0BH MOJIECIII,
Ta TOJIaHHs 1X Y BIAMOBIAHIN Gopmi;

4) po3poOKa MOJCITIOIOYOr0 aJITOPUTMY Ta IMPOTPAMHOI0 3a0€3ICUeHHS;

5) omiHka aJAeKBATHOCTI — IMIJABHMIIEHHS 10 MPHUHHATHOTO PIBHS CTYICHS
BIIEBHEHOCTI, 32 SIKUM MOXXHAa BHU3HAYUTH KOPEKTHICTh BHCHOBKIB MPO pealbHUMN
00’ €KT, SIK1 OTpUMaHi1 Ha OCHOB1 3BEPHEHHS 0 MOJIEII;

6) crpareriyHe IUIAaHYBaHHS —  IUIAHYBaHHS  OOYHUCIIOBAIBHOTO
EKCIIEpUMEHTY, SIKUM MOBMHEH JJaTH HEO0OX1/IHY 1H(}OopMaIliio;

7) TakTUYHE TUTAHYBAaHHS — BU3HAYCHHS CIIOCOOY MPOBEACHHS KOXHOI cepil
BUTNIPOOYBaHb, 1110 Nepe0adeHi MJIaHOM €KCIIEPUMEHTY,

8) mpoBelICHHS EKCIIEPUMEHTIB — TpOIeC 3IiMCHEHHS iMiTallii 3 MEeTO
OTpUMaHHS OaKaHUX JTaHUX 1 aHAJi3y YyTIUBOCTI;

9) inTepnpeTarlis — 100y 10Ba BUCHOBKIB 3a JaHMMH, 1[0 OTPHUMaHI ILIIXOM
iMiTarii;

10) peamizamis — MpaKTHYHE BHUKOPHCTAHHS MOJEIl Ta pe3yJbTaTiB
MOJICTTIOBaHHS,

11) nOKyMEHTYBaHHS — pCECTpallisl XOJy 3IMCHEHHsS Mpolecy 1 HOro
pe3yJIbTaTIB, a TAKOXK JJOKYMEHTYBaHHSI IIPOIIECY CTBOPEHHSI 1 BUKOPUCTAHHS MOJIEIII.

[lepepaxoBani eTanyd CTBOPEHHS Ta BUKOPHCTAHHS MOJENi BHU3HAYCHI 3
OPUIYIICHHSAM, IO 3aja4a Moke OyTH BHpIIIeHa HaWKpallMMH YHHOM 32
JIOTIOMOTOI0 KOMIT' FOTEpHOT0 MojientoBaHHA. OHaK, 11e Moke OyTH He HaWOUIbII
e(eKTUBHIIINN crIoci0. Y BUNAAKY, SIKIIO 3ajaya MOXe OyTH 3BeieHa 10 MPOCTOi
MOJIeTi Ta pO3B’s3aHAa aHANITUYHO, HEMAae HISKOiI MOTpeOu B KOMIT IOTEPHOMY
MOJCITFOBaHHI 1 iMiTarlii. Tpeba 3HaxX0AUTH BC1 MOXKIIUBI 3aC00H, SIK1 TOAATHCS IS
PO3B’sI3aHHS JaHOI KOHKPETHOI 3ajadi, MparHy4yu Mpu HOMY IO ONTHUMAJIbHOIO
MOEHAHHS BApTOCTI 1 OaxaHuX pe3yiibrariB. [lepin HIX mpucTynaTtd A0 OIIHKH
MOJKJIUBOCTEH iMiTarlii, Tpeba mepeKoHaTHCs, 10 MPOCTa aHATITUYHA MOJAETH s

JTAaHOT'O BUIAJIKY HE MpHUJIaTHA.
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1.2. MeTo10J10TisI KOMIT'FOTEPHOTO MO/€JTIOBAHHS

Y cxemi opranizaiii mporecy KOMIT FOTEPHOTO MOjetoBaHHs (imiTartii),
npeacTaBieHid Ha puc. 1.1, ocHOBHMI JaHIIOXKOK (peasbHuii 00’ ekt (mporiec,
cUCTEeMa, SBUINE) — MaTeMAaTUYHA MOJCIb — MOJICIIOIYANA aJITOPUTM —
KOMIT JOTepHa mporpamMa — OOYMCIIOBAIbHHA  €KCIIEPUMEHT)  BiAMOBimae
TpaJMLIMHIM cXeMi, aje Ha Meplie MICLE TEeHep CTAaBUTHCS IOHATTSA Tplaju:
MoJieNb — anroputM — mporpama (Oiokm 4, 5, 6), cTpareriyHe 1 TaKTHYHE
IUIAaHYBaHHS OOYHMCIIOBAIBHOTO eKcrepuMeHty (0jok 7), iHTepmperaris Ta
JIOKYMEHTYBaHHS HOT0 pe3ybTatiB (010K 8).

Ha mnepriomy erami moOymoOBH MaTeMaTH4HOI Mojenli ooOupaeTbes (abo
OyayeThCsl) «CKBIBaJCHT» 00 €KTa, IO BioOpa)kae B MaTeMaTH4HINd Qdopmi
HaWOIIBII BaXKIIMBI WOTO BJIACTUBOCTI — 3aKOHH, SIKMM BIiH MiAMOPSIKOBYETHCS,
3B  A3KH, SKI BJIACTHUB1 CKJIAQJOBUM HOro e€JIeMeHTaM ToIlo. MaremMaThyHa MOJIEb
(abo 1l ¢parMeHTH) AOCTIIKYETHCS TCOPCTUYHHUMH METOJAMH, IO JO3BOJISE
OTpUMAaTH BAXKIIMBI MOTMIEPEIHI 3HAHHS PO 00’ €KT.

Jpyruil etanm mnoB’s3aHuil 3 pO3pPOOKOI0 METOAY PpO3paxyHKy OTPHUMAaHOI
MaTeMaTUYHOI 3ajayi, PO3pOOKOI0 OOYHCIIOBAIIBHOTO ab00 MOACITIOKYOro
anroputMy. @DakTUYHO BIH TpeACTaBisie CcO00I0 CYKYMHOCTI anreOpaidHux
dbopmys, 3a SKUMH BEIYyThCSA OOYMCIICHHSI, W JIOTIYHUX YMOB, IO JO3BOJISIOTH
BCTAHOBUTU  HEOOXIJHY  MOCJHIOBHICTb  3aCTOCYBaHHSI  IMX  (OpPMYIL.
OOuuciIOBalbHI AJITOPUTMHM TOBUHHI HE CIIOTBOPIOBATH OCHOBHI BJIACTHUBOCTI
MO 1, OTKE, MOYaTKOBOTO 00’ €KTa, OYTH €KOHOMIYHUMH Ta aJanTOBAaHUMU O
0CO0JIMBOCTEN PO3B’ SI3yBaHUX 3a/1a4 1 BUKOPUCTOBYBAHUX KOMII IOTEPIB.

Sk mpaBuIto, IS OHIET 1 Ti€T )k MaTeMaTHYHOI 337a4l MO>KHA 3aIPOTIOHYBATH
MHOKHHY OOUYMCIIOBAIBHUX anroputMiB. OHaK, moTpiOHA MOO0Yy10Ba €PEKTUBHUX
O0YMCITIOBAJIBHUX METOJIIB, SIKI JTO3BOJSIOTH OTPUMATH PO3B’ SI3aHHS TOCTaBJICHOT
3a7a4yi 13 3aJaHOI0 TOYHICTIO 3a MiHIMAJIbHY KUJIBKICTH il (apudMeTHUHuX,
JIOT1YHKX), TOOTO 3 MiHIMAJILHUMH BUTpPaTaMu MaIIMHHOTO 4acy. Lli nuranHs ayxe
CepiO3Hi Ta CKJIaIal0Th IPEAMET TeOpii YUCETHbHUX METO/IIB.

OOuncIIoBaIbHAN €KCTIEpUMEHT Mae “OaratoBapiaHTHUM X XapakTep. PeanbHo,
PO3B’ si3aHHS OyIb-SKO1 MPUKIIAIHOT 33141 3aJISKUTH Bl YUCICHHUX BXITHUX 3MIHHHX
1 mapametpiB. OTpumaru pillleHHS BIAMOBIIHOI MAaTEMAaTUYHOI 33/7adl y BUIVISL
dbopMynH, MO MICTUTH SBHY 3aJICKHICTh BiJl BXIIHUX 3MIHHUX 1 KOHCTPYKTHBHHUX

nmapamMeTpiB, Uil pealbHUX 3a/1a4, He 3aBkIud Braerbes. [lpu  mpoBeneHHi
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OOUMCITIOBAILHOTO €KCIIEPUMEHTY KOXKEH KOHKPETHUM pO3paxyHOK MPOBOJUTHCS MPU
(iKCOBaHMX 3HAYEHHSIX 3MIHHUX 1 mapametpiB. [IpoekTyroun ontumaibHUR 00’ €KT,
TOOTO, BHM3HAYaIOYd B TMPOCTOpI 3MIHHUX 1 TapaMeTpiB TOUKY, IO BIAMOBIIAE
ONTHMAJIBHUM YMOBaM, JOBOJUTHCS BHUKOHYBAaTU BEJIMKY KUIBKICTh PO3PAXyHKIB
OJHOTHITHUX BapiaHTIB 3ajayi, IO BIAPI3HAIOTHCA 3HAYEHHSIMU JESKUX 3MIHHUX a00
napameTpiB. ToMy ay>ke BaXJIMBO 3aCTOCOBYBATH €()EKTUBHI YHCEIIbHI METO/IH.

Tperiii eran — CTBOpPEHHS MporpamMHoOro 3ale3meueHHs A peasizaiii
PO3pOOJICHOTO AITOPUTMY MOJIEIIOBaHHS (CTBOPEHHS KOMIT FOTEPHOT MOJEII).
3acTocyBaHHS MOB NpPOrpaMyBaHHS MOPOKYE ps MOpodiieM, y TOMY YHCII
TOJIOBHUMH € TPYAOMICTKICTh Ta HEJAOCTATHs THYYKICTh. B mporieci JoCiiKeHHS
pEeaIbHUX CHUCTEM YacTO JOBOJIUTHCS YTOYHIOBATH MOJEINI, L0 TSATHE 3a co00I0
nepenporpaMyBaHHsl MOJENIOIOYOr0 ajiropurMmy. B 1bpoMy BHNaaky mporec
MOJIeTIIOBaHHs He Oyae eEeKTUBHUM, SIKIIO HE 3a0€3MEeYNTH HOro THyYKoCTi. ToMmy
MOKHa BUKOPHCTOBYBATH (popMaibHI CXEMH, IO OMUCYIOTh KJIacH MaTeMaTHYHHUX
MoJieNiel 3 TIEBHOI MpeaMETHOI 00J1acTi, OCKUIBKH MpOorpaMyBaTH TOZII MOTPIOHO
(GyHKIIIOHYBaHHS JaHOT CXEMH, a HE OMMCYBaH1 HEIO0 YaCTKOB1 MOJIETII.

CTBOpHBIIH Tpiagy «MOJENb — alTOPUTM — IPOTpaMa», TOCTITHUK OTPUMYE
yHIBEpCAIbHUIM, THYYKUH W MOPIBHSHO HEAOPOTUH IHCTPYMEHT, SIKUH CIIOYATKY
HAJIAro/Ky€ThCsl, TECTYETbCSI B «IPOOHUX» OOYHCIIOBAIBHUX EKCIIEPUMEHTAX.
[Ticns Toro sK aaeKBaTHICTh TpiaJd TMOYATKOBOTO 00'€KTa MiATBEpIKEHA, 3
MOJCIUTIO MOYKHA TIPOBOJUTH PI3HOMAHITHI «TOCHIIN», IO JAaIOTh BCI HEOOXIiJHI
SAKICHI Ta KUIBKICHI BJACTUBOCTI ¥ XapakTepucTuku 00’ ekta. Ilpomec
KOMIIT' FOTEPHOT'O MOJICIIOBAHHS CYNPOBOJIKY€ETHCS MOKPALIEHHSIM 1 YTOYHEHHSIM, B
Mipy HEOOX1THOCTI, BCIX JIJAHOK TpiaJIy.

OO0uucmoBaIbHUEN eKCIIeprUMEHT (OJIOK 7) — 11e MPOBECHHS PO3paxyHKIB 3a
JIOTIOMOT'0I0 TTPOrpamMHOTO 3a0e3MedeHHs 1 OTpuMaHHs iH(opMalii, 0 HIKaBUTh
JOCITITHAKA. 3a3BU4Yail, TOUHICTH ITi€i iH(pOpMAIlili BU3HAYAETHCSA JTOCTOBIPHICTIO,
nepeayciM MoJIeNi, MOJISITIOIYOT0 aIrOPUTMY U po3po0JIeHOT0 (BUKOPHCTAHOTO)
IporpaMHOro 3abesnedyeHHs. ToMy B CEepHO3HUX NPUKIATHUX JOCIIIHKEHHSX
MOBHOMACIITA0HI PO3paxyHKH HIKOJIM HE TMOYMHAIOTh BUKOHYBATH Biapasy 3a
JI0TIOMOT0I0 ILOHHO CTBOPEHOTO MPOrPaMHOrO 3a0e3MeueHHs. 1M 3aBkau Iepenye
nepioj MPOBECHHS TECTOBUX PO3paxyHKiB. BoHM HEOOXiJHI HE TUIBKHU ISl TOTO,
o0 “HalaroauTH” Tporpamy, TOOTO BIAIIYKATH W BUIPABUTU BCl MOMUJIKUA Ta
OTMCKH, 110 JOMYIIEHI SIK IPU CTBOPEHHI aJICOPUTMY, TaK 1 IpU KOT0 MporpamHin
peanizanii. Y nux NonepeaHix po3paxyHKax TECTYEThCS TaKOXkK cama MaTeMaTH4HA

MOJIeNIb, 3 SICOBYEThCS 11 aJeKBaTHICTh 00’ €kTa nociimkeHHs. Jusg 1poro
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IPOBOJAUTHCS PO3PAXYHOK JEAKUX KOHTPOJIbHUX EKCIIEPUMEHTIB, 3a SIKUMU €
JOCUTh HaJIHI BUMIPIOBaHHsS. 3ICTaBJICHHS I[HUX JaHUX 3 pe3yJbTaTaMu
PO3paxyHKIB J103BOJISIE YTOUHUTH MATEMAaTUYHY MO/JI€lb, HAOyTH BIIEBHEHOCTI B
IPAaBWJIBHOCTI IPOTHO31B, sIK1 OyIyTh OTpUMaHi 3 i1 JOMOMOT0I0.

Tinbku micist mMpoBeAeHHS TPUBAJIOT KOMITKOI pOOOTH B OOUMCIIOBAIIBHOMY
CKCIIEpPUMEHTI HacTae (asa mporuosy (iMitailii) — 3a JOMOMOrOK KOMII FOTEPHOI
MojieTi mepe0adaeThCsl MOBEIIHKa 00’ €KTa JOCHIHDKEHHSI B yMOBaX, /i€ HaTypHI
EKCTIIEPUMEHTH TOKU HE POBOIMIIUCS 200 /1€ BOHU B3araji HEMOXKIIUBI.

BaxnuBe Miciie B OOYMCIIIOBAJIbHOMY €KCIIEPUMEHTI 3aiimMae o0poOka
pe3yJIbTaTiB PO3paxyHKiB, iX BCEOIYHWMM aHami3 ¥, HapemTi, BUCHOBKHU. Ili
BHUCHOBKH OYyBalOTh B OCHOBHOMY JIBOX THIIIB. 200 CTa€ 3p0O3yMLIOI HEOOXITHICTh
YTOYHEHHSI MOjeNi, a00 pe3yNbTaTu Micis MEPEBIPKU NMEPEAaroThCsl 3aMOBHHKY.
[Mpu onTumizalii abo mpoekTyBaHHI 00 ekta (mpolecy, CHCTEMH) depe3
CKIIQHICTh Ta BHCOKY PO3MIPHICTP MaTEMaTHYHOI MOJEIl TMPOBEICHHS
PO3paxyHKIB 3a OMHCAHOIO BHILE CXEMOIO MOXKE BUSBHUTHCS 3aHAATO JTOPOTHM.
Tomi HayTh Ha CHOPOIIEHHS MOJENl, Ha NMOOYJOBY CBOTO pOAY I1HXKEHEPHUX
MeToauK (hopmyi), 1o 0a3yrThCs Ha CKIAIHUX MOJIEISIX Ta PO3PAXYHKH 1 TAIOTh
MOJKJIUBICTh OTPUMATH HEOOXIIHY 1H(GOpMaIlito OB AeneBIIUM criocodom. [Ipu
bOMY IIPOBOAMTHCS BEJIMYE3HA MomepeaHs poOoTa 3 aHai3y CKIAJIHUX MOJEIEH,
PE3YJIBTATOM SIKOI 1 € MPOCTI HA NEPIINUNA NOTIAT POPMYIIH.

[Ipn mMacoBOMy BHUKOPHCTaHHI METOJIB KOMIT IOTEPHOTO MOJICTIOBAHHS B
TEXHIYHUX TMPOEKTaX HEOOXITHO JOMaraTucs pi3KOro CKOPOYEHHS TEpPMIiHIB
po3po0OKU Mojesel, mo 3abe3reuyloTh Pi3HI eTanyd MPOeKTyBaHHA. BupimeHHs
miei 3amadi  MOXJIMBE TPH  BIAMOBIAHOMY PpiBHI  PO3BUTKY TEXHOJOTI{
KOMIT IOTEPHOTO MOICITIOBaHHS.

TexHooriss KOMIT FOTEPHOTO MOJIEIIOBAHHSA € OCHOBOIO I[JIE€ HAlpaBlIE€HOI
TISTTIBHOCTI, CEHC SKOI Tojarae B 3a0e3leueHi MOXKJIUBOCTI e()EeKTUBHOTO
BUKOHAHHS HAa KOMIT FOTEP1 JOCIIKEHb (YHKIIIOHYBaHHS CKJIAJIHUX CHCTEM. 3 ii
JIOTIOMOTOI0  OPTaHi3ylOThCsl [1i JOCHIJIHMKA Ha BCIX eTamnax Horo poOoTH 3
MOJCJISIMH, PO3MOYMHAIOYM BiJI BUBYEHHA MPEIMETHOI 001acTi BHJIUICHHS
poOJEMHOI CUTYaIlii, 0 MOJETIOETHCS, 1 3aKIHIYIOUH MTOOY/IOBOIO 1 peatizalli€ero
KOMIT' FOTEPHHUX €KCTIEPUMEHTIB JUIsl aHaJI13y TOBEIIHKU CUCTEMH.

B TexHom0r1i MOI€IOBaHHS MOYKHA BUAUINTH JBA BaXJIMBUX aCIEKTHU:

— METOJIOJIOTIYHY CKJAJOBY TEXHOJOTii K HayKH, IO 3aliMaeThCs

BUABJIICHHAM SaKOHOMipHOCTefI, BHUKOpPHUCTAaHHA AKHX Ha HpaKTI/II_Ii JO3BOJIA€
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3HAXOJUTU HaWOUTbII e€(QEeKTHBHI 1 EKOHOMIYHI TNPUUOMU KOMII FOTEPHOTO
MOJICITFOBaHHS 00’ €KTiB (IIPOIIECiB, CUCTEM);

— IPUKJIAAHI Tl Ta 33712491 TEXHOJIOT1] IK MECTEITBA, MaCTEPHOCTI, BMIHHS
JOCsiTaTH B XOJ[I KOMIT FOTEPHOTO MOJICIOBAHHS CKJIAJIHUX 00 €KTIB MPAKTUYHO

KOPUCHUX PE3yJIbTaTiB.

KoHTpoJbHiI 3anuTaHHS

1. [1lo po3yMitOTh TiJ] MOHATTSAM «CHCTEMa»?

2. YuM xapaKTepu3yeThCs CKIaJHa cucTeMa?

3. [Ilo Take «MoAeaB»?

4. [llo po3yMitOTh ITiJT TEPMIHOM «MOJICTIOBAHHS»?

5. [Ilo € TeopeTHUHOIO OCHOBOIO MOJICTIOBAHHS ?

6. SIxi BUAM MOJeNel BUKOPUCTOBYIOTHCS B 1HXKEHEPHIN MPaKTHUII?

7. SIki BUIM MOJICNIIOBAHHS BUKOPUCTOBYIOTHCS MPU JTOCTIIHKEHHS CKIaIHUX
cUCTEM?

8. B yomy mosnsirae cucTeMHHMIA MiAX11 IPU MOJETIOBaHHI CKJIATHUX CUCTEM 7

9. ki BuIM MaTEeMaTUYHOTO MOJCITIOBAHHS TIPOIECIB 1 CHCTEM
BUKOPUCTOBYIOTHCSI B IH)KEHEPHIN TIPAKTHI?

10. fIka cyTHICTh aHATITHYHUX METOIB MOJCITFOBAHHS ?

11. SIxi 0cOOIMBOCTI YUCEIHLHUX METOIB MOIECIIOBAHHS ?

12. Slki mepeBaru MarOTh METOAM IMITALIHOTO MOJEIIOBAHHS MPOIECIB 1
cUCTEM?

13. B oMy mossirae CyTHICTh KOMIT FOTEPHOTO MOJICITFOBAHHS ?

14. [1{o Take «0OUUCTIOBAILHUN €KCTIEPUMEHT»?

15. SIki mepeBaru Mae BUKOPUCTAHHS OOYHCIIOBAIBHOTO EKCIIEPUMEHTY ?

16. 3 sKuX eTamiB CKJIaIa€ThCs OOYUCTIOBATIBLHUIN €KCIIEPUMEHT ?
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2. IOXUBKN OBYNCJEHHA
INP1 KOMITIOTEPHOMY MO/JAEJIIOBAHHI
ITPOIECIB I CUCTEM

2.1. Knacudikanis moxu6ok

[Ipu BupileHH] 1HKEHEPHUX 3aBlaHb Ha OyAb-SKUX OOUYHCIIOBATBHUX
NPUCTPOSIX  PO3paxyHKH, SK TMPaBWIO, TMPOBOJATHCA HaJd HAOMMKEHUMU
MoYaTKOBMMHM Janumu [6, 7, 18, 19, 49]. ¥V rtakux BumaakKaXx HEOOXIJHO BMITH
IPaMOTHO OpraHi3yBaTH OOYMCIICHHSI, 3HATH, AKI OyBalOTh MOXUOKH, MPABUIHHO
3amucyBaTd HAONMM)KEHI IMOYAaTKOB1 JaHl, OI[HIOBATH TOXMOKU pe3yJIbTaTiB
OOYMCIIEHHA 3a BIJJOMHUMH IOXMOKaMM KOMIIOHEHT, BHU3HAa4aTH ONTHUMAJIbHY
KUIBKICTh 3HAKIB B MOYATKOBUX JaHHX, 00 pe3yJbTaT OOUYMCICHb MaB Hamepen
3aJlaHy TOYHICTh, BUOMPATH HAHOUIBII paIlioHabHY TOCTiJOBHICTH OOYHCIICHB, a
TaKOX aJIFOPUTM OOYMCIIEHb, 110 € CTIMKUM J0 NOXUOOK OKPYIJIEHb.

He w™aroum pocTraTHiX HaBUKIB NPAKTUYHUX OOYHCIEHb, MOXXHA TIPH
PO3B’ sI3aHHI 33/1a4l OTPUMATH Pe3yJIbTaT, 10 HE MA€ HIYOTO CIUIHLHOTO 3 JIHCHUM
pIIIEHHSM 3a7a4i.

HaBememo ocHOBHI mkepena mMOXMOOK HAONMKEHOTO  PO3B’ A3aHHS
NPUKIAIHKUX 3a1a4 [6, 7, 19].

Iloxuoka mamemamuunoi modeni. 1ls noxuOka mos’s3aHa 3 (I3UUHUMU
JOMYIICHHSIMH, 110 HE KOHTPOIIOETHCA B MPOIIECI YNCEIBHOTO PillIeHHS 3ajadi, ii
MO>KHa 3MEHIIUTH TUTbKHU 332 PaXyHOK TOYHIIIOTO ONKCY (PI3UUHOI 3a/1aul.

Iloxubxka nouamkoeux oOanux. 3HAUEHHA TapaMeTpiB, IIO BXOAATH B
MaTeMaTUYHUI OMKC 33141, OTPUMYIOTh, 3a3BHUAii, B pe3yJIbTaTi eKCIIEPUMEHTATBHUX
JOCIIIKEHD 3 JISSIKOIO TIOXUOKOIO.

[Toxubku MareMaTWuyHOi MOJEN Ta MOYATKOBUX JAaHUX € TaKuM, IO iX
HEMOKJIMBO 3MEHIIUTH. IX HeoOXiJHO BpaxoByBaTM NpHU BHOOPI METOMY
O3B’ A3aHHS 3a/1aui.

Iloxuoka naonusicenozo memody. llpu uncensHOMY pO3B’ i3aHHI 3a/1a41 TOYHA
oreparlisi, B IKOMY KUTbKICTb OTlepalliii mepeBUIye A0MyCTUMI TPaHUIl, 3aMIHIOETHCS
HAOJMMKEHUM, IO BHMAara€ KIHIIEBOi KUTBKOCTI omepariii. Hampukiam, 3aMiHIOIOTH
iHTerpasl CcyMoro, (QyHKImiF0o — OaratowieHOM abo OyIyrTh HECKIHYCHHHM
ITepaliiHuil mpoiec ¥ oOpUBaIOTh HOro MICHsS KIHIIEBOI KUIBKOCTI iTepariil. Lo

NOXHOKY JTOCTIIXKYIOTh IIPU PO3IJIsi/il KOHKPETHUX YUCETbHUX METO/IIB.
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Obuucnioeanvha noxudxa BUHUKAE B pe3yibTaTl BUMYILIEHOIO OKPYIJIEHHS
qricell, HaMPUKIIaJ, KIHIIEBOI KUTBKOCTI PO3PAIIB KOMIT I0Tepa.

[ToxuOKu OKPYTTICHHSI BiAPI3HSIOTHCS BiJ 1HIIMX BUAIB MOXHOOK. [ToxuOku
BHACITIZIOK OKPYTJICHHS MPOMDKHUX PE3YJIbTaTIiB MOXKYTh HAKOIMIYBATHCS, BHACHIIOK
YOoro MiJICYMKOBAa MOXHMOKa 30UTBIIYETHCS 13 3POCTAHHSAM KUIBKOCTI 3I1MCHEHUX
omeparfii. 3 IOr0 BUIUIMBAE, II0 OCHOBHUM 3acOO0M 3MEHIIEHHS ITiJICyMKOBOI
MOXUOKHU OKPYTIJIEHHS € 3MEHILIEHHS KUTHKOCTI OOYHCITIOBATIBHUX OTIEPAITii.

st 3MeHIeHHsT MOXUOOK pe3ysbTaTy OOYMCIEHb BHACHIJOK OKPYTJICHHS
MPOMDKHUX pe3ysbTaTiB TpeOa BKUBATH HACTYITHUX 3aXO/IiB!

— HEOOX1/IHO 3BECTU JI0 MIHIMYyMY KUIbKICTh apU(PMETHUHUX JI1H;

— JI0JJaBaHHSI 4YHCeJl HEOOXI1JHO BHUKOHYBATU Yy THOPSAIAKY 3pOCTaHHS iX
aOCOIOTHUX BEJINYMH,

— 33 MOXJIMBICTIO YHUKATH BiJIHIMaHHS OJIM3bKUX BEJIMYHH;

— SKIIO MPH OOYHUCIEHHSAX 3YCTPIYAIOTHCS PI3HUII OJM3BKUX BEJTUYHH,
HEOOXIJHO CIIOYATKy OOYMCIMTH 11l PI3HMIN, & JIMIIE TMOTIM BUKOHATH PEIITY
orepartiu.

HaBenemo 3arampHi mpaBwmia mi HajJ HAOIMKCHUMH YHCIAMU 1 OI[IHKH

MOXHOOK, IO MPU IbOMY BUHHKAIOTh.

2.2. AOGcCoI0THA i BiJTHOCHA MMOXHOKH

HaGmmwkeHoro umcia XapakTEpHU3YEThCS TMOHATTSAMU — aOCOJIOTHOT 1
BiIHOCHOI moxu6ok [6, 7, 19].

Abconromuoro noxuodkorw HA0IMHKEHOTO YHCIIa d HA3UBAETHCA BEJIMYMHA
A= |A- a| , (2.1

ne A —ToYHEe 3HaUCHHS JESKO1 BEJIMUYUHU, & — OJIHE 3 HOTO HAOIMKEHUX 3HAUCHb.
AOcooTHa MOXKUOKA MPEICTABIISIE TITLKH TEOPETUUHUM THTEPEC, OCKUIBKHU
TOYHE 3HAUCHHS BEIWYMHH HEBioMe. ToMy Ha MpaKTHIN YacTillle KOPUCTYIOThCS

IPaHUYHOIO a0COIOTHOIO MOXHOKOI Aa
A=|A-a < Aa. (2.2)

[Is rpanuuHa mnoxuOKa JO3BOJIAE BCTAHOBUTHU IHTEPBAT B  SIKOMY

3HAXOAUTHCSA TOYHC 3HAUYCHHA

a—Aa< A<a+Aa. (2.3
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Yacto KOPUCTYIOTBHCS OUIBII KOMIAKTHHUM 3aIIMCOM
A=at Aa. (2.4)
OCHOBHOIO XapaKTEPHUCTUKOI TOYHOCTI MPUOIMU3HOTO 4YHCIAa € HOro

BITHOCHA OXHMOKa:

5:%. (2.5)
OckinpkH yucino A HeBiJIOME, TO, SIK TPABUIIO, BBAXKAIOTH HIO:
s=2 (2.6)
@

AHAJIOT1YHO 3 HEPIBHOCTI O < da BU3HAYAIOTH FPAHUYHY BITHOCHY MOXHOKY

yHuciaa a, BBAYKAIOYH IIO:

Benmnunna oa xapaktepusye skicTh HaOmmkeHHs. Lle 0e3po3mipHa

BEJIMYMHA, 3a3BUYail 11 BUPaXKalOTh y BIJCOTKAX.

2.3. IToxubku PpyHKIiit

Hexait 3amana pnesxa ¢yskmis Y= f(X,%,...,X,) BiIl N apryMeHTiB
Xy X9y «uey Xy, TIPHYOMY 3HAYCHHS KOXKHOTO 3 11 apryMEHTIB BU3HAUCHI 3 JICTKUMH
abcomoTHIMHU oxuOkamu AX,i=12,...,n [6, 7, 19]. Tpeba BU3HAYNTH TOXHOKY

nanoi Qynkiii. Ilepenbaunmo, mo ¢yHKIis Oe3nepepBHO audepeHIiiioBaHa B
obnacti 1i Bu3HaueHHs: D . [lo3naunmo BenuumHy abCOMIOTHOI MOXUOKK (PYHKITIT

gyepe3 Ay ToOTO
AY = [f (X + AXg, Xo + AX ey Xy + AXy) — T (Xg, Xg 00, )| (2.7)
BpaxoByroun, mo BenMuMHHM A X JOCUTh Maii, a0COJIOTHa MOXHOKa

byHKIIT TpUOIU3HO AOPiBHIOE ii qudepeHiiany

Ay ~0F 0, 3% = 3 2 x| < 3 T a, (29
i-10% =1/ 0%
3 OTpUMaHOi HEPIBHOCTI BU3HAYMMO BEPXHIO TPAHUITIO ISt AY SK:
0| of
Ay =" —IAX, (2.9
i=1/0%

ne gepe3 AX;, (=1 2,...,n) no3HaueHi rpaHUYHI a0COTIOTHI TOXUOKH apryMEHTIB

X 1uepe3 Ay —rpaHn4yHa aOCOIIOTHA MOXMUOKA (YHKIII].



20 2. [ToxubKu OOYMCTEHHS MPH KOMIT IOTEPHOMY MOJICIIIOBAaHHI MTPOIIECIB i CHCTEM

OmiHka BiZHOCHOI MOXHMOKH (PYHKII BH3HAYAIOTh HMUIAXOM JUICHHS 000X

yacTuH HepiBHOCTI (2.8) Ha |Y|

& 1of n
< Z A =2 % Inypx,.
Slvllex] T Slox
Tomy rpaHn4Hy BiIHOCHY MOXUOKY (QYHKIIIT Y MOXHA BUSHAYUTH SIK:
01 0
=) |—Iny|Ax (2.10)
i=1/O%

3actocyemo 3aranbhi popmynu (2.9) i (2.10) 10 aesikuX OKpeMUX BUIIAJIKIB
GYHKITIOHATBHUX 3aJI€KHOCTEH.

2.3.1. Iloxubka aareOpaidyHOi CyMH apryMeHTiB

n
Hexait y=> kX, ne k — meski koncrantu. Toxi, 3rizso dopmyn (2.8) i
i=1

(2.9) orpumaemo:

AY = AXq + AXp + ...+ AX,, (2.11)
Oy < max{ K, HKo,..., Xn} - (2.12)

JInst pisHHLI apryMeHTiB Y = KX — KyX, aHaJIoOrigHO OTpUMaeMo:
AY = AX + AXy. (2.13)

[Tpu upomy Tpeba BiA3HAUUTH, LIO AKILO YUCHIA X 1 Xo MaJO BIJIPI3HAIOTHCS

OJIMH BiJl OAHOTO, TO TPaHUYHA MOXHOKA Pi3HMIII MOXE CTaTH JOCUTh BEIUKOIO,
X04a BIAHOCHI MOXUOKHU O% 1 OX, Mamii. TyT BinOyBaeThCs BTpaTta TOYHOCTI. Tomy

MU NPAKTUYHUX O0UHUCIECHHSAX (OPMYIIH, B K1 BXOJUTH PI3HULA OIU3bKHUX YHCEl,
Tpeba MepeTBOPUTH TaK, 1100 11el HeJOoiK 0yJI0 YCyHEHO.

2.3.2. Iloxubka KOOYTKY Ta /JiJeHHs

n
Hexait y= l_Ik,xI , mpudoMy uucna X, (i=1 2,...,n) nomarHi. Toxi
i=1

n
Iny=>'Inx .
i=1
3rigHo ¢popmyiu (2.10)
Oy = 0% + Ko +...+ X,. (2.14)
ko y = ﬁ, TO aHAJIOTIYHO
X2

O = MK + Ko (2.15)



C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 21

2.3.3. IloxubKa cTeneHio Ta KOpeHs

Hexait y= x". Toni
Iny=ninx
Oy = NX. (2.16)

Skmo y=Yx, 1o Inyzllnx
n

oy = lESX. (2.17)
n

Ha ocHoBi otpumanux ¢popmyi (2.11) — (2.17) noxuOKy pe3ysIbTarTiB il HaJ
HAOJIMDKEHUMHU YHUCJIaMH MOJKHA BiJOOpa3UTH 4Yepe3 MOXHUOKHM KOMIIOHEHTIB 3a
HACTYIHUMHU NpaBuiamu [6, 7, 19]:

— TrpaHUYHa aOCOJIFOTHA TMOXMOKa airedpaiyHoi CyMH JOpPIBHIOE CyMi
IpaHUYHUX a0COJIOTHUX TOXUOOK CKIIAIOBUX;

— TrpaHMYHa BIJIHOCHA TMOXMOKAa CyMHM HE TIEpPEeBUIIy€e HaNOUIbIIOl 3
I'PAaHUYHHUX BITHOCHHUX MOXHOOK CKJIaJ0BHX;

— TpaHWYHA BIJHOCHA TMOXHOKa JOOYTKYy 1 JUIEHHS JOpPIBHIOE CyMi
IPaHUYHUX BITHOCHUX MOXUOOK KOMITOHEHT;

— rpaHryYHa BiJHOCHA MOXHOKa N-i cTemeHl HaOIMKEHOro YKcia B N pasiB
OlIbIIIe TPAHUYHOI BITHOCHOT MOXHOKK JaHoro yucia (N Moxe OyTH sK Ifijie, TaK i
npoOoBe).

B mnpaktuuHuX po3paxyHKax 3 BETHKOIO KUIBKICTIO oOmepariil moxuoOka
KOXKHO1 omeparfii 3a3BUYaii HE BHM3HAYAETHCA. 3aMICTh IILOTO, HA MPAKTHIIL,
BUKOPHUCTOBYIOTDH MPOCTI MpaBUJIa OKPYTIICHHS Pe3yJIbTaTiB il HaJ HAOIMKEHUMU
YHCIIaMU 3aJIEKHO BiJl KUTBKOCTI AIMCHUX 3HAUYIIUX MU ab0 JECATKOBUX 3HAKIB
B MTOYATKOBHX JaHUX.

Cdopmyiroemo 1i ipasuia [6, 7, 19, 31]:

— TpW JO0JaBaHHI Ta BiJHIMAaHHI HAOMMKEHHX 4YHCET B pPe3yJbTaTi
30epiraeMo CTIIbKU JECATKOBUX 3HAKIB, CKUIBKH iX B HAOIMKEHOMY [IaHOMY 3
HAWMEHIIIOI0 KIJIBKICTIO IECATKOBUX 3HAKIB,

— IpPU MHOKEHH1 Ta JIJIEHHI B pe3yJIbTaTi 30€piraeMo CTUIbKK 3HAYYLIUX
u@p, CKUTbKHU X Ma€ HAOJIMKEHE TaHe 3 HAMMEHIIIO KUTBKICTIO 3HAYYIuX Hudp;

— IpH 3BEJICHHI B KBajapaT abo KyO 1 mpu OOYMCIIEHHI KBaJIpaTHOro ado
KyOIYHOTO KOpEHS B PE3yJIbTaTl 3aJIMIIAEMO CTUIBKU 3HAYYIIUX HMUGP, CKITBKH 1X

Ma€ naHe Yucio,
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— Yy BCIX NPOMDKHHUX pe3yibTaTaX HEOOXiJTHO BHUKOPUCTOBYBATH Ha OJHY
ugpy Oinbine, HK PEKOMEHIYEThCS B TOMEPEAHIX MpaBuiaxX. Y OCTaTOYHOMY
pEe3yNbTaTi 1 J0IaTKOBA IU(ppa BIIKUIAETHCS,

— SIKIIO JIeSKI JaHI MalOTh O1JIbIIE TeCATKOBUX 3HAKIB (y MEpPIIOMY MPaBHUIIi)
a0o Ounmpmie 3Hauymux HUQp (y MBOX HACTYMHHMX MPaBWIAX), HDK 1HINI, TO iX
3a3aneriip Tpeda OKpYyTriauTH, 30€pIriiv JIUIIE OJIHY 3aiBY HUPY;

— SAKIIO TIOYATKOBI JaHi MOXXHA OpaTu 3 JOBIIBHOIO TOYHICTIO, TO IS
OTPUMaHHs pe3ynbTary 3 K mificHuMM IUdpaMu MoYaTKoBi AaHi Tpeba Opatu 3
TaKOI0 KUIBKICTIO AIMCHUX 1u@p, IKa Ja€ 3riAHO 3 MEePIIMMHA TPhOMa MpaBUIaAMH
K +1 uudpy B pe3yabTari.

[Ipu nmoTpumaHHI TMEepepaxOoBaHUX MPaBWI 3aKIIOYHUI pE3ybTaT Maibke
3aBkAM MaTUME BC1 MPaBWIbHI UDpPH.

PosrnsHemo 3amauy: BU3HAYUTH TPUIYCTUMY TOXHOKY apryMEHTIB 3a
3aJJaHOI0 T'paHUYHOIO MOXMOKoi0 (yHkuii. Lle 3amaua BUpilIyeThCsI OJHO3HAYHO
TiNBKU 1751 QyHKIIT ofHiel 3minHOi Y = f(X). Sxkmo f(X) — nudepenniiiopana i
f'(x) =0, o, 3rigno 3 (2.9), mpu N=1 oTpumaemo

1
()

VY Bumangky QyHKIii AEKUTBKOX 3MIHHUX TpeOa BBOIWUTH MESIKI JTOJATKOBI

AX = Ay. (2.18)

oOMexeHHsl. Mo)XKHa 3acTOCyBaTH, HapPHKIaA, MPUHLHUI X OJHAKOBHX BIUIMBIB,
T0OTO BBaXkatd, 1mo y ¢opmyai (2.9) Bci ckiamoBi omHakoBi. Toai rpaHu4HI

a0CONIOTHI TOXUOKU apTyMEHTIB MOXKYTh OyTH 00UHCIIEH] HACTYITHUM YUHOM:

ax = 120 (2.19)
of
n
0%
Sxmo nependayuTH, MO TPpaHWYHI aOCOMIOTHI MOXWOKH BCiX apryMEHTIB
OJHaKOB1, TOOTO AX = AX, =...= AX,, TO
Ax =2 (2.20)
3 [
i1 0%

TakuM YHHOM BCTAHOBJIEHO, IO 3a 3HAYECHHIMH IIOXHMOOK CKJIaJOBHUX
AHATITUYHUX 3aJICKHOCTEH MOXXHA BHU3HAYUTH 1X aOCOJIOTHY Ta BIJHOCHY

MOXUOKHU 00UMCICHHS PYHKITIH.
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Mpuknan. BusHaunty 3mauenns dysknii f(X) mpu BimoMux 3HaueHHSIX
aprymenty (Ha Bigpisky [&;b] 3 kpoxkom h) Ta rpaHWYHi BimHOCHY Oy #
abcomroTHy nmoxuOky Ay ¢yHKUIT Mpu 3a7aHii BITHOCHIM MOXHUOII OX apryMEHTY.

2
f(x)=€e™ -(1+3x—x%), &=0,03; a=0; b=2; h=0.2.
Po3é’ 3ok
2 2 2 2 2
f/(x)=—2xe™ —9x%e ™ +2x% ™ +3e = (-2x-9x* + 2x* +3);
AV
sy="0
M

Pe3ynbTaTil po3paxyHKiB NMpeAcTaBieHo B Tabaumi 2.1.

A =6%-[x]; Ay = £/(%)]Ax;

Tabnuys 2.1. Pe3yabTaTu 064ncIeHHs a6COTI0THOI Ta BigHocHoi moxu6ok dynxmii f (X)

X f(x) f'(x) A% 5%, Ay, Y

0 1,0 3 0 0,03 0 0
0,2 153 2,155 0,006 0,03 0,13 0,0085
0,4 1,82 0,691 0,012 0,03 0,0083 0,0046
0,6 1,803 -0,824 0,018 0,03 0,015 0,0082
0,8 1,523 -1,867 0,024 0,03 0,045 0,029

1 1,104 22,207 0,03 0,03 0,066 0,06
1,2 0,68 -1,946 0,036 0,03 0,07 0,103
1,4 0,346 -1,374 0,042 0,03 0,058 0,167
1,6 0,132 -0,783 0,048 0,03 0,038 0,285
1,8 0,022 -0,343 0,054 0,03 0,019 0,833

2 -0,018 -0,092 0,06 0,03 0,0055 -0,3

Bionosiob: max Ax=0,06; max Ay =0,13; max oy=0,833.

Ipuknan. BusHauntu 3HaueHHS QyHKINT f(x) NPy BITOMHUX 3HAYEHHSX

apryMeHty (Ha Biapisky [&; D] 3 kpokom h) Ta rpanHuuHi 3HAYEHHS BiJHOCHHX

nox1OOK QPyHKIIT Oy 1apryMeHTy OX TpH 3a/iaHiil aOCOMOTHIN MoXuOI QyHKINT Ay .

Po36’ a30K.

AX =

y
(%)

PesynbpTaT po3paxyHKiB MpeACTaBICHO B TaOIuUIl 2.2.

|f

—X

f'(x)

1+ X% + X

V1t x2eX (L4 x2)

, A
Ay =|f'(%)|- AX; 5yi=m,
|

X =

= Ay=0,06; a=1; b=28; h=0,3

AX

%]
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Tabnuys 2.2. Pe3yabTaTH BU3HAYEHHS IPAHUYHUX

3Ha4YeHb BiITHOCHUX NOXHOOK aprymeHry i GpyHKuii

X yi=f(x) | flx) A% 5% 4y, &

1 0,2601 -0,3902 0,1538 0,1538 0,06 0,2307
13 0,1662 -0,2465 0,2434 0,1872 0,06 0,361
1,6 0,107 -0,1551 0,38685 0,2418 0,06 0,5607
1,9 0,0697 -0,0984 | 0,60975 0,3209 0,06 0,8608
2,2 0,0459 -0,0631 0,9509 0,4322 0,06 1,3072
2,5 0,0305 -0,041 1,4634 0,58536 0,06 1,9672
2,8 0.0205 -0,027 2,22 0,7929 0,06 2,9268
Bionosiob: max Ax=2,22; max Ay =0,7929; max dy =2,9268.

KoHTpoJbHI 3anuMTaHHS
1. B domy monsraroTh OCOOJHMBOCTI  palllOHAIBHOI  OpTraHizarii

00YHCITIOBAIIBHOTO TTpoLIecy ?

2. SIki mxepena BUHUKHEHHS MOXHWOOK MpH HAOMMKEHHX OOYHCIICHHSX Ha
KOMII 10Tepi?

3. SIxi rpynu moxXuOOK BiTHOCUTHCS 10 TAKUX, IKi HEMOKIIUBO YCYHYTH?

4. SIxi noxuOku HAOIMKEHUX 0OYUCIIEHb MOXKHA 3MEHIIUTH 1 SIKUM YHHOM ?

5. SIki 3axoau Tpeba BXKUTH I 3MEHIIIEHHS 004K CIIIOBATLHOT TOXHUOKHU ?

6. Slkumu BUgaMu MOXUOOK XapaKTEPU3YEThCS TOUHICTh HAOIMKEHOTO Yncia?

7. l1lo € OCHOBHOIO XapaKTEPUCTUKOI TOYHOCTI HAOMIMKEHOTO 4ucia 1 SK
BOHA BU3HAYAETHCA?

8. SIx BU3HAUAIOTHCS TPAHUYHI 3HAYEHHS a0COIIOTHOI Ta BIIHOCHOT MOXUOOK
byHKIIii?

9. 3a gxkuMU TpaBWIaMH BHU3HAYAETHCSA IMOXMOKA pe3yJbTaTiB di HaA
HAOJIMKEHUMU YHUCIIaMU Yepe3 MOXUOKH KOMIIOHEHT?

10. BxkaxiTh OCHOBHI TIpaBWJIa OKpYTJEHHS pe3ylbTaTiB i Hax
HAOJIMDKEHUMHU YHWCIIaMH, [0 JO3BOJISIOTh 3MEHIIMTH BIUIUB OKPYIJICHHS Ha
MOXHOKY pe3yJibTaTy 00YUCIICHb.

11. Hagexnite popmynu BU3HAUEHHS I'PaHUYHUX 3HAYEHb aOCOJIIOTHHUX Ta
BiTHOCHUX (HOpMYJ PYHKIIIH 32 3HAYSHHSIMHU MTOXUOOK apTyMEHTIB.
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3azayvi A9 CaMOKOHTPO.JIIO

1. Bu3HayuTH MaKCUMaJbHE 3HAUYEHHS BIJHOCHOT TOXMOKM (QYHKIIT
3
X~ —0,3x L o .
f(x):— npu Bimomii abcomroTHi moxuOui aprymenty AXx=01 nHa

V142X
BIJIPI3KY [2,05; 3,05] 3 kpokom h=0/1.

2. BusHauntu MakcUMalibHE 3HAYEHHS BIAHOCHOI MOXWUOKM (PYyHKITIT

(=%

f(X)=———— npu Bigomiii BigHOCHIH moxuOmi aprymenty ox=0,01 nHa
1+ 0,25v/x

BiJIPI3KY [ZLl; 3,1] 3 kpokom h=0,2.
3. Bu3HauutH MakcuMmanbHE 3HAYEHHS BITHOCHOI TOXWMOKM (yHKIIIT
X3 + 2X o » . .

f(X):— npu Bigomii abcomoTHiA moxubmi Ay =0,02, Ha BIOPI3KYy
V1+e*

[— 0,2; 0,8] 3 kpokom h=0,1.

4. Bu3HauuTH MaKCUMallbHE 3HAa4YeHHsS aOcONMOTHOI MOXMOKM (PyHKIIT

-X
f(X):e—X mpy Bizomiit BimHocHii moxubmi Sy =0,06 ma Bimpisky [L3] 3
V1+X
kpokom h=0,3.

5. BusHauutu MaxkcUMalibHE 3HAYEHHS BIAHOCHOI TMOXUOKM (PYHKIIIT
f(x)=e?*+x%—1 npu Bigomiil BigHOCHI# moxu6Li aprymenty Ax=0,001 Ha
BiZIPi3Ky [0,25; 2,25] 3 kpokom h=0,2.

6. BusHauntm MakcUMalbHE 3HAYEHHS BIJHOCHOI TMOXUOKM (PYHKITIT
f (X) =+v1+4xsSinzx npu Bimowmiil BiHOCHINW moxuOmi aprymenty oX=0,03 Ha
Binpizky [01;0,8] 3 kpoxom h=0,07.

7. BusHaunTHM MaKCHMaJIbHE 3HAYCHHS BIAHOCHOI MOXWUOKHM (YHKITIT
f(x)= X —2x npu Bigomiit abcomroTaiit moxubii Ay =01 ma Bigpisky [0;3] 3
J7x+1 ’ ’

kpokom h=0,3.

8. Bu3HauMTH MakCMMaJlbHE 3HAYCHHsSI aOCOJIIOTHOI TMOXHOKK (QYyHKIIIT
2
f (X) =———— npu Bigomiit BigHocHii moxuodmi oy = 0,1 Ha BiApi3Ky [ZLZL' 3,1] 3
1+ 0,25/

kpokom h=0,2.
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3. OBYUCJIEHHA EJJEMEHTAPHUX ®YHKIIINI

[Tpu BCix 0OUMCIEHHSAX MU Ma€EMO CIIpaBy 3 €JIEeMEHTApHUMU (QYHKLISIMH, 10
SKUX BITHOCSTHCS CTEMEHEBI MHOTOWIEHH, anreOpaiuni (yHKii, Jorapudmidi
¢byHKIIIi, MOKa3HUKOBI, TPUTOHOMETPUYHI Ta 3BOPOTHI IM (YHKIII, a TaKoxXK
KOMO1HAIIli 3 HUX.

[Ipu pyuyHHX po3paxyHKax [UIsi iX CHpPOIICHHS MOXXHA CKOPUCTATHCA,
TaOJIMYHUMU 3HAYCHHAMU QYHKIIINA a00 1HTEPHOIAIIETO.

[Ipu xomm' FOTEPHUX PO3PAXyHKAX, HE MA€ MOKIMBOCTI 30epiratv BeNHUKi
MacuBH 1HQopMalii y BUrIIsiAl Ta0auib. ToMy HEOOX1HO CKIIalaTH Mporpamy, o
00YHCITIOE eJIeMEHTapHy (QYHKIIIIO 3 3aaHO0 TOYHICTIO.

HaiiGinpmr uwacto Oyap-sika eneMeHTapHa (YHKIIS MPEACTABIAEThCA Y

BUMIISLL psiAy. OKpeMuMu BUNIAJKaMU PsIy € CTETIEHEBUI MHOTOWIIEH:

f(X)=ay- X" +a- X" +..+a,,-X +a,. (3.1)

3.1. Cxema I'opuepa

[Ipu oOuYMCIEHHSX MHOTOYJIEHIB HEOOXITHO €KOHOMUTH HE TUIBKHU TaM’ ATh
KOMIT IOTepHUX, a W Yac oOuucieHb. 3actocyBaHHs cxemu [opHepa mnpu
00YHCIIEHHI MHOTOYJIEHIB JI03BOJISIE 3HAYHO CKOPOTUTH KUIBKICTh BHUKOHYBaHUX
onepariii. [Ipy oOunciaeHHI MHOTOUYIEHA N — TOI CTENEHI HEOOXiTHO BHUKOHATH
N-1+n+n=3n-1 omnepamiii. 3acTtocyBanHa cxemu [OpHEpa 3BOIUTH
o0uHMCIIeHHsI MHOTOWIeHA 710 2N omeparriii [19].

3rigHo 3 TeopeMoro be3y, 1m0 Bka3ye: 3aJIMIIOK BiJ TiIJICHHS MHOTOWIEHA, Ha

nBouwIeH (X —a) AOpiBHIOE 3HAUEHHIO (QYHKIIIT B TOYIII « .

f(X):(x—a)=p(X)+ f(a), (3.2
ne @(X) —pesyabtar ginenns; f (o) —3aaummox Bim TiTeHHS.
f(X)=ay-x"+a,- X" +..+a, ,-x"+a, =
=(by - X" 4by - X" 4 b oo X +b ) (X—a)+ (), (3.3
f(a) =Dy,
BukonaemMo omepaiiro MHOXEHHS 1 TPHUPIBHAEMO KOEQIIIEHTH TIPH

OJTHAKOBUX CTeNeHsX X. Todl oTpuMaeMo Taki piBHSHHS:

8=y @=D-a-by; H=by-aby .. &=b-aby.
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Takum YUHOM, IIpH I[iJIeHHi MHOI'O4JI€CHA Ha JBOYJICH 00YHCIICHHS

KOoe(illi€HTIB PE3yIhTYIOUOTO MHOTOUJIEHA MOYKHA BUKOHATH 32 TAKOIO CXEMOIO:
8 =Dy
by =& +a-by;
b,=a,+a-b; (3.4

b, =a,+a-b, ;.

Toni oOuucineHHs MHOTOWIEHa B TOYIl ¢ BHKOHYETHCA ILISIXOM

MOCJIITOBHOTO BUKOHAHHS OTepariii MHOXKEHHS 1 T1ICHHS:
f(a) =(...((ago. + a)a + ay)a + 8g)a...)o + &, . (3.5)
Takum ynHOM OyAb-SIKMIf MHOTOUJIEH MOXKHA TIPEJICTABUTH 3a cxeMoto [ opHepa
f(X) =(...(((agX+ &)X+ a,) X+ ag) X...) X+ a,, (3.6)
sKa JI03BOJIIE BU3HAUMUTH 3HAUEHHS MHOTOwieHa B Oynb-SKid TOUIll X 3a MEHIIY
KUIBKICTh apuU(METUYHUX OIepalliif, 10, B CBOIO Yepry, 3HIKYE OOYHMCIIOBAIBHY

MOXHOKY.
Ipuxaan. Busnauntu 3HaueHHs nomiHoma Py(X) = 7,1X6 - 2,9X2 —-8x—-35
B Tourli X=1,36 3a cxemoro ["'opHEpa.

Po3é’ s30k.

Ry () = 70x° — 2,9%% + 8x—35= (((((7.1x + 0)x + 0) X + 0) x— 2,9) x — 8) x— 3,5;
P,(1,36) = (((((7,1-1,36+ 0) - 1,36+ 0) - 1,36+ 0) - 1,36 — 2,9) - 1,36 — 8) - 1,36 —
-35=251816

Bionogios. 3nauenss nominoma Py(X) B Touni x=1,36 PF;(1,36) = 25,1816.

IMpukaan. BuznauuTu pe3yJabTat TTeHHS MHOTOYJICHA
R(x) = x> —31x% + X—2,5 Ha JABOUIEH R (X) = x+51 Ta 3anmumiok BiJ IiTeHHS,
BHUKOPHCTOBYIOUH cxemy ['opHepa.

Po36 sizox.  BuxkopuctoBytoun ¢Gopmyiau (3.4) BU3HAYAMO 3HAYECHHS

koedimieHTiB [ pesympryrodoro mominoma Py(X) 3a 3HaYCHHSMH KOE]Iili€HTIB 8,
novaTkoBoro MHorowieHa P;(X) mpum o =-5]1.
Toni
by =28y =1,
by=a+aly=0+(-51) -1=-5]1,
b, =a, +ab =0+ (-51) - (-51 = 26,01,
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by =as + ab, =31+ (-5.1) - 26,01= —135,751;
b, = a, + alb; =1+ (-5.1) - (-135,751) = 693,3301.

3aIUIIOK BiJ TIJIEHHS.

by = as + o, = —2,5+ (-5,1) - 693,3301 = —3538,48351.

R(x) = x° —3,1x% + X— 2,5= (x+5,1)(x* - 5,1x% + 26,01x% —
_135, 751x + 693,3301) — 3538, 48351.

Bionosiowb. Pesynprar pinenHs mHorowieHa Py(X)= x°—31x* + X—2,5 Ha

nsowreH B (X)= X+ 5,1 nopiBHto€:

P, (x) = x* = 5,1 + 26,01x? — 135, 751x + 693, 330;

a 3aJIMIIOK Bix auieHHs -3538,48351.

3.2. O0uncaenns eseMeHTapHuX PyHKIii

3a /IONIOMOroI0 CTeNeHeBUX Psi/iiB

CreneHeBi psau J03BOJISIOTH 3BECTH 33/1a4y 00UMCICHHS Oyb-sK01 (QyHKIIIT
710 00YHCIIEHHS] MHOTOYJICHA.
byap-sxky enemeHTapHy (YHKIIIO MOXHA TMPEACTaBUTH Yy BUIJIIL

CTEIIEHEBOTO pAY, 3a hopmyioro Teimopa B OKOJII TOYKH a.
' " (n)
f(x)=f(a) +%(x— a) +¥(x— a)? + ...+%(x— a)" +.. (37)

[Tomsiraroun, mo a= 0, Toai oTpumaemo psia MakiopeHa:

f(x)= f(0)+ T . f”(o)-x2+...+m-x”+... (3.8)
1 2 nl

HaBememo 4acto  BHKOPHCTOBYBaHI  eleMeHTapHi  (QyHKIH, 10

NpCACTaBIAIOTLCA 3a JOITOMOI'OK0 CTCIICHCBUX pﬂI[iB:
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2 4 6 2n
cosx=1——+X——X—+...+(—1)”X +..
24 @ (2n)!
. 1x 13 x 135 X 1-3..(2n-1) x>
acsinX=x+—--—+=-.= .4 =.5. = . R - +
3 24 5 246 7 2-4.2n 2n+1
3 5 7 2n-1
arctgx = x——+ > X 4 pepmt X X <1
3 5 7 2n—
2 4 6 2n
e o1 X X X +(—1)”X—+
r 2 3 |
; 2 2n
%:1—X—+...+(—1)” A
X 3 (2n+1)!

®opmyny Telinopa ans norapudmivaoi GyHKIIT MOXKHA MPECTABUTH SIK:

2 X3 X4 n

X X
INL+X)=X———+— 2 4+ +(=D" 1.2 4 .. 3.9
1+ x) R (-1 - (3.9)

[e#t psin mManmo mpuaaTHUM A OOUMCIICHHS €JIeMEHTapHUX (PYHKIIH, TOMy
110 30ira€ThCsl TIIBKU IS 3HAYeHb X B iHTepBaii (—1< X<1)

Tomy, mast oGumciaeHHsT HaTypaiabHOro Jorapudmy IN(X) BUKOPUCTOBYIOTH

HacTynHy ¢opmyiy [19]:

3 5 2n-1
InlJr—X:Z x+ X X + ..., (3.10)
1-x 3 5 2n-1
1+ X .
JUTS |X| <1. Tlpu upomy BHpa3 1-x MOXe TpuiiMaTH Oyab-siIKe 3HAYCHHS.

Hanpuknaa, tpeba BusHaumtu In5. Jlng oOuMciaeHHS [BbOTO Jiorapudmy
BU3HAYMMO 3HAYCHHS X SK:

1+_x:5; 1+ Xx=5-5x; X=—
1-x
56
Toni InN5=2 §+ 3 + 3 +
3 3 5
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Yacro misg oburcneHux (GQYHKIIA BHUKOPUCTOBYIOTHCS OIHOMIQIbHI PAJIH.
YacTKoBUM BHUIIAKOM OIHOMIQJIBHOTO Py MpH HaTypalbHOMy M € OiHOM

Hrerortona:

m(m-1) W2 4 m(m-1)(m-2) 3 4
2 N 3 )

amm-=1 ... (m—-n+1) "

nl

@+ x)" =1+ mx+ A+

,mpu [X<1. (3.11)

+(-

[lepeBaroro 1OTO pALy € T€, 10, PO3MOYMHAIOYN 3 SKOTOCh WIEHa Py,
koedinieHTn nepeTBoproroThes B 0. biHoMmianbHMiA psan MOKHA BUKOPUCTOBYBATU
MY 3BEJICHHI B IPOOOBY CTEMiHb 1 BU3HAYCHHI KOPEHIB.

[Tpu oGuucienHi eneMeHTapHUX (QYHKIIIHM 32 TOMOMOTOI0 CTENIEHEBUX PSIIB
3pyYHO BHUKOPHUCTOBYBAaTH pEKypeHTHI (opMynu, IO [J03BOJISIE BHU3HAYATH
YeproBuil UieH psay He Oe3rnocepeiHbo, a uepes3 paHille BU3HAUYCHUH YIeH psty.

[Ipu BUKOpHCTAaHHI CTENEHEBUX PSIIIB 3aBXKIU OOMEXKYIOTHCA KIHIIEBOIO
KUTBKICTIO YJIEHIB psZy, TOOTO 3aMiHIOEMO (YHKIIIIO YacCTKOBOIO CYMOIO pSYy.
Tomy 11e TpU3BOIUTH 10 MOSIBU MOXUOKU OOUYHCIICHD.

SIKmo uieHdW psAAy 3MEHINYIOThCS JOCUTh UIBHAKO, TO y BHIAAKY
3HAKO3MIHHOTO PSiy MOXHOKY JIETKO OLIHIOBATH 32 MEPIIUM BIIKUHYTUM UYJICHOM
pSIY, OCKUIbKY MTOXHOKa HEe OyJie epeBUIIyBaTH 3HAYCHHS 1[bOTO YJICHA.

B iHmmx BuMagkax MOXKHa CKOPUCTATHCS IITYYHUMH TMpUHOMaMu, sKi
MOJISITal0Th, HAIPHUKIAJ, B TMPEJACTABICHHI BIIKMHYTHX WICHIB pPsAIy B BHII
apuMeTHUHOI Mporpecii, CyMy SIKUX JIETKO BU3HAYUTH, a00 ) BUKOPHUCTOBYIOTh

HIIT TPUHOMHU /111 BU3HAYEHHS MOXUOKHU OOYHCIICHHS €JIEMEHTapHUX (PYHKITIN.

3.3. OGuncJenns eaeMeHTapHUX (PYHKIIiit

3a JOMOMOTOI0 JIAHIIOTOBHX APO0iB

JlaniroroBum abo O6e3nepepBHUM IpoOOM Ha3UBAEThCs BUpa3 Buay [19]:

% . (3.12)

a3
bs +...

[le#t npi® w™moxe OyTH SK KIHIIEBUM, TakK 1 HECKiHUYeHUM. Yucna

b, +

y, &, &y, ..., &, € YACTKOBUMM YHCEIbHMKAMHU JIAHIIOIOBOrO  Jpo0y,

a umcma by, b, by, ...,b,,— dacTkoBUMHM 3HaMEHHUKaMH [HOTO JpOOYy.
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JlaH1roroBuii 1pid MOKHA MPEICTABUTH B OLIBIIT KOMIIAKTHOMY BHTJISAL
P & a3

b+ b+ b+ by+..

Januii 1pib MOKHA MIPUBECTH JI0 BUY:
1 1 1 1

1 +0y +ap+
a0+ 1 Og+ 01+ 0o +...

G’Z +...

(3.13)

Taxuii nanuroroBuil Api6 € 3BUYailHUM, a HOro0 YacTKOBI 3HAMEHHUKH ),

a1y, oy ...
CKOPOYCHE IO3HAYCHHA 3BUYaMHOI0 JIAHIFOTOBOT'O I[p06y

Skmo Bce HEMOBHI YacTKOB1 JIAHIFOTOBOTO ApoOy JIOJaTH,

— HEIOBHI YaCTKOBI JIAHITIOTOBOI'O I[p06y BHKOpI/ICTOBYI'OTB TAKOX
- [(Xo, Oy, Ao, ]
TO IS

30DKHOCTI 1IbOTO JIAHIIIOTOBOTO Jpo0y HEOOXIJTHO 1 JOCTaTHRO W00 psg 3

o0

HEMOBHHUX YaCTKOBHX IIbOTO JAPO0Y PO3XOAMBCS ). Ol = Olg + 0y + Olo +
i=1

Jlis nepeTBopeHHs OyIb-SIKOrO CTENEHEBOrOo pPsAYy B JIAHLIOTOBUN Api0

BUKOPHUCTOBYIOTH popmyiy Eiinepa:
X CoCr X
z ¢ X" = _% G 02
1 —cp+CX — € +0CyX

Cr_oChX
. Cp_g +CX o

(3.14)

HpI/IBGI[eMO HAWOUIBII TMOIIMpPEH (QOpMYyNIH OOYMCICHHS EJIEeMEHTapHHUX

(GyHKIIIH 32 JOTIOMOTOIO JIaHITIOTOBUX APO0iB.
x 1 X X X X X X X
1-1+2-3+2-5+...2-2n+1+...

2X x2 x> X2 NG
_l - -
2-x+ 6 T10+ 14+ 2(2n+1) +--
. 2 X% 11X 252
snx=x--— . —/_
6 t10— 42 + 166 —..
1 x> 5x° 3x* 313%°
COSX=- ——
1+2—-— 6 +50 - 126 *--
X X2 X2 X2 X2
== X X X
1-3-5-7 —..=-2n-1—
X x2 4x2 9x2 n2x2
arctgx=—> -~ - 2%
1+ 3+ 5 + 7 +.+2n+1+
2X X nx nx

(3.15)
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[IpeacraBnenHs eneMeHTapHUX (YHKIH y BUIJIAL JIAHIIOTOBUX JpOOIB
JI03BOJISIE CIIPOCTUTH OOYHMCIICHHS, JIe BCi omeparlii MpeacTaBlIsiOThCs Y BUTIISI
apu(METHYHUX OMepalliii, a He iTepaliiHuX HUKIIB. [Ipu 1bOMY J€TKO OLIHUTU
NOXUOKY OOYMCIEeHHS elleMeHTapHuX (YHKIIH, sSKa He TMEepeBUIIyE BEITUUYUHU

YaCTKOBOI'O YHMCCIIbHUKA IICPIIOTO BiJIKI/IHYTOFO YJICHA pAnay.

KoHTpoJbHiI 3anuTaHHS

1. SIki ¢hyHKIIT BITHOCATHCS 10 €IIEMEHTAPHUX ?

2. SIxi mepeBaru mMae OOYHMCIICHHS €IeMEHTAapHUX (PYHKIIIHA 32 JOTIOMOTOIO
pAIIB?

3. Sxi mepeBarm Mae BHUKOpPUCTaHHS cxemMH [opHepa mpu OOUYMCIICHHI
CTENCHEBUX MHOTI'OWIECHIB?

4. Yomy JIOPIBHIOE 3AJTUILIOK BiA TUTEHHS MHOT'O4JIEHA
P(X)=ag-x"+a,- X" +...+a, ;- X+a, Ha qBounen (X—a) 3a cxemoro [oprepa?

5. HaBectu ¢dopmynu BuzHaueHHsT KOE(ILIEHTIB pe3yibTaTy IUICHHS
muorounena P,(X)=ay-X"+a X" +..+a,,-X +a, Ha geoureH (x—a) 3a
cxemoro ['opHepa.

6. SIki mepeBaru Mae MpeCTaBICHHS (PYHKIIIN B BUTIIA/I CTETICHEBUX PSAIIB?

7. HaBectu 3aranmpHuii BUT/sL Gopmynu npeacraBieHds ¢yHkiii f(X) B

BUTJISIZII CTENeHeBoro psay Teinopa.

8. Slkuii Burnan mae popmyna Makiopena, o npeacrasisie pynkuito f (X)
B BUTJISA/II CTETICHEBOTO Py ?

9. Sk BusHauutH 3HadyenHs ¢yskuii [N(X) 3a momomororo cremeneBoro
pany Teitnopa?

10. Sxwuit BurIISIT Ma€ OIHOMIAJIBHUH PsijT?

11. SIxi mepeBarm Mae BUKOpHCTaHHS OiHoma HproToHa mpu oOYHCIIEHHI
eJIeMEHTapHUX (DYHKIIIH?

12. I1lo Take «IaHIIOTOBUH APi0»7?

13. Sxwuit Burnsg mae ¢popmyina Eitiepa mepeTBOpEeHHS CTENEHEBOTO ALY B
JIAQHITIOTOBHM JIp107

14. SIxi mepeBaru Mae 3aCTOCYBaHHS JIAHLIOTOBUX APOOIB MpuU OOUYUCIEHH]

eJIeMEeHTapHUX (DYHKIII?
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15. Ak Bu3HayaeTbCAd MOXMOKAa OOYMCIEHHS €JEMEHTapHUX (QYHKIIN 3a
JIOTIOMOTOIO CTETMIEHEBUX PSIIB?
16. B skiii OCTITIOBHOCTI BUKOHYETHCS OOYMCIICHHS CKIaAHUX (PYHKITIHA 3a

JIOTIOMOT OO JIAHITFOTOBHX Ap00iB 3a hopmyrioro Eiinepa?

3azayi AJ9 CaMOKOHTPO.JIIO

1. 3amucatu wmHorouwneH P, (X)= x®—1,7x*-0,21x—- 0,727 3a cxemomw0
['opHepa. BuzHauuTu 3Haue€HHS MHOrodjieHa B Toulll X =172, BUKOPUCTOBYIOUU
cxemy ['opHepa.

2. 3ammcatm MHOrowieH P,(X)= x'—15x*-52X+6,5 3a CXeMOI
['opHepa. BusnaunTu 3Ha4eHHs MHOTOWIEHa B Toulll X =115, BUKOpuCTOBYIOUU
cxemy I opHepa.

3. BuzHauntu pe3yapTar JIICHHS MHOTOYJIEHA
P.(X) = x> + 4,7X4 + 2% + 21 ma nBowreH (X—2,5) Ta 3alMMIIOK BiJ IHOTO
JJICHHSI, BUKOPUCTOBYIOUM cxemy ['opHepa.

4. BuzHauuTH pe3yabTaT AiieHHs MHOrowieHa P, (X) = X2 —21x* +09x3 -7
Ha aBowieH (X—213) Ta 3aJuIIOK BiJ IBOrO JiJCHHS, BUKOPHCTOBYIOUH CXEMY
['opHuepa.

5. BusHauuTty 3HaueHHs QyHKIii Y =€" B Touni X =1,35, BUKOPHUCTOBYIOUH

dopmyny Teinmopa B okosi Toukn a=0, mpu oMy OOMEKHTHCH MIiCThMa

YlieHaMU psiay. BU3HAUNTH TOXUOKY OOYHCIIEHb.

6. Bwusnaumtu 3HadeHHs QyHkmii y=SIN(X) B TOUIIi X=37,20,
BUKOpUCTOBYytoun ¢Gopmyiny Teinopa B okoni Touku a=0, mpu 1mpomy
OOMEXHUTHCH IIICTbMA WICHaMHU psiAy. BusHauntu moxubky 004YHCIICHb.

7. BusHaumtn 3HauenHs QyHkuii  y=cos(X) B rounmi x=62°,
BUKOpUCTOBytoun ¢Gopmyny Teinopa B okomi Touku a=0, mpu 1mpomy

OOMEXUTHCH IIICTbMA WICHaMHU psiAy. BusHauntu noxubky o04YHCIIEHb.
8. BusHauntu 3HaueHHs QyHkmi  y=tg(x) B Toumi x=12°,

BUKOpUCTOBytoun (Gopmyiny Teinopa B okomi Touku a=0, mnpu mnpomy

OOMEXHUTHCH IIICThMA WICHAMH psiy. BusHaunTu noxuOKy 0O4HCIICHb.
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1 . :
9. PosknageHHsM QyHKIIT Y= 1 B psn Teitnopa B oxoii Touku a=0
+ X

BU3HAYUTHU 1i HaOJMKEHE 3HAYEHHS B Toulll X = 2,3, MpU I[bOMY OOMEKUTHUCH

HricThMa 4jieHamu psay. Buznauntu moxuOKy 0OUHCIICHb.

1 . -
10. PosknaaernsM (QyHKIIIT yzl— B psan Teinopa B okoii Toukn a=0

BU3HAUUTHU ii HAOIMKEHE 3HAYECHHS B Toulll X =-2,4, MpH I[bOMY OOMEKUTHCH
nricTbMa 4jieHamu psany. Buznauntu noxuOky 0OYHCIICHb.

11. PosknazenusM GyHkiii Y =+/1+X* B psag Teiinopa B okouni Touku a=_0
BU3HAYUTHU 1i HaOJIMKEHE 3HAYEHHS B TOUlll X=2,2, TIPU I[bOMY OOMEKHUTHUCH

nricTbMa ujieHamu psany. Buznauutu noxuOky oOUMCIIeHb.

12. Po3knanenusam QyHkuii Y =+1- X° B psn Teitnopa B okomi Touku a=0
BH3HAYUTH 1i HaOmmkeHe 3HadeHHS B Touli X=0,4, mpu 110My OOMEKHUTHCH

nricThbMa ujieHamu psay. Buznauntu moxuOKy oOUMCIICHb.

13. BwsHauutu 3HaueHHs QyHkmii  y=In(x) B Toumi Xx=7,2,

BUKOpUCTOBYIOuM ¢opmyny Teitmopa B okomi Touku a=0, mpu upomy

OOMEXHUTHCH MIICTbMA WICHaMHU psAy. BusHauntu moxubky 004YHCIIECHb.
14. BusHauutu 3HadeHHs QyHkuii y=€° B Toumi X=125,

BUKOPUCTOBYIOUM (HOpPMYIy JaAHIIOTOBOTO Jpo0y, MpU I[bOMY OOMEKUTHCH

4OTUPMA WICHAMH psiAy. BuzHaunTy moxuOKy 004YHCICHb.
15. BusHauntn 3HaueHHs ¢yHkuii y=sin(x) B Toumi x=237,2°,

BUKOPUCTOBYIOUM (HOpPMyYJy JaAHIIOTOBOrOo JpoOy, MpU I[bOMY OOMEKUTHUCH

4OTHpMa WICHAMU psy. BuzHaunTu noxubOKy 0O04YMCIICHb.
16. Busmaunté 3HaueHHs ¢yHkuii y=cos(x) B Toumi x=62°,

BUKOPUCTOBYIOUM (OpPMyYJy JAHIIOTOBOro JpoOy, MpU IbOMY OOMEKUTHUCH

JOTHPMa WICHAMH psay. BusHaunT moxXuOKy 0OYHCIICHb.
17. BwusHauutu 3HayeHHs Qynkuii  y=tg(Xx) B Toumi X= 12°,

BUKOPUCTOBYIOUM (OpMyJy JIAHIIOrOBOro Jpoly, NpU IbOMY OOMEXKUTHUCH
4OTHUpMa YieHaMH psALy. BuzHauntu moxuOKy 0OUMCIICHb.

18. Hamatu BusHadyenHs ¢yHkiii Y= f(X) moBiIbHOrO BUAy B Oyab-sKiii

TOUIII X 3 JOMOMOTOI0 JIAHLIIOTOBOTO Apo0y 3 BUKOpucTaHHAM ¢opmynu Eilinepa.
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4. PO3B’I3AHHS HEJIHIMHUX PIBHAHD

IlocTanoBka 3amaui

3amaya po3B’sA3aHHS HENIHIMHUX PIBHSHb YacTO BHUKOPHUCTOBYETHCS B
IKeHepHId mpakTuii. Po3B’'s3aHHS HETIHIWHUX pIBHSAHB TOOTO BU3HAYUTHU
3HAYEHHS! KOPEHs PIBHSIHHS MOJIMBO JIMIIE B JACSKUX YaCTKOBHUX BUmankax. [Ipu
bOMY, HaBITh B IIUX BHIAJKaX, (OPMYJIH 3HAXOIKEHHS KOPEHIB OyAyTb
HACTUIbKU TPOMI3IKMUMH, IO HUMHU TPYJIHO KOpUCTyBaTHCs. ToMy npu po3B’ si3aHHI
pPIBHAHb IIMPOKO BUKOPUCTOBYIOTH METOAM, IO JO3BOJSIIOTH OTPUMATHU
HaOJIMKEHe PillleHHs 3 0y1b-IKOI0 33aHOI0 TOUYHICTIO.

Hexaii nano piBHSHHS

f(x)=0, 4.1)
ne f(X) — aareOpaiuna abo TpaHCIEHAEHTHA (YHKIS 3 OTHIEI0 HEBIIOMOIO.
Skmo f(X)=0,To X Mae Ha3By KopiHb piBHsHHS (4.1) a60 Hyas GyHKIHi f(X).
bynemo BBaxkatu, mio piBusHHS (4.1) Mae muire i30J50BaHi KOPEHi, TOOTO st
KOXXHOT'O KOPEHS 1ICHY€E OKLJI, 1110 HE MICTUTD 1HIIUX KOPEH1B PIBHSHHS.

['eomeTpudHO po3B’si3aHHs 3amadi (4.1) monsrae B 3HAXO/PKEHHI TOYOK
nepetuny rpadika ¢pynkuii y= f(X) 3 Biccro OX.

Meronu po3B’si3aHHS HETIHIMHUX PIBHSIHB MOAUISETHCS Ha mpsMi (TouHi) i
HaOmwkeHi (itepaniiini). [lepiri 103BOJIAIOTh 3HAWTH PIllICHHsT OE3MOCEPEIHBO 3a
JOMOMOro0 (opMys 1 3aBKIu 3a0e3MeuyloTh OTPUMaHHS TOYHOTO pE3yJIbTaTy.
Ane iX 3aCTOCOBYIOTH JIMIIE IJIi OOMEXEHOr0 BUAY PiBHSAHb, TOMY Ha MPAKTHUII
IIMPOKO BHUKOPHUCTOBYIOTH METOJIM JPYroro TUMy — irepamiiHi. B Hux
peanizyeTbcs OaraTopa3oBe IIMKJIIUHE 3aCTOCYBAaHHS JI€AKOi (QOpMyIH 0
JOCATHEHHS Ppe3yJbTaTy 3 3aJaHol0 TouHICTIO. OTpUMaHMii pe3ylnbTaT 3aBKIU
Oyne HaOIMKEHHM, X04a MOXe OyTH SK 3aBrOJHO OJM3BKUM 0 TOYHOTO. Kpim
TOTO, PIBHAHHS MICTUTh KOEQIII€HTH, 10 OTPUMaHI 3 JCSIKOK MOXHOKOI0, TOMY
TOYHE BU3HAUYCHHS KOPEHIB PIBHAHHS BTpavyae CEHC.

Ha npakTuiii BUKOPUCTOBYIOTh J1Ba THUIH iTepalliiHUX METO/IiB:

— METOJ 3BY)KEHHS IHTEpBaly, IO MICTUTh KOPiHb, (METOM MOJIOBUHHOIO
MOJILTY, METOJ] TTOCIIITOBHOTO BUIIAIKOBOTO MOy, CKaHyBaHHS 3 ACSIKUM KPOKOM

Tomo). TyT BUKOPHCTOBY€EThCS TiUTbKHU 3HAK (pyHkmii f(X), a He 11 3HayeHHs. Lli

METOIH MPOCTI B BUKOPUCTAHHI, aji¢ MalOTh MaJTy IIIBUIKICTh 3015KHOCTI;

— MeTOaW anpokcumariii, B skux Qynkmis f(X) npemcraBiaserbes OiLIbII

npoctoro  QyHKiiero Y=@(X), AI8 sKOi BHU3HAYAETHCS KOPiHb (HAMPHKIA,
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Mmetoau Xopja, HeloroHa TOMIO). BOHM BHUKOPUCTOBYIOTH 3HAYEHHS (YHKIIT
y = f(X), ToMy MarOTh KpaIy 301KHICTb.

B 3aranpHoMy BUNIaKy 3a7jaua 3HAXOKEHHS HAOIIKEHNX 3HAYeHb JIHCHUX
KopeHiB piBHSHHS (4.1) ckiagaeThes 3 ABOX €TalliB.

[Mepmii etam — 11e BiioKpeMyIeHHs (i30JIA11is1) KOPEHIB TOOTO 3HAXOKCHHSI
BiJIpi3Ka, IO HAJIEXHUTh o01acTi icHyBaHHS OQyHKIii Y= f(X), Ha sxomy

PO3TaIIOBaHUI OJIUH 1 TIIBKU OJUH KOpiHb piBHsAHHA f(X)=0.

Jpyruii — yTOYHEHHS 3HAYEHHS KOPEHS JI0 OTPUMaHHS PIIICHHS 3 3aJaHOI0
TOYHICTIO 32 JIOTIOMOTOO OJTHOTO 3 1ITePAIIfHUX METOIIB.

4.1. Meto/iu BiJJOKpeMJI€eHHS KOPEeHiB PiBHAHHS

YMmoBa BinokpemiieHHs1 KopeHsi. [Ipoiiec BiOKpeMIICHHS KOPEHIB pPiBHSHHSA
(4.1) 3acHoBanmii Ha Teopemi bombrano-Komri: skmo OesnepepHa ¢yHkiis f(X)

npuiiMae Ha KiHIIX Bimpizka [&; b] 3navenns pisnux 3Hakis, Tooto f(a)f(b) <0, o
BCEPEIMHI IbOTO BIiJpi3Ka MICTUTLCS TMPUHAWMHI OIWH KOpPiHb. ['eomerpuuHO 1I€
o3Hayae, 1o rpadik ¢yukiii Y= f(X) B Toukax a i b 3HaXOmUTHCS 3a PI3HUMHU
cropoHamu Bia Bici OX i, BiANoBiHO, HA BiApi3Ky [&; D] 000B’sA3k0BO MOBHHEH

nepeTrHaTH Bich OX. AJie 111 yMOBa HE 3aBXKI¥ TAPAHTY€E HASIBHICTH €JMHOTO KOPEHSI.
J1is icHYBaHHS €IMHOTO KOopeHs Ha [a; b] HeoOXinHe BUKOHAHHS JJOJaTKOBOI

YMOBH. Ha I[bOMY Bijpi3ky ¢yHkiis f(X) mMoHoronHa, ToOTO moximna f'(X) He
3MIHIOE 3HaK Ha [a; b] .

BkazaHi yMOBHM € NOCTaTHIMH JJIsl ICHYBaHHS €IMHOTO KOPEHsS PIBHSIHHS
(4.1). Takum uymHOM, 3amada BigokpemusieHHs piBHsAHHSA f(X)=0 mnonsrae B

BU3HAYCHHI Bizpi3ka [&; D], Ha sKOMY BUKOHAHI TaKi TPU YMOBH:

— f(a)f(b)<O0;

— f'(x) He 3MmiHIO€ 3HaK A1 X €[a; b], TodTo pyukiis f(X) € MOHOTOHHOIO.
Maremaruuno 1st ymoBa npeacrasiserscs sk f'(a) f'(b) >0;

— f"(X) e 3miHtoe 3Hak s X €[a; b]. Tpers ymoBa o3navae, 1o nepiia
noxigna ¢yskmii f'(X) € MOHOTOHHOIO, i 11 rpadik abo BUMYKIIHi, 400 BUTHYTHI
Ha Binpi3ky [&; b] Ta f"(a)f"(b)>0.

BinokpemiieHHst KOpeHsi MO’KHAa BUKOHYBATHU SIK aHAJIITUYHO, Tak 1 rpadivHo.

I'padiunnii meTon BimokpemJ/ieHHsi KopeHs. ['padiuHO KOpeHi pPiBHIHHS

f(x)=0 moxHa BiIOKpeMHUTH, SKIIO MOOyayBatu rpadik ¢yHkiii y= f(X) i
npuOIM3HO BU3HAYUTH TOYKM 1i meperuHy 3 Biccto OX. Ane 3amaua
noOynoBu rTpadika He 3aBkIW € mpocToro. 3a3Buuail piBHsHHA f(X)=0
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3aMiHIOIOTh €KBIBaJEHTHHUM PIiBHSIHHAM @ (X) =@o(X). Tyt f(X)=¢(X)—@o(X).
Oynkuii Yy =@ (X) 1 Yo =¢,(X) madupaoTs Tak, mod modymyBaT ix rpadiku
Oyno mpocrime, Hik rpadik ¢yHkmii Y= f(X). AOcuucH TOYOK MEpPETHHY
rpadikiB Yy =@ (X) 1 Yo =@»(X) € kopensmu piBusiHEA f(X)=0.

IMpuknan. Busnauntu kopeni piBasaHsA: f(X)= XInx=1. IIpencraBumo
naHe piBHsHHA K INX=1/X. Toxi Touka mepeTuHy piBHSAHL Y=InX Ta y=1/X

Oyze pileHHSIM MMOYaTKOBOTO PiBHSAHHA. ['padiuHe po3B’s3aHHS LBOTO PiBHSIHHS
MOKa3aHOo Ha pUcyHkKy 4.1.

&
ui

]

Puc. 4.1. Tpadiune po3s’ s3anns pisuaaas XINX =1

Bionosiow. Pimennsm (kopenem) pisnsans XInx=1¢ X =1,7632

MNpuknan. BusHauuTn KopeHi piBHSAHHA. €+ x? =2. I'padiune
PO3B’ sI3aHHSI LILOTO PIBHSHHS MIOKAa3aHO Ha PUCYHKY 4.2.

FY

n

¥

Puc. 4.2. I'padiune po3B’ as3aHHS PiBHAHHS e x2=2

Bionogiow. Pimennsmu (KopeHsivu) piBHsHHS €+ X2 =2 € % =-1,316 Ta

X5 = 0,537.
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Metoa npo6. Lleit MmeTon monsirae B ToMy, 110 AOBUILHO BUOMPAIOTH TOYKY

X =a i3 00acTi Bu3Ha4YeHHs (PyHKIIiT, BU3Ha4aroTh 3HaK f (&), a moTiM migbuparoTh
TOYKy b Tak, mo6 3HaueHHs ¢yHkiii f (D) Mano 3HaK, 10 MPOTHICKHHUIA 3HAKY
f(a). Ham BusHauaroth 3Hak f'(X) Bcepemmui Bimpizka [&;b]. Sxmo f'(X) He
3MIHIO€ 3HAaK Ha [&; D], TO BUKOHYIOTh aHAJIOTIYHY MEPEBIPKY 30EPEIKEHHS OJJHOTO
3HaKy [yt apyroi moxigHol ¢pyukiii f”(X) Ha mpomy Bimpizky. [Ipr BUKOHAHHI TPHOX
HEOOXIHUX Ta JOCTAaTHIX yYMOB ICHYBaHHI OJHOTO 1 TUTBKM OJHOTO KOPEHS Ha
BiIpi3Ky [&; D] 3amaua BimokpemiieHHs po3B’s3aHa. [HaKie 1e# BiPI30K 3BYXKYIOTh,
B3SBIIIM TOYKY ¢, 10 3HAXOIUTHCS TOCEepeauHi Biapizka [a; b]. Busznauarorh 3HaK
f (C) i B sKOCTI HOBOTO Bizpi3Ka posrsyaOTh a60 [&; ¢] (axmo f (@) f (c) <0), abo
[c; b] (axmo  f(c)f(b)<0). Ilo3HauwBIIM HOBMI BIAPI30K Uepes [al; bl],
MOBTOPIOIOTH Ti caMi Jiii, 0 Ha IMOYaTKOBOMY BIiAPI3Ky [&; D], mo Tux mip, TOKU He
6y e 3HaiineHo Binpizok [a,; b, | ne 3sHaxomuTHCs OHH KOpiH.

Metoa ckanyBaHHsi. CyTHICTh METOAY MOJSTae B TOMY, L0 IUISXOM
anani3y 3Haky ¢yskimii f(X) Ha Biapisky [&;b] 3 kpokom h (B Toukax a, a+h,
a+2h, a+3h,..,b=a+nh) Ta 3HaXOMKEHHS YaCTKOBOTO Bijpi3Ka, B SKOMY
¢ynkmis f(X) 3MiHIOE 3HAK Ha TPOTWICKHHHA. [T OTPUMAaHOTO YacTKOBOTO
BiJIpi3Ka BHUKOHYIOTH MEPEBIPKY JOCTAaTHIX YMOB ICHYBaHHS OJHOTO ¥ TIJIbKU
OJTHOTO KOpEHsS Ha I[boMy Bizpi3y. Skmo ¢ynkuis f(X) Ta ii moxigHa B TOUKax
BHU3HAYCHOTO BIJIpi3ka € MOHOTOHHUMH, TO 3aJadya BIJOKPEMJICHHS KOPEHS
pO3B’si3aHa, IHAKIIE — BUKOHYIOTHh 3BY)KEHHS I[hbOI'O YaCTKOBOTO IHTEpPBAILY 0
3a0e3neueHHs JOCTaTHIX YMOB iICHYBaHHS KOPEHs Ha BIJIpi3y.

Januii Meron € mpoCTUd JyIsl peaiizaimii Ha KOMI IOTepl, a HIBUIKICTh
3HAXO/KEHHS HEOOXITHOTO I1HTEpBally CYTTEBO 3aJ€XKHTh BiJ OOpPaHOrO KpPOKY

cKkaHyBaHHs h.
Mpukaag. s pisasaas y=f(X)=x°+18x°-34=0 ma inrepsani
[-5; 5] BHM3HAYWUTH YAaCTKOBUH IHTEPBaJ, IO MICTHUTh OJWH HAWMEHIIHHA TI0

MOJIYJIIO KOP1Hb PIBHSHHSI METOJOM CKaHYBaHHS.
Po36’ s30xk. Bu3HaueHHs YacTKOBOTO I1HTEpBaly, B SKOMY iCHYE€ KOpPIHb

pIBHSIHHS, TOOTO BUKOHYEThCS HeoOXimHa ymoBa ioro icHyBanHs f(a)f(b)<O.
s nporo obumciroeTbes 3Hak Gynkmii Y= f(X) Ha iaTepBani [-5; 5] meTomom

CKaHyBaHHs 3 Kpokom h=1.
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Pe3ynbraT BH3HAuUCHHS 4YacTKOBOTO iHTepBany, ne ¢ynkmis Y= f(X)

3MIHIOE Ha MMPOTHIC)KHHM, HABEACHO B TAOJIHIII.

Xi 51 4| 3| 2] 1] 0] 1| 2 | 3| 4 | 5
so| - [ - [ - - T -T-T-T+ T+ T+ ]+

I3 Tabnuii BUAHO, 10 HA YacTKOBoMy iHTepBadi [1; 2] ¢ynkmis y= f(X)
3MIHIOE 3HaK, TOOTO BUKOHY€eThCsl HeoOxinHa ymoBa f (1) f(2) < 0. [{ns BukoHaHHs
noctatHix ymoB icuyBanHs kopeniB f'(a)f’'(b)>0 ta f"(a)f"(b) >0 cxanyemo
¢yskiiro y = f (X) Ha inTepani [1; 2] 3 kpokom h=0.2.

PesynbpTati ckaHyBaHHS (DYHKINT HA OTPUMAHOMY YaCTKOBOMY IHTEpBai Ta

BU3HAYEHHS YaCTKOBOIO TiJI 1HTEpBaTy, A¢ PyHKIlS 1 ii mepira noxigHa OyayTh

MOHOTOHHUMH, HABEJIEHO B TAOJIUIISIX.

Xi 1 12 14 16 1,8 2
Sign(y) 15 0,408 20,77 50,21 89,87 142

X yi y’

1,2 88,128 164,2

14 125,05 206,08
Bionogiob. Takum uymHoM BcTaHoBiieHo, mo 1'(4,2)f'(L,4)>0 Ta

f"(4,2)f"(1,4)>0. Tobro Ha uactkoBomy iHTepBaimi [1,2;1,4] BHKOHYIOTHCS
HEOOXiH1 1 JOCTaTHI YMOBU ICHYBaHHS KOPEHs 1 OTXE TyT ICHYyE€ OJIUH 1 TIJIbKU

oHH KopiHb piBHsiHES Y = f (X) = X° +18x° —34=0.

4.2. MeTtoiu yTOUHEHHSI KOPEeHsI PiBHSHHS

4.2.1. MeTo/| MOJIOBHHHOTO TOAiTy (MeTo/ OiceKii)

Januit MeTon peanizye NPOCTHM 1 aIrOPUTM YTOUHEHHS KOPEHIB PIBHSIHHS
f(x)=0.

Hexait ¢ynkuis f(X) OesnepepBHa Ha BiApi3ky [a@;b] i Ha ¥oro KiHIX
npuiiMae 3HaueHHs pi3HuxX 3HaKkiB, Tooro f(a)f(b)<0 i ¢dynkmis f(x) ta ii
noxigna f'(X) € monoronnumu. [ToTpiOHO 3HANTH HAOIMKEHE 3HAYCHHS KOPEHS
piBusHHS (3.1), 110 HayIeXKKUTH Biapi3ky [&; D], 3 TounicTIO €.

VY MeToi TOJIOBUHHOTO TOALTY Biapi3ok [&; b] mopiiserses HaBmiia. SIKIo

a+b ) ) « a+b )
f| —— | =0, To BBaxkaemo, 1110 PIllICHHIM 33j1a4i € X = T B tHmomy Bunaaky

2
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NMo3HaunMMO depe3 [a;,by| Ty wacTMHy MoOJiTEHOro HaBMiT MOYATKOBOTO Bimpi3ka
[a, b], Ha KIHIIX SKOTo (DYHKITiS IpHiiMae 3HaAUYEHHS PI3HUX 3HAKIB. J{71s1 OTpuMaHOTro

BIJIpI3Ka TIEPEBIPSETHCS paHII HaBeleHa ymoBa. [Iporec MoCHiIOBHOTO MOAUTY
MPOJIOBXKYETHCS JI0 TUX TP, IOKU He Oy/ie BUKOHYBATHUCS OJ{HA 3 YMOB!

1) f(%}o, ne N — KUIBKICTh MOJIIB BiJpi3KiB HaBmil. Tomi

f_anth.

X =—"—";
2
2) mpu AesKoMy N JOBKHHA BiJIpi3Ka, [0 MICTUTh KOPiHb, CTAHE MEHIIIC
3a71aHOT TOYHOCTI PO3B’ A3aHHs 3ajaui &, To6TO [a,; b, |< &, Toni
* + b
x =%t
2

KinbkicTh iTepariiif, 1mo HeoOXiJHA A JOCATHEHHS TOYHOCTI &, MOXHA

b-a
In
. 2¢
—, 3BigcH N>———=
2 In2
70 TOXMOOK OKPYTJICHHs, ajie Horo 301kHICTh Oyae moBinbHOMO. [Ipu 30inbIIeHH]

OIIHUTH 3a3/aJIeTiAb. TIPH . Jlaauii MeTox € CTIHKUM

TOYHOCTI 3HAYHO 3pOCTa€ 0OCAT OOYHUCITIOBAIBHOI poOoTH. JlaHuwii mMeron Ha
NpPaKTUI[l YaCTO BUKOPHCTOBYIOTh Ui TpyOoro (IONepeaHbOro) BH3HAYCHHS
MMOYATKOBOTO HAOJIMIKEHHS 0 KOPEHS, a MOTIM 3aCTOCOBYIOTH IT€paIliiHAi METOI,
110 MIBUALIE 301raeThes.

['pacdiune npencTaBieHHs MPOLIECY YTOUYHEHHS KOPEHs PIBHSHHSA METOJIOM
MOJIOBUHHOTO TOJLTY MTOKa3aHO Ha pUCYHKY 4.3.

&

Puc. 4.3. I'padiune npencTaBieHHS METOAY MTOJIOBUHHOTO MOILTY
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4.2.2. Meroj npocrtux itepaniii abo MeToz

MOCJIiIOBHUX HAOJMKEHb

Lle#t MeTon € OOHUM 3 HaWOUIBII 3arajJbHUX METOIB YTOYHEHHS KOPEHIB
piBusHHA (4.1) [6, 19].
[pencraBumo piBHsHHS f (X) =0 ekBiBaJICHTHUM HOMY PiBHSHHSIM
X=@(X). (4.2
Lle moxHa 3poOuTH OararbMa crioco0amu, MOKJIABIIY, HAITPUKIIA],
@(x) =x+9(x)- F(),
ne g(x) — noBiabHA Oe3repepBHa 3HAKONOCTIHA (yHKIIiL. BudbepeMo nesike HyJIbOBE
HAGIIDKEHHS X, € [a; b] Kopews piBHstHEs (4.2) i miACcTaBUMO HOTO B TIPaBy YaCTHHY.
Otpumaemo X = @(Xg) . Iomansun HabIKEHHS 00UHCINMO 32 (OPMYIIaMH:
X1 = P00) (1=1,2,..), (43)

SIKIO  OTpHUMAHA TIOCNIOBHICT {X,} 36iracThcs, TOOTO iCHye TpaHHIA

lim=x ,To nepexo/siuu 10 rpanuii B (4.3), orpumaemMo st 6e3nepepBHOT QyHKIIT
n—o

1im Xq.1 = o(lim ;) , abo X =p(X).
TaKuUM YHHOM, TPAHHLS X € KOPEeHeM piBHSHHS (4.2).
YMoBH 301KHOCTI iTepariiiiHoro mpouecy (4.3) oTpuMaeMo 3 MPUHIUITY
CTHCIIUX B1IOOPa’KEHb.
Hexait pynkiis ¢(X) nudepeniiiioBana Ha [&; b], mpuuomy Bci 11 3HaUeHHS
HaJIeXaTh Bipi3Ky [&; b].
Tomi, AKIII0 BUKOHAHA YMOBA
|(0'(X)| < g <1 ns Beix Xy € [a; b], (4.4)
TO BifOoOpakeHHs OyJe CTUCKAr4MM 1 itepauidnui mpouec (4.3) 30iraetbes 10
€IMHOTO KopeHsi piBHsAHHA (4.2) Ha BiApi3ky [&;b] Hesanexxno Big BUOOPY
IMOYATKOBOrO HAGMIKEHHS X, € [a; b] [6].

TakuM uuHOM, iTepamiiHui Tporec Oyne 301KHHUM, SIKII0O BUKOHYETHCS
ymoBa (4.4). Ha pucynkax 4.4 ta 4.5 HaBeJCHO TI'C€OMETPUYHY IHTEPIPETAIIiIO

30ikHOCTI  (puc. 4.4a, 4.40) Ta po30DKHOCTI ITEPAliMHOTO  MPOIECY
(puc. 4.5a, 4.506).
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7 .:_ ! PP : _,
Pl v iy

a) mpu @'(X) <1 0) mpu ¢@'(X) > -1
Puc. 4.4. T'eomerpudHa inTepIIpeTaiist 301)KHOCTI METOTy MMPOCTUX ITEpaIliid

- ¥

-

(LT TR ]

a) mpu @'(X) >1 0) mpu @'(X) <-1

Puc. 4.5. Teomerpruyna iHTepHpeTalis po30i>KHOCTI METOLy MPOCTHX iTepamin

Ha npaktuni iteparniiiny ¢yHkiiro ¢(X) 4acto HpeacTaBisiiOTh Y BHUIIISII
o(X)=x+mf'(X) [2]. Ilpu wnpomy BukoHaHHi ymoBuU (4.4) 301KHOCTI
iTepaliifHOro Tmpolecy 3a0e3nedyeThcss BUOOPOM TIOCTIMHOTO dYHciIa M, 1o
3aJI0BOJIbHSE HEPIBHOCTI:

@' (X)| =[1+mf'(x)| <1.

Hpuxaan. Bukonatu YTOYHEHHS KOpEHs PIBHSHHS
y=f(X)=x°+18x3~34=0 na inrepsani [1,2;14] MeToxoM mpocTux irepauiit

710 BUKOHAHHS YMOBHU ‘Xn - Xn—l‘ < 0,001.
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Posé siz0k. Tlepeiinemo Bin piBasiaHs f (X) =0 10 ekBiBaJIeHTHOTO PiBHSIHHS
x=@(X), 1e @(X)=X+mf'(x). I3 ymMoBH 30DKHOCTI iTEpaLidHOrO MPOIECY
') =L+mf'(x) <1  orpumaemo  -1<1l+mf'(X)<l; —-2<mf'(x)<0;
f'(x) =5x*+54x%; —-2<m(6x*+54x°)<0. Tomi mnpu Xy,=12 Maemo
—0,02269 < m< 0.

Hexait m=-0,02. Toxi 3rigHo 3 hopmyIior

X1 =% +f(x), k=0,1,2, ....
OTPHUMY€EMO YTOYHEHHSI KOPEHs PIBHSHHS, PO3MNOYMHAIOYU 3 TOYKU Xg =212, 1o
HAJICKHUTh IHTEpBay nociipkenns [1,2; 1,4].
X = X +Mf (%) =12+ (-0,02) - (—0,40768) =1,2081536;

Xo = X +Mf (X) =1,2081536+ (—0,02) - 0,31635=1,201827;

X3 = X, + Mf (X,) =1,201827 + (—0,02) - (—0,2464) =1,206755;

X, = X3 + Mf (X3) =1,206755+ (—0,02) - 0,19138 = 1,20293;

Xs = X, +mf (x,) =1,20293+ (-0,02) - (0,14876) = 1,2059;

Xg = X5 + Mf (X5) =1,2059.+ (-0,02) - 0,11514 = 1,2036;
X7 = Xg + Mf (Xg) =1,2036+ (—0,02) - (—0,08935) =1,20554;

Xg = X7 + mf (X;) =1,20554 + (-0,02) - 0,07 = 1,204,

Xg = Xg + Mf (Xg) =1,204+ (-0,02) - (—0,0539) =1,20508;

X109 = Xg + Mf (Xg) =1,20508+ (—0,02) - 0,0421=1,20424;

X1 = X0 + M (X0) =1,20424 + (0,02) - (—0,03254) =1,2049;

X1p = Xq1 + MF (X1) =1,2049 + (—0,02) - 0,026 =1,2044 ;
X3 = %o + M (X3,) =1,2044 + (—0,02) - (—0,018) =1,20476;
Xpa = X3 + M (Xg3) =1,20476 + (—0,02) - 0,01367 =1,2045;

X5 = Xqq + M (X4) =1,2045+ (—0,02) - (—0,009) =1,20468;

X6 = %45 + Mf (X5) =1,20468+ (—0,02) - 0,00656 =1,2046 ;

X7 = X4 + MF (X6) =1,2046 + (—0,02) - (—0,00055) =1,20461..

Bionogios. Otxe |X17—X16|:O,00001< 0,001, TO KOpeHeM pIBHSHHA €

X" =1,2046. IIpu uboMy aOCOMIOTHA NMOXMOKA AX YTOUYHEHHsS KOpeHs JOpiBHIOE
f (1,20461) = 0,00055.

Metoa HbroTona abo meroa goTuuHmx. J[anuii MeTod € HaWOUIBII YacTo
B)KUBAaHUM METOJIOM YTOYHEHHS KOPEHIB, IO NPUAATHUN JUIsi PO3B’ I3aHHS

anreOpaluHuX 1 TPAHCUEHACHTHUX PiBHIHB [6, 19].



44 4. Po3B’s13aHHsI HENNIHIHHUX PIBHSHb

Hexait B piBasaai  f(X)=0 ¢yskmis  f(X) #gBiui  GesnepepBHO

mudepeHiiiiioBada Ha Biapi3ky [a&;b], mo MicTUTh HIyKaHUH BiJTOKPEMIICHHM

KOpiHb X , NPUYOMY IOXiHHI BimpisHsoThes Bin Hyms. ®ynkuis  f (X)
3HAKOIIOCTil{Ha 1 TTOYaTKOBE HAOIMKEHHS KOPEHs Xy HAJICXKHUTh BiApi3Ky [&;b].
[eomerpuyHo 1ie o3Haudae, 1o rpadik ¢ynkuii Y= f(X) B Oymp-skiid TouIl
Binpizka [&; b] mae notuuHy 1 He Ma€e Ha BiAPI3KY EKCTPEMYMIB i TOYOK MTEPETUHY.

Bubepemo Ha kpuBiii noBimbHY TOuky Mg(X, f(Xg)), Xo€ [a; b] i

MPOBEAEMO MTOTHYHY A0 KPWUBOi B il TodYIlli. PIBHAHHS MOTHYHOI Mae TaKWid

BUTJISI!
y— (%)= (%) (X=).
3HaliIeMO TOUKY X; MEpPEeTUHY IOTHYHIN 3 Biccio abcuuc. 3 orisay Ha To,
mo 1yt Y=0, orpumaemo — f(X5)= f'(Xy) (X —Xp), 3Bimcm Maemo mepimie

HaOIMKEHHS KOPEHS:

f (%) .
F'() (*+9)

Yepes touxy M, (X, f (X)) 3HOBY mpoBeneMo AOTHYHY A0 KPUBOI, OTpUMaHa

X =X~

TOYKa MEpeTUHY 5KOi 3 Biccto Ox macTh HaM Apyre HAOIMKEHHS KOPEHs 1 TaK Jai.
[IpomOBXUBIIIM ONMKMCAHUH TTPoIieC TOOYIOBU JOTUYHHUX 1 OOYMCIICHHS! TOYOK

ix mepetuny 3 Biccro Ox, orpumaemo popmyiy itepartiitaoro metoay HeroTona:

_ (%) _
Xp = X1 % 1)’ (n=1,23,..). (4.6)

['eomerpruno meton HpioTOHA O3Hauyae 3aMiHy IyTM KpPHBOi Ha KOXKHIM
iTepanii qotuuHoro 10 Hel B Toumi M (X, f (X)) .

MeTtoa MOKHA pO3MIISIAATU K OKPEMUI BUIAJ0K METOAY MPOCTHX iTeparliii
(4.3) mms dymxuii @(X)=x—F(X)/ f'(X) Tomi @' (X)=f(X)-f"(X)/(f'(x))>.
Ockinbku ¢'(X ) =0, To BHac1igok GesmepepBHOCTI @'(X) MOGIM3Y KOpeHS X
BHUKOHYETHCS YMOBA 301’KHOCTI iTepaliiinoro nporecy (4.6).

Toni y— f(a)= f'(a)(x—a) e piBusuusM moruunoi B Toumi A(a, f(a)), a
y—f(b)=f'(b)-(x—b) — B Touri B(b, f(b)). 3 BpaxyBauHsM TOTrO, 110 B TOYII
nepeTuHy M0oTHYHOI 3 Biccto Ox Yy =0 3HaueHHs aOCIMCH BU3HAYAIOTHCSA 3a

(o, . 1@

f')) T fla)

dopmynamu: b =b—
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Touky neperuny notuuHoi 3 Biccto OX, mo Oyae HACTyIMHUM HaOIMKESHHSIM

kopens piBHsHHA f (X) = 0, 3pyyHO BU3HAYATH 32 TAKMMHU ITEPALIHHUMU (OPMYIIAMH:

1) pu YY" > 0, bn=bn_1—%, n=123..;
n-1
2) mpu YY" <0, an:an_l—%, n=123.... 4.7)
1

[Iporniec yrouHeHHsI KOpeHs 3a MeToJIOM HbBIOTOHA MPOAOBXKYIOTH 0 THX
mip, JOKH OIlIHKA OTPUMAHOTO HAOJMKEHHS HE CTaHE 3aJ0BOJIBHSTH 3aJlaHii
TOYHOCTI &, TOOTO KOJHM aOCOJIOTHA BEMMYMHA PI3HHUII MK JBOMA HACTYIHHUMU

HaOokeHHAMH b, 4 1 b, (abo &, 4 i &,, BiAMOBIIHO) MEHIIIE &
‘bn — bn_l‘ <& mpu YY" >0
a6o |a, —a,_q| <& mpu Yy’ <O0.

Busnauena BenuunHa b, abo a,,, BiANOBiHO, MpuiiMaeThes 3a HaOMIMKCHE
3HAUCHHS KOPEHs,, TOOTO X ~ b, mpu y'y" >0 ta X ~ a, npu YY" <0.

Ha ocHoBi Teopii HaOMMKEHUX OOYMUCIEHb BCTAHOBJICHO, IO 301KHICTH
iITepaIiiHOro Mmpolecy yToYHeHHs KopeHiB piBHsHHSA (4.1) 3a meTogom HbioToHA €
KBaJIPaTUYHOIO.

['padiuny 1mroctpamito metoay HproToHa s pi3HUX BUIIB  (PYHKIIIT

y = f (X) HaBeneHo Ha pucyHkax 4.6.

w

f'(x) >0

£/(x) >0
£7(x) <0 P tri >0

a) npu 0) pu

Puc. 4.6. 'eomeTpryHa iHTEpHpeTallis yTOUHEHHS KOPEHIB
piBasinast Y = f(X) 3a meTromom Herotona
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>
i ¥
f'(x)<0 f'(x)<0
B) Mpu ”( ) r) IpH ”( )
f'"(x)>0 f"(x)<0
Puc. 4.6. 'eomeTpuvHa iHTEpHpETALlisi YTOUHEHHS KOPEHIB
piBasiaast Y = f(X) 3a meTtomom Herorona (3akingenust puc. 4.6)
Hpuxnan. Bukonatu YTOYHEHHS KOpEHs PiBHSHHS

y=f(X)=x>+18x-34=0 mna inTepBaii [1,2; 1,4] metonom HeroToHa.

Po36’ az0k. Jlns BuOopy dhopMyiu I opraHi3aiii iTepaliiiHOro mpoIecy 3a
MeTonoM HproTOHa BH3HA4aeMO 3HAK AOOYTKY MepIioi Ta APYroi MOXITHHUX
¢Gynkmii f (X) B Toumi Xy, Mo HajxexuTh iHTepBaNy [1,2;1,4] .

Hexaii mouatkoBa TOuka Xy=212. Busnaueno, mo Y (X))=88128, a

y" (%) = 206,08.

Takum umHOM BcTaHoBieHo, mo f'(X)f"(X)>0 i Tomy mist yTOYHEHHS

KOPEHS JaHOTO PIBHAHHS HEOOXITHO BUKOPHUCTOBYBATH (POpMYITY

— . f(bn—l) — 2 3
= f'(bn_1)’n b S

Tomi

5 3
oty () g, 14°+1814°-34

=1,2339;
f'(bp) 5.1,4% +5,4.1,4° -
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1,2339°+18-1,2339° - 34

by =y — ) _ 12339

p > =1,20538;
f'(b) 5.1,2339% +5.4.1,2339
5 3
b, b, - f,(bz) _ 120538 1,20538 +]4,8 1,20538 32,4 _ 120461
f'(b,) 5.1,20538"* +5,4-1,20538
5 3
b, = by - @ _ 120461 1,20461 +1,8 1,20461 32,4 _ 120461
f'(bs) 5.1,20461% +5,4-1,20461
5 3
b, b, - f'(b4) _ L20461_L20461 +1,8 1,20461 32,4 _ 120461,
f'(by) 5.1,20461% + 5,4-1,20461

Bionogios. Ockinbku by =b, =1,20461 BBakaeMo, 1110 KOPEHEM PIBHAHHS €

X" =1,20461. Ipu npoMy abCOMIOTHA MOXUOKAa AX yTOUHEHHsS KOpEHs JOPiBHIOE
f (1,20461) = 0,0003376.

MoaugikoBanmnii meron Hprortona. Po3paxynku 3a mMeronom HproTona
MOXKHa CIPOCTHUTH, SAKIIO 3a(IiKCyBaTH 3HAYEHHS TMOXIMHOI y 3HAMEHHUKY

dopmynu (4.6), HarIpUKIIa], BBAXKATH, IO X, = X1 —% (n=142,3..) [19].
X0

Take crpomieHHs 00YHCIeHb MPUBOANTH A0 TaK 3BAaHOTO MOJM(DIKOBAHOTO
Merony Hprorona. MoskHa moka3aTd 30DKHICTh Ta BUBECTH OIIIHKH TMOXHOOK
MoaudikoBaHoro mMetony HpioToHa mpu ymMoBax TeopemMH Ipo 301KHICTH METOAY
Hrrorona (4.6). Lle cripomieHHsT po3paxyHKOBUX (OPMYJT MPU3BOAUTH JI0 JTIHIHHOT
30DKHOCTI MoaudikoBaHoro metony HeroTona. 'eomerpuuno MmoaudikoBaHMi
MeTo/1 HproTOHA B1/IMTOBIA€ 3HAXOKEHHIO TOUOK X; MEPETUHY OCl abcuHmc 1 JIHIH,

110 MapasnenbHi JoTH4HIN 10 kKpuBoi Gynkunii f(X) y Toumi (Xg,Yy) (puc. 4.7).

&
i H

1

Puc. 4.7. 'eomerpudne npeacTaBieHHs: MmoaudikoBaHoro meroay Herorona
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Metoa ciunamx. Ileit Meron TakoX € IHIIOK MOJIUDIKALIEID METOIY
Herotona. MeTos CiYHMX BUKOPUCTOBYETHCS, KO OOUUCIEHHS MOXiTHOT (QYHKITT

f(X) sixkumu-HeOynp mpuuuHaMu yTpyaHeHo. Toxi noximHa f'(X) 3amiHIOETHCS

PO3IIJICHOIO PI3HUIICIO, 1[0 BU3HAYCHA 32 JBOMA OCTaHHIMU iTeparllisimu [6]:
, f — f (%,
Xn = Xh1

[TlincraBuBimm Bupasz f'(x,)B (4.6), orpumaemo irepauiiiny ¢Gopmyiy 3a

METOJIOM CIYHUX:

_ _ f (Xn)(xn B Xn—l) _
X1 = Xn f(x)— f(%2) , h=123.. (4.8)

Jliis moyaTKy npouecy o0YuciieHb HEOOX1THO 3aJJaTH Xy Ta X 1 Ha KOXKHOMY

KpOIIl METO/ly CIYHUX YaCTHHA KPUBOI 3aMIHIOETHCS CIYHOIO, 1110 MMPOXOAUTH Yepes

TOYKH 3 abcimcamu X, Ta X,_; ( puc.4.8).

w

Puc. 4.8. 'eomeTpryHe NpeCTaBICHHSI METOy CIYHUX

* . . *
YcraHoBieHO, mo SKmo X € kopidb piBHsHHa f(X)=0, a f'(x)=0
f"(x)#01 f'(X) —6e3nepepBHa GyHKIIsA, TO ICHY€E TaKa OKOJMI TOYKH X 1 X
. . * e . . . *
Ta X, — Pi3Hi TOYKH I[i€] OKOJIHUII, TO METOJ] CIYHHX 30iraeThcs 10 X .

Takwuii iTepaliiHuii IpoIeC MOBTOPIOETHCS JO OTPUMAHHS 3HAYSHHSI KOPEHS

3 3aJaHOK0 TOYHICTIO.
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Metoa xopa. anuii MeTon 3pydyHO BUKOPHUCTOBYBATH, SIKIO OOYMCIICHHS

noxigHoi ¢yukiii f(X) 3a AedkMMH NPUYMHAMHU BUKIMKAE TPYIHOIMi. TyT
noxigHa ¢yHkii  f(X) 3aMiHIOETBCA TIEPIIOID PO3IIICHOI PI3HHIICIO, IO
3HaliJIeHa 3a JBOMa OCTAaHHIMU iTEpaIlisIMU.

Inest Mmetonmy mossirae B TOMY, IO Ha BiApi3Ky [&; b] Oymyerbcs xopna AB,
o cTarye KiHmi ayru rpadiky ¢yHkmii Y= f(X), i, 9K HaOIWKeHe 3HAUCHHS
KOPEHS Xo, BAOUPAETHCS 3HAYCHHS C, SKE € a0CIHUCOI0 TOYKHU NIEPETUHY II€T XOPIU

3 Biccto OX. [Inst Bu3HaueHHsT C BUKOPUCTOBYETHCS PIBHSHHS XOPIH SIK MPSAMOI,

1o npoxoauth uepe3 nBi Touku A(a; f(a)) 1 B(b; f (b)):

x-a_ y-f(a)
b-a f(b)—f(a)'
[Tpu y=0, X=C, oTpumMaemMo
f(a)(b_a) "o
c=a—-—————7 Ota a =cC,
) f(a) npu Yy'>0T1a &
f()(b-4a)

abo c=b- npu Yy’ <0 rab =c.

f(b)- f(a)

Hazaiti moBTOPIOIOTH IO MPOIIETyPy Ha HOBOMY BiIPi3Ky [al; b] abo [a; bl],
B1JIOKPEMJTIOIOYH KOPiHb 3a ITepaiitHumMu Gpopmynamu:
_f(a,)b-a,4)
f(b)-f(an4)
f(@)by1-2)
f(bh4)-f(a)

[Ipomiec yTOYHEHHSI KOpPEHS 3aKIHIYEThCS TOJI, KOJHM OIIHKAa OTPUMAHOTO

a,=a,4 npu YY" >0,

abo b,=b, ;- npu YY'<0 n=123 ... (4.9

HaOMMKEHHS 3a0BOJIBHAC 3aaH1ii TOYHOCTI & TOOTO, KOJIM aO0COIOTHA BEIUYMHA

pi3HUII MDK JBOMa HACTYIIHUMH HaODKeHHSMH @, 1 &, (abo b, ; i b,

BIJIMIOBITHO) CTAHE MEHIIIE & :

@, —ay4|<& mpu yy">0,
a6o |b, —by,_4| <& mpu yy' <O0.

Busnauena BennunHa &, ab6o by, BiamoBimHO mpuiiMaeThcs 3a HaOIMKEHE

3HAYCHHS KOPEHs,, TOOTO X ~ a, npu YY" >0 Ta X ~ b, mpu YY" <0 (puc. 4.9).
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*

f(a)((b) < 0 f(a)(b)<0
f'(x) <0 6) mpu | (¥)>0
f"(x)>0 f"(x)>0
f'(x)f"(x) <0 f'(x)f"(x)>0

a) npu

f(a)((b)<0

f(a)f(b) <0 109> 0
f'(x)<0 r) npu _,
B) IpH £7(x) <0 f"(x) <0

F(x)f"(x) >0 P19 <0

Puc. 4.9. T'eomeTpruvHe NpEACTABICHHS METOLYy XOP.I

MeTtonu xop/ 1 cCiyHHX 30iraroThCs MOBiIBHIIIE MeToay HproTOHA, mpoTe Ha

KOJKHIH iTepallii BUMararoTh OOYMCIICHHS TUTbKH 3HAYCHBb (DYHKIIIT B TBOX TOYKAX.

Ipuxknan. Bukonatu YTOYHEHHS KOpEHs PIBHSHHS
y=f(X)=x>+18x>~34=0 wna inrepsai [1,2;1,4] MeTo10M XOpA.

Po36’ a30k. [Ins Bubopy hopmymnu i oprasizaiii iTepaiiHoro mpouecy 3a
METOJIOM XOpJl BU3HAYAEMO 3HAK JOOYTKY MEpIIOl Ta ApYroi MOXiAHUX (QYHKIIT

f (X) B TOUILI Xy, OIO HAEKHUTH IHTEPBATY JOCIIIKCHHS.

Hexaii mouarkoBa Touka X;=212. Busnaueno, mo Y (X;)=88128,
a y' (%) =206,08.
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Bceranosneno, mo f'(X)f"(X)>0 1 mns yTouHeHHS KOpEHS HaHOI'O

pIBHSIHHS HEOOXIJHO BHUKOPHCTOBYBaTH (opMyly a,=a,_3— f(@n4)(0=2n_y)

f(b)-f(a, 1)
n=123,...
Toni
8 = ag— f(ay)(b—ay) _19_ (-0,40768)-(1,4-1,2) _120385:
f(b)- f(ap) 20,77024 — (—0,40768)

a,=a _M 120385 (-0,06717) - (1,4-1,20385) _120448:
f(b)— f (&) 20,77024 - (-0,06717)

8y = a,— f(ay)(b—ay) 120448 (-0,011216) - (1,4-1,20448) _120459:
f(b)-f(a,) 20,77024-(-0,011216)

a, = ag— f(ag)(b—ay) 120459 (-0,000144) - (1,4—1,20459) 12046
f(b)- f(ag) 20,77024 - (-0,00144)

8 = a, - f(ay)(b—a,) 12046 (—0,0005512) - (1,4 —1,2046) _1.20461:
f(b)—- f(a,) 20,77024 — (-0,0005512)

8 = ag - f(ag)(b—as) 120461 0,0003376- (1,4—-1,20461) _120461.
f(b)— f(as) 20,77024 - 0,0003376

Bionosiob. BcraHoBiaeHo, 1Mo ag=a;=120461. Toai BBaxkaemo, IO
KopeHeM piBHAHHSI € X =1,20461. Tloxubka OOUMCIEHHS KOpPEHS piBHSIHHS
y= f(X)=x°+18x3—34=0 nopisuroe f (1,20461) = 0,0003376.

Komo6inoBanuii Meron. Ines meromy mossrae B 0JJHOYaCHOMY BHUKOPHCTaHHI

METOJIIB XOpa 1 JoThuyHuX. Lle /103BoJIsie 3HAUHO 3MEHIIUTH KUTBKICTh ITEpalliid Ipu

BU3HAYCHHI HAOMKEHOTO 3HaueHHs Kopens piBasHHa f (X) = 0.

3riIHO 3 UM METOJIOM IOCIIIOBHO BU3HAYAIOTHCS TOYKU NMEPETUHY XOP/IH,
IO CTATY€E KPUBOI HA KIHIIX BiJpi3Ky 3 Biccro OX Ta TOYKU MEPETUHY JAOTHUYHOI,

110 mpoBeeHa 1o Kinig kpuBoi T (X), 3 Biccto OX (puc. 4.10).

Otxe, KOMOIHYIOUH IIi 1Ba METOJM 1 BU3HAYAIOUX 3HAUEHHA &, 1 b, 3rixHo
dopmyn (4.7) 1 (4.9), mocmiIOBHO Ha KOKHOMY KpOIll 3BYXKYEMO 3 JBOX CTOpPIiH
BIJIp130K, BCEPEAMHI SIKOTO 3HAXOJUTHCS KOPIHb X . To6To:

8, < X, <by, mpu yy">0,
b, > X, >a, mpu Yy’ <O0.
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[Tpouec yTOUHEHHS KOpEHs BHUKOHYIOTH 1O THX Mip, JOKM He Oyze

JOCATHYTO YMOBHU ‘bn - an\ <&, ne &€ —3amaHa TOYHICTbh HAOJMKCHHSI.

3a HaOMMKeHe 3HaYCHHS KopeHs piBHsAHHS (3.1) 3a3Buuait OepyTh TOUKY, 110

HAJICKUTh CEPENIMHI BiJipizKa, TOOTO

an + by,

X =

X~ X\ <[t - ay|<z.

, TaK II0

N

Ha pucynkax 4.10 mnpenactaBieHO T'E€OMETPUYHY  IHTEPIpPETallito

KOMOIHOBaHOTO METOAY YTOYHEHHS KOPEHIB PIBHIHHS.

T w

GN

f'(x)<0 f'(x)>0
0) mpu _,
AP 50 f7(x) >0

f'(x) <0

r) pu

f"(x) <0

Puc. 4.10. 'eomerpuuHe npencTaBieHHsS KOMOIHOBAHOTO METO/Ty YTOUHEHHS KOPEHIB PiBHSHHS
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Mpukaag. BusHauny noxathiit xopins piBusHEs f(X) =X —x—-02=0 3
touHicTio 0,0002 msixoMm HOro yTo4YHEeHHSI KOMOIHOBAaHUM METOIOM.

Po36's30Kk. 3a METOOM CKaHyBaHHsI BCTAHOBJICHO, 110 Ha iHTepBam [1;1]1]
BUKOHYIOTbCS HEOOXIJHI 1 JIOCTaTHI YMOBM ICHYBaHHS €JMHOTO KOPEHS JAHOTO
piBusHHsA. Ha 1pomy inTepBami i f(11)>0. Jlns maHoro piBHSHHS MAaeMo:

f'(x)=5x*-1 i f"(x)=20x> . Ha inrepBani mocuimkenss f'(X)>0 Ta
f"(x) > 0, T06TO 3HAKH MMOXITHHX 30€PiraroThCs.

BukopucroByemMo  [uisi  yTOYHEHHS KOpeHs Ha  iHTepBami  [1,1]]
KoMOiHOBaHUiT MeTon1. BBBaxkaemo, mo a5 =1, by =11. Toxi

f(ag)=fM)=-2; f(p)="f(@D)=03105; f'(by) = f (L1 =6,3205.

Bracnigok toro, mo f'(X)f"(x)>0, BHKOpHUCTOByeEMO Taki iTepariiiHi
bopmynu:
f(a)(b-ay) _, (=02)(0.1)

=T - f(ag) 051081
_f(t) _,, 03105 _
% =P f'(by) =+ 6,3205 1051

[Ticnsa mepmrof iteparii oTpumaemo iHTepBai gocimkenns [1,039;1,051].

[TepeBipsieMO YMOBY 3aBEpIICHHS MPOLECY YTOUHCHHS KOPEHS PiBHSHHSL.
Yepes Te, mo b —a =1051-1,039=0,012>0,0002, 3amana TOYHICTH HE

JOCATHYTa. TOMYy BUKOHYEMO HACTYIIHUM €Tan YyTOYHEHHS.

_. fla)b-a)_ . (-00282)(0012) .
=4 f(bl)—f(al)_L 0,0595 ~ 104469
HON 0,0313
b,=b - 6 1051~ = oo 10487

B pesynmprari BHKOHaHMX OOYHCIEHb BCTaHOBIEHO, mo B,—-a,=
=1,04487 —1,04469=0,00018 > 0,0002. Ile o3Hauyae, moO 3aJaHa TOYHICTH
YTOYHEHHS KOPCHSI oTpuUMaHa i MOJKHA BBa)KaTH
X ~ (104469 +1,104487)/2 ~1,045.

Bionogiows. Haiimenmum JOIaTHIM KOpeHEM PIBHSIHHS

f(X)=x°-x-02=0 € X ~1,045. AGCOIIOTHOI IOXUOKOK PO3B’ I3aHHS JAHOTO

pismstams € f (X )~ f(1,045) = 0,00118.
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KoHTpoJibHiI 3anuTaHHs

1. Sk dopmymroeThCs 3a1a4a po3B’ A3aHHs HeiHiitHOoTO piBHsIHHES f (X) =07

2. B yomy mossirae reOMeTpUYHHUM 3MICT 3HAXOKEHHS KOPEHIB PiBHSHHS
f(x)=07?

3. SIki METOIM BUKOPUCTOBYIOTHCS JIJIsl pO3B’ sI3aHHS HENIHIMHUX PIBHSAHD?

4. B yomy mnonsirae HEOOXIAHICTh YHMCEIBHOTO PO3B’ SI3aHHS HENIHIHHUX
PIBHSIHB?

5. SIka CyTHICTh METO/IIB YUCEIHHOTO PO3B’ I3aHHS HEJHINHUX PIBHSIHbB?

6. 3 AKUX eTalliB CKJIAIa€ThCS YUCETbHE PO3B’ sI3aHHS HENIHIMHUX PIBHSHB?

7. 1o € HEOOX1THOIO YMOBOIO iICHYBaHHS KOPEHs HA BiAPI3KY?

8. SIxi yMOBH iCHYBaHHS KOpPEHS Ha BIAPI3KY € HEOOX1/IHI 1 TOCTaTHI, AKUH 1X
re€OMETPUYHUN 3MICT?

9. fxi MeTonM BiIOKpEMJICHHS KOPEHIB BUKOPHUCTOBYIOTH MPHU PO3B’ I3aHHI
HEJTIHINHUX PIBHSAHB, X MEpEeBaru Ta HEJOIKU ?

10. Ik moaIsOTECA METOAM YTOYHEHHSI KOPEHIB, 110 BUKOPUCTOBYIOTHCS
P pO3B’ I3aHH1 HETHIWHUX PIBHAHB?

11. B dyomy mosnsArae CyTHICTh METOJAY PO3B’S3aHHS HENIHIHHOTO PIBHSHHS
METOJIOM JIUJICHHS HaBM1a? SIK1 TIepeBary 1 HeJIOJMIKH IbOT0 METOo a7

12. SIxki 0coOMMBOCTI YTOUHEHHSI KOPEHS PIBHSHHS 32 METOJIOM XOpJ, HOro
repeBary 1 HeJJOJIKU ?

13. fIxa cyTtHicTh MeTOMy HOTHUHUX (MeToxy HbrOTOHA) YyTOUYHEHHS KOPCHS
HEJIHIMHOTO PIBHSAHHSA? SIKi mepeBaru i HeIOIIKHA IbOTO METOTY 7

14. 5Ixi ocobnmBOCTI BUKOpUCTaHHS MoaudikoBaHoro metoay HeroTona?

15. MeTtoa CiYHUX YTOUYHEHHS KOPEHIB HENIHIMHOTO PiBHIHHS, K1 TIepeBaru
Ta HEJOJIIKA HOTO BUKOPHUCTAHHS ?

16. fIxi mepeBarn Mae BUKOPUCTAHHS KOMOIHOBAHOIO METOAY YTOUHEHHS
KOPEHIB HEJIIHIHOTO PiBHSHHS ?

17. B YoMy monsirae CyTHICTh TOCHIJOBHUX HAOIMXKEHb N0 KOpEHs
HEJTIHIHOTO PIBHSHHS 32 METOJIOM MPOCTUX 1Tepalliif, HOro nepesaru 1 HeTO0MIKU ?

18. [Ilo € ymMOBOIO 301KHOCTI yTOYHEHHS KOpPEHIB PIBHSHHS 3a METOIOM
MPOCTHX ITEepalliid 1 SKUM YUHOM II€ JOCSITAETHCS ?

19. SIx mocarHyTH 301)KHOCTI METOAY MPOCTUX ITeparlii?
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3azayvi A9 CaMOKOHTPO.JIIO

1. Busznaunty Ha BiApi3Ky [—5; 5] 4acTKOBI Bipi3KH, Ha SIKUX iICHYIOTh OJIUH

1 TUTBKY OJIMH KOPiHBb PIBHSIHHS X° +5x+1=0 (BUKOHATH BIJIOKPEMIICHHS KOPEHIB
PIBHSIHHS) TTOJIOBUHHOT'O TOLITY .

2. BuzHauutu Ha Bifpi3ky [—5; 5] 4acTKOBI BiIpi3KH, HA SKUX ICHYIOTh OJIUH
1 TUTbKH OJIMH KOPiHb PiBHSAHHS X3 +x-3=0 (BUKOHATH BiJIOKPEMJICHHSI KOPCHIB

PIBHSTHHS) METOJIOM CKaHyBaHHSI.

3. BusnauuTu Ha Biipi3ky [—5; 5] 4acTKoOBi Bijpi3KH, Ha SIKUX ICHYIOTh OJIHH

1 TUTBKH OJWH KOPiHb PIiBHSIHHS (X—Z)Z—eX:O (BUKOHATH BiTOKPEMJICHHSI
KOPEHIB PIBHSIHHS) TIOJIOBUHHOTO MOJILTY.

4. BusHauuTH Ha Bijpi3ky [—5; 5] yacTKoOBI BiApI3KH, HA AKUX ICHYIOTb OJIUH
i TIBKM OJMH KOPiHb piBHAHHSA € * —X =0 (BUKOHATH BiJOKpEMJIEHHS KOPEHIB
PIBHSTHHS) METOJIOM CKaHyBaHHSI.

5. Buznauutu Ha Binpi3ky [-5;5] wacTkoBi Bifpi3kH, HAa SKUX ICHYIOTh
OJIMH 1 TUTbKH OJIMH KOPiHb PIBHSHHS X3 +x-3=0 (BUKOHATH BiTOKPEMIICHHS
KOPEHIB PIBHSHHSA) rpaiqHAM METOJIOM.

6. Busnauutu Ha Biapi3ky [—5;5] 4acTkoBi Bifpi3kH, Ha SKUX ICHYHOTb
OJIMH 1 TUIbKHM OAWH KOPIHb PIBHAHHS e+x=0 (BMKOHATH BIJOKPEMIICHHS
KOpEHIB PIBHSHHS) rpad)iYHUM METOJIOM.

7. BusHauutu Kopinp piBHAHHA X°+5X+1=0 ma Bigpisky [-0,2;0]
MeTo1oM Xopa. [Ipu yTouHeHH1 3HaYueHHsI KOpeHs BUKOHATH HE MEHIIE 6 iTepallii.
BusnaunTu moxubKy oOUUCIeHHS! KOpEeHsI.

8. BusHauuTu KOpiHb piBHAHHA € +2sinx=0 wma Bigpisky [-1; O]

metogoM HptoToHa (mortmunux). [Ipu yTOYHEHHI 3HAYEHHS KOPEHS BUKOHATH HE

MeH1Ie 6 itepamniii. Busnauntu moxuOky oOUMCICHHS KOPEHSI.

O. BwusHauuTH KOpiHH pIBHAHHSA X+ =0 mna Bigpisky [-1; 0]

X2 +1
KOMOiHOBaHUM MeTO/I0M. [Ipy yTOUHEHH1 3HaYeHHsI KOPEHsI BUKOHATH HE MeHIe 6
iTepaniii. Busnauntu noxuOky oOUMCIEHHS KOPEHSI.

10. BusHaunTy KOpiHb piBHSIHHS X° — X° —2=0 Ha Bigpisky [1; 2] Metomom
ciuamx. [lpm yTOYHEHHI 3HAYE€HHS KOpPEHsS BHUKOHATH HE MEHIE 6 ireparlii.

Busznauntu HOXI/I6Ky 00YMCIIEHHSA KOPCHHI.
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11. BusHauuTH KOpiHb piBHHHS 2X°+2X—1=0 na Bigpisky [0;1]

MoaudikoBaHuM metooM HeroToHa. Ilpy yTouHEeHHI 3HaUYEHHS KOPEHsSI BUKOHATU

He MeHIe 6 iTepartiii. BusHaunTH MmoXxuOKy 0OUMCIICHHS KOPEHSI.
12. BusHaunté KopiHb piBHAHHS X° —3x—-1=0 Ha Bigpisky [-2;—1]

METOJIOM NpocTux Iitepamniii. Ilpu yTOUHEHH1 3HAa4YEHHS KOpPEHsS BHUKOHATH HE

MeH1e 6 itepamiii. Buznauntu moxuOky 0OUUCICHHS KOPEHS.
13. BuszHauuTH KOpPiHH PiBHSHHS X3+ 6x2+9x+1=0 Ha Biapizky [—1; O]

MeToz0oM xopA. [Ipu yTouHeHHI 3HaUeHHS! KOPEHsI BUKOHATH HE MEHIIE 6 iTepalliii.

Busnauntu noxuOky oO0YMCIIEHHS KOPEHSI.

14. BusHauuTH KopiHb piBHsHHSI X° +3X°—3=0 Ha Bigpisky [-3;—2,2]
metogioM HetoToHa (mormunux). [Ipu yTOYHEHHI 3HAYEHHS KOPEHS BUKOHATH HE
MeHIne 6 itepaniid. BuzHauntu moxubky o0UHCICHHS KOPEHS.

15. BusHauuTH KopiHb piBHsAHHA X° —3x°+1=0 Ha Bigpisky [-1; 0]

KOMOIHOBaHUM MeTOJI0M. [Ipy yTOUHEHH1 3HaYeHHSI KOPEHs] BUKOHATH HE MeHIIe 6

iTepaiiii. BusHauutu noxuOKy 0O4YHMCICHHS KOPEHSI.
16. BusHauuTi KOpiHb piBHAHHS X°+X—3=0 Ha Biapisky [L 2] MerozoM

ciuanx. Ilpm yTOUHEHHI 3HAYE€HHS KOpEHsS BHUKOHATH HE MEHIe 6 irepartii.

Busnauntu moxuOKky 0OYMCICHHS KOPEHS.
17. Busnauutu KopiHb piBHSHHA € +X=0 mna Bigpisky [-1;0]

MOI[I/I(l)iKOBaHI/IM MCETOAOM HeroTona. HpI/I YTOLIHCHHi 3HAYCHHA KOPCHA BUKOHATH

He MeHIe 6 iTepaiiii. BusHauntu moxuOKky 0OYMCIIEHHS KOPEHSI.
18. BusHauuTu KOpiHb piBHsAHHA € * —InX+0 nHa Bigpisky [1 2] meTogom

npoctux itepariii. [Ipm yTouHEeHHI 3HA4YEHHS KOPEHS BHUKOHATH HE MEHIIE 6

iTepaniii. BusHauntu noxuOky oOUMCIEHHS KOPEHSI.
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2. PO3B’AI3AHHSA CUCTEM
JIHIMHUX AJITEBPATYHIX PIBHAHD

Po3B’si3aHHs cucTeM JiHiHHUX anreOpaiunux piBHsHb (CJIAP) € omniero 3
HANOUIBII MOMIMPEHUX 3aja4 iHkeHepHoi npakTuku. xepenamu CIIAP MoxyTh
OyTH pi3HUIEBA ampoKcUMallis AUQPEpeHIiaTbHAX 1 I1HTETPAJIbHUX PIBHSHB,
JIOKaJIbHA JIIHEapu3allisi CUCTEM HENIHIMHUX pPIBHAHb, MOOYyJ0Ba TOJIHOMIB Ta
KPUBHUX 1HIIOTO CHENIaIbHOTO BUIJISAY 32 HaJJaHOIO 1H(GOPMAILII€l0 TOIIO.

Cucrema N JiHIMHUX anreOpaiuHuX PiBHSAHB 3 N HEBIJIOMUMU MA€ BUTJIAL:
A1 X + oXo +..+ Ay X, =Dy

anlxl + an2X2 +...+ anan = bn
abo y BekTopHiit popmi AX =B,

ne A=[g;] —xBagpaTHa Marpuis po3MipHOCTI NxN;

by

B=| | —BeKTOp-CTOBIYMK BIJIbHUX YJECHIB CUCTEMH PIBHSHB,
X

X =| ... | — BEeKTOP-CTOBMYMK HEBIJIOMHUX YHUCEJ, SIKI HEOOX1THO BU3HAYUTH.
Xn

PimmenHsiM cuctemu € Oy/ib-sika rpyTia 4ucell, sika, MPpH MiJICTaBJICHH] B CUCTEMY

(5.1) 3amicTb HEBITOMUX Xq, Xy, ..., X, IEPETBOPIOE BC1 PIBHAHHS Ha TOTOXKHOCTI.

s Toro, mo6 cuctemMa Malia €ETMHUN PO3B’ 30K, 11 N PIBHSIHb MAlOTh OyTH
JTHIMHO He3aneKHUMH. HeoOXiMHOW 1 JOCTaTHHOK YMOBOIO JUISl IIOTO € YMOBa
HEPIBHOCTI HYJIIO BU3HauHuKa MaTpuili A, Tooto det A= 0.

Skmo Matpuit A cucTeMd He BHpOJpKeHa, To cuctema (5.1) mae eauHe
pO3B’ si3aHH4, KU MOXxe OyTH BU3HaueHu# 3a metos1oM Kpamepa.

Meton Kpamepa (BH3HAYHHKIB MeTOX) TIOJsAra€ B  OOYHUCIICHHI

Bu3HayHnka Oet A marpumi A, a Takox Bu3HauHuKiB det A, martpuump A,
k=12 .. n. Matpuai A, oOTpuMyiOThb 3 MaTpumi A mUIIXOM 3aMiHM K-TO

CTOBIMUMKA MaTpuIli A Ha cTOBMUUK B.



58 5. Po3B’sA3aHHs cHCTEM JIIHIHHUX anreOpaiyHuX piBHSAHb

Sgxmo det A=0, Tto cucrema Mae posB’s3aHHA X = (X, Xp,.., Xy), IO
BHU3HAYAETHCSA 32 POPMYJIOLO:

det A
_detAC 1o
%= qa A T

IMpuxaan. Po3s’s3atu cuctemMy JHIMHUX anreOpaiyHUX PIBHSHB METOJOM

Kpamepa.
7,8% +33%X, —3,2%3=4,5
2,9% —1,8%, +33%;=71.
6,5)(1 - 7,1X2 + 9,8X3 = 6,1
78 33 -32 45
Po3s’'s30k. A=|25 -78 33 |; B=|71|; det A =-527983.
65 —-71 98 6,1
45 33 -32 78 45 -32 78 33 45
A=71 -78 33|, A=|25 71 33 |, AA=|25 -78 71},
61 -71 98 65 61 98 65 —-71 61

det A =-392,674, det A, =470865, det A;=272319.
Bionosiov. % =0,7423, X, =-089, X3=-05148.
7,8-(0,7423) + 3,3- (—0,89) — 3,2- (—0,5148) = 4,5003 ~ 4,5
Ilepesipka: 2,5-(0,7423) - 7,8-(-0,89) + 3,3:(—0,5248) = 7,099~ 7,1 .
6,5-(0,7423) - 7,1-(-0,89) + 9,8- (-0,5148) = 6,099~ 6,1
AGcomoTHI MOXUOKH O0YHCIICHHS CUCTEMH PIBHSHbD:
AX = |4,5— 4,5003| =0,0003; AX, = |7,1— 7,099| =0,001; AXg = |6,1— 6,099| = 0,001.
OTtpumMaHi MOXHOKH BUKIMKaHI 00YUCITIOBATHHOI MTOXHUOKOIO.

[Ipote 3actocyBanHs merony Kpamepa mnst po3s’s3anHs cucremu (5.1) B

BUMIAJIKY BeMMKUX N (N>5) HEIONIbHO, OCKUIBKY 1€ MOB S3aHO 3 BUKOHAHHSIM
3aHAJTO BEJIMKOI KUIBKOCTI apu(METUYHUX OMNepaliil 1 3HAYHUM HAKOMMYEHHSIM

MOXUOOK OKPYTJICHHS.
Ha mpaktuii s po3s’ s3anus CJIAP BUKOpUCTOBYIOTh HACTYITHI METOIU:
— nipsimi (TOYHI);
— HaOmKkeHi (iTepariiiai).
Jlo TOYHUX METOJIB BITHOCSTH METOIM, IO JO3BOJISIIOTH 3HAWTH PIIICHHS

CJIAP 3a nomoMoror KiHIIEBOi KIJBKOCTI €JIeMEHTapHUX apU(PMETUIHHX
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onepaiiii. Kinbkicts HeoOXiaHuX it po3B’ si3anHg CJIAP onepartiii 3aeKuTh Bijl
BUOpPaHOi cXeMU OOYHMCIICHHS Ta MOPSAKY CUCTEMH piBHSIHBb N. [0 Takux MeTomiB
po3B’sizanns CJIAP nanexatrs metonu [Maycca, Kopnana—I'aycCa, onTuMaibHOTO
ukiroueHHs, LU - posknamanns (cxema Xomerpkoro) Tomo. OTpumaru
NPAKTUYHO TOYHUW pe3yJabTaT IIMMH METOJaMu He BaaeThbesa. lle BukiMkaHo
HAsBHICTIO TMOXMOOK OKPYTJICHHS MpU BUKOHAHHI apU(METHYHHX OTmeparin
BHACIIZOK OOMEXEHOCTI pO3psAAHOi CITKM Komil totepa. [lpu 1mpomy mnoxuOku
O3B’ I3aHHA 3a/1a4 TOYHUMH METOJIaMH MOXYTh OyTH JOCHUTHh 3HAYHUMHU. TOOTO
OCHOBHUM HEJIOJIKOM TOYHUX METOIB € HAKOIMUYEHHS TOXUOOK OKPYTJICHHS.
Po3p’s3annss  CJIAP  iTepauiiHUMM METOJaMU OTPUMYIOTH IUIIXOM
MOCIZIOBHUX HAOMIKEHb JIO TOYHOrO PIMICHHS, 10 BHKOHYIOTHCS 3a
pexypenTHuUMU (popmynamu. KinbkicTh BHUKOHYBaHHMX apU(PMETHYHHX OTepallii
3aNeXUTh Bil BUOPAaHOI CXEeMU OOYHCIIEHb, PO3MIPHOCTI CHUCTEMH pPIBHSIHb Ta
HEOOXIAHOI TOYHOCTI pe3ysbTariB oOuucieHb. Jlo iTepauiiHUX METOMIB

po3B’ si3aHHsa CJIAP BiTHOCSTH METOIM MPOCTUX ITEPAILlii Ta METOT 3eH e,

5.1. Touni meroau poas’sa3auus CJIAP

Meton I'aycca Ta iioro Moaudikamii € HaHOULIBII PO3MOBCIOKCHUMHU 3
TOYHUX METOHIB po3B’si3aHHsA cuctemu piBHAHL (5.1). Jlamuii wmeron
BUKOPHUCTOBYIOTh JJISI 3HAXO/KCHHSI PO3B’ SI3Ky HEBEJIUKHX Ta MOMIPHO BEITHUKHX
(o Nn=200) CJIAP 3 3anoBHCHHMH MATPHUISIMH A, TOOTO MATPHIISIMH, IO
MICTSITh MaJIO HYJIbOBUX €JIEMEHTIB.

Ines meromy I'aycCa monsirae B MEpETBOPEHHI IMOYATKOBOiI CHUCTEMH [0
€KBIBAJICHTHOI i CHCTEMH 3 BIJIYYCHHSM YAaCTUHHM HEBIJJOMHUX Ta MPUBEACHHSIM
CHUCTEMH JO0 BEpPXHbOI TpHKyTHOI Marpuii (mpsmuii xim) [6]. 3 meperBopeHOl
TaKUM YHHOM CHCTEMH HEBIJIOMI BHU3HAYAIOTHCS TOCIITOBHUMH TiACTAaHOBKAMH,
PO3MOYUHAIOYN 3 OCTAHHLOTO 11 PiBHSHHA (3BOpOTHHE Xim). AmroputMm ["aycca
CKJIAJIA€ThCS 3 BUKOHAHHS OJHOTUITHMX OIEpalliil, Kl JIETKO IMpOrpamyroThCsl Ha
koM totepi. [IpoTre TOuHICTH pe3ynbTaTy 1 4ac, MIO BUTPAYAETHCS ISl HOTO
OTpUMaHHs, 06araTo B YoMy 3aJIeXXHTh BijJ opraHizaiii oOuucneHs. IcHye Garato
peamizamiii cxemu ['aycCa, mo maroTh Ti abo iHII TiepeBaru. Bimomi cxemwu 13
3a37ajeriib 3aJaHUM TIOPSAJIKOM BHUKJIIOUEHHsI HeBigomux. Lle cxema enmHOro
JIJICHHS Ta CXeéMa 3 BUOOPOM TOJIOBHOTO €JI€MEHTA, B SIKUX MOPSIIOK BUKIIOUCHHS

BUOUPAETHCS 32 XOJOM IIHOTO TPOIIECY.
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Cxema €auHOro aiieHHs. PosrisitHeMo po3mupeHy MaTpuio A cCUCTEMH
pIBHSHB, B sIKill & ., =b, 1=12,3,..,n
BBaxaemo, mo &y # 0 (@;,— roMOBHUI eneMeHT), AUTMMO HepIie PiBHAHHA

cucremu (5.1) Ha ay;

D

X +ad %, +..+ alPx, —a1(n+l,

ne a® =3 i_23 n+1
%1

Hanani BUKITIOYAIOTBCS X; 3 IHIIMX PIBHSHb CUCTEMH, BiTHIMAKO4H 3 | -TO
PIBHSIHHS Teplie, 10 MOMHOXEHe Ha BIAMOBIAHUM KoedilieHT &4. B pe3ynbrati

[[LOTO OTPUMYEMO TIEPETBOPEHI PIBHSIHHS TAKOTO BUAY:

Zaﬁl)x =a.,, i=23..,n, (5.2)

1 1 .
Ae ai(j):aij_ailalj()s j=2,3,..,n+1.
Takum uMHOM, HEBiOME X; OyJe BUKIIOYEHHM 3 YCIX DPIBHSIHb, OKpIM

nepmoro. Hanmani, BBakarouu, 1110 a(l) # 0, mimuMo npyre piBHSHHS Ha agz) 1

BUKJIIOYA€MO HEBIZIOME X, 3 YCiX PiBHSHb, PO3NOYMHAIOUU 3 TPETHOTO, i Tak Aaji
JI0 TUX TP, TOKU HE PO3TIISIHYTO BC1 PIBHSAHHS cucTeMU. [licis Takux nepeTBOpeHb

1)

OTpI/IMaCMO CI/ICTeMy 3 BerHBOIO TpI/IKYTHOIO ManI/IIleIo:
1 1 1 1
x1+a{2)x2+a:f3?x3+...+a§%_lxn ()Xn n+1
(2)

x2+a2)x+ T () Xn +82 Xn a2n+1
(5.3)

-1 -1
X1+ % = an

Xn = ar('lrj%ﬂ

HaBenenuii npsmuii xig Merony l'aycca peani3oByeTbCs y TOMY BHIIAJKY,

SIKIIIO TOJIOBHI €JIEMEHTH a(k g (k=1,2,...,n) He TOPIBHIOIOTH HYJIIO.

3BopoTHH Xin Meromy [aycca mossrae B 3HAaXO/KCHHI HEBIJOMHX X 3
neperBopeHoi cucremu (5.3). 3HaueHHs X,, BU3HAYAETHCS 3 OCTAHHBOTO PIBHSHHS,
HeBioMa X, 1 —3 (N—1)-ro piBHSHHSA 1 TaK Jai:

=ap., - z a'x;(k=n-1n-2..1). (5.4)
j=k+1
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[Ipu oOYMCIEHHSX 3a JAaHUM METOJOM KUIBKICTh OMepaliii MHOXEHHS

1 ninerHs npu po3B’ s3aHHl CJIAP Bu3HauaeTbes 3a opMyIioro:

_2n®+9n®+n
: .

N

[lpy BemMKMX 3HAYEHHSX N B TIPOLIECI PO3B’SI3aHHS CHUCTEMH JIOILIHHO
BUKOHYBaTH KOHTPOJIb OOuMcieHb [6]. [ 1bOro BHKOPHCTOBYIOTHCS KOHTPOJIBHI
CyMH

n+1

Binz= 28, (1=12,..,1), (55)
j=1
10 TOPIBHIOIOTh CyMaM €JIEMEHTIB PSIIKIB MaTPHUIIl, BKIIOUAIOUH W BUTHHI YWICHH.
SK110 Hal KOHTPOJBHUMHU CyMamH B KOXXHOMY PSAKY CHCTEMH MPOBOJUTU
Taki caMl NEPETBOPEHHS, 0 W HaJa IHIIMMH €JIeMEHTaMH LbOTrO psjiKa, TO 3a
BIJICYTHOCTI TIOXUOOK B OOYHCIECHHSX KOHTPOJIbHI CYMH MAarOTh JOPIBHIOBATH
CymMaM €JIEMEHTIB BIAMNOBIAHUX TMEPETBOPEHb PSAJAKIB PO3IIMPEHOI MaTPHII
CUCTEMH.
Cxema XoJgenbkoro. IIpy BenMKHX 3HAYEHHSIX N 3pyYHO BUKOHYBATH
rayccoBl BUKJIIOYEHHS 3a CXEMOIO XO0JIELBKOT0, 1110 JO3BOJIUTH CIPOCTUTH MPOLIEC
obuncienp [6, 19]. 3a maHoro cxemor posmpeHa MaTpuid A KoedilieHTIB

CUCTEMH TMPEACTABISIETHCA Y BUTIIAI1 JOOYTKY TBOX TPUKYTHUX MaTPHIIb
A=L-U, (5.6)

ne L (Big low — HWKHIN) — HUXKHS TpUKyTHaA MaTpuis, a U (Big UP — BepxHiit) —

BEpPXHS TPUKYTHA MATPHUIISA 3 OJUHUYHUMH JIIarOHATFHUMU eJieMeHTaMu. T oIl

ll;, 0 0 .. O
L l,y I, 0O .. O |
i Iz oz o lon
Ta
1 Uy ... U,
U - 0O 1 .. uy,
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i piBHsHHsA (5.6) HaOyBae BUIY:

L-U-X=B.

[Moznaunmo U - X =Y. Toai orpumyemo cucremy L-Y =B, po3s’s3anns

K01, TOOTO BM3HAUYECHHS BEKTOpa Y, € JIOCUTh MPOCTOIO 3a7ayero 1 He MoTpeldye

JA0JaTKOBHX IICPCTBOPCHL.

Anroput™M 0OYHMCICHB 32 TaKOIO CXeMow Ha3uBaioTh LU — posknaganHsIM

Matpuill A koeirieHTiB.

Enementu ljj, Uj; i BekTop-cToBIENph Y 064mCIION0OTHCS 32 popmynamu [6]:

i o & ny
U =$,(J=2,3,...,n), yp =
a1 a1
i1 .
lij =8 — 2 Jilg (1= >1);
k=1
1 -1 .
U; =|—(aii =2 lkly), @<i<j);
i k=1

1 sl |
Y :I_(ai,n+1_|;|ikyk)l (I<i<n).
i -1

[IepeTBOpeHa poO3MIMPEHA MATPHUILA CUCTEMU MA€ BUTIISIL!

ly Up Uz oo Up Y
o1 1 Uy oo Uy Yp
lsz Iz sz o U ¥
Inl In2 |n3 Inn yn

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

3anoBuenHst Matpuili (5.12) eeMeHTaMu BUKOHY€ETHCS B TaKiid MOCITiIOBHOCTI:

— Bunmcyemo enementu l;; 1-ro crosnus (5.7);

— obuncmoemo enementy Ui Y, 1-ro psaaxa (popmymu (5.8));

— obuncioemo enemenTH |, 2-ro crosmi (popmyinu (5.9));

— obuncioeMo enemeHT Uy;i Y, 2-ro psaka (popmymn (5.10) i (5.11)) i Tax

JIaJTi Ta 3arIOBHIOEMO BCIO PO3IIMPEHY MATPHIIIO B TIOCTIIOBHOCTI CTOBICIIb-PSIOK.
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Hamane LU — poskiaganns no3Bojsie npenctaButu cuctemy (5.1) y Bunmimi

LUX =B, aBektop X BH3HAUMTH IUIIXOM IOCITIIOBHOTO PO3B’ I3aHHS CHCTEMH.
LY =B, UX =Y.

[IpsiMuii xia mossirae B po3B’ sizaHHi cuctemu L-Y = B, ToOTO B 3an10OBHEHHI
matpuii (5.12) Ta orpumanHi enemenTiB Matpuui U i Bektopy Y. Ilpm
3BOPOTHOMY XOJil BEKTOp X BHU3HAYAETHCS 3 CUCTEMH:

Xq + UpoXo + UpgXg + .o Uy X = V4
Xo +UxXg ... +Upp X = Y2

(5.13)
Xh = Yn
3HaueHHs X; O0YHCIIOIOTHCS 32 HopMyIamMu:
Xn = Yn:
n -
X =Y¥i— 2 UX (i<n). (5.14)
k=i+1

Oo0uncnenns 3a ¢popmynamu (5.7) — (5.11) i (5.14) nerko peanizyroTbcs Ha
KOMIT FOTEPI.
Cxema 3 BUOOPOM roJIOBHOTO ejleMeHTa. SKIo cepe/ rOIOBHUX €IIEMEHTIB

k-1 o . .
a|((k ) BUSBHUTBHCA C€JIIEMEHT, 11O OMM3BKUH A0 HYJIA, TO AUICHHA P1BHAHHSA HAa HBOT'O

MPU3BOJAUTH JI0 BEIIMKHUX 32 MOJYJIEM IEPETBOPEHUX KOoe(DimieHTiB. Y 3BOPOTHOMY
xoai merony laycca wa mi kxoedimieHTH TpeOa MHOXKHTH HETOYHI 3HAYECHHS
HEBIJOMUX, 110 MOKE IPUBECTHU 0 3POCTaHHS MOXUOKU M BTpaTH TOYHOCTI. Tomy
JUISl YHUKHEHHS ICTOTHOTO BIUTUBY OOYMCITIOBAIbHOI TOXUOKH, 3aCTOCOBYIOTh METO/T
['aycCa 3 BHOOpPOM TOJOBHOTO €JIEMEHTY. 3TiJHO 3 IIMM METOAOM B SKOCTI
NPOBITHOTO €JIEMEHTY Ha K-My Kporli BHOWparOTh HaHOLIBIIMK 33 MOIyJIeM
eNleMeHT B K-My CTOBIII 1 TIEPECTAHOBKOIO PSJIKIB MEPEHOCATh WOTO Ha TOJIOBHY
niaroHaib. [1icis mboro BiAMOBIIHE HOMY 3HAUCHHS X BUKJIIOYAIOTh 3 YCIX PIBHSIHB,
cepell Koe(ilie€HTIB IKUX Ie He BUOUPAHCS TOJIOBHI €JICMEHTH.

Mertox T'aycCa 3 BHOOpPOM TOJOBHOTO €JIEMEHTY MPOCTHH Ta YHCEIHHO
CTifiKuiA 1t T0Ope 00YMOBIICHUX JIIHIMHUX CUCTEM.

Mpuxaan. Po3p’a3atu cucreMy anredpaiyHux piBHAHb MeToAOM ["aycca
5,7% +33X, +13%3 =21
35X +4, 7%, +2I%3 =17 .
41% +58%, +11,7%3 =08



64 5. Po3B’sA3aHHs cHCTEM JIIHIHHUX anreOpaiyHuX piBHSAHb

Po36’ a3ox. TlocmiioBHO TayCCiBCBKUMH IEPETBOPEHHSMHU TMPUBOJIUMO
pO3IIMPEHY MATPHIO KOe(]IIiEHTIB CUCTEMHU 10 BHIY 3 BEPXHHOIO TPUKYTHOIO

MaTpHUIICI0, TOOTO BUKOHYEMO TipsiMuii metoay ["aycCca.

57 33 13|21 1 05789% 0,22807 | 0,36842
35 47 21|17 |=»|0 -267367/5 -1301/55/-0,41053 |=
41 58 11,708 0 -3426305 -10,764910,710522

1 057895 0,22807 | 0,36842
=0 1 0,486879| 0,153545
0 0 1 |-0135941

Hanamni, 3rifHO 3 anropuTMOM METOMYy, 3MIMCHIOETHCS 3BOPOTHHM Xia 3

BHU3HAYCHHAM BCKTOP-CTOBIILIA HCBiI[OMI/IX CUCTCMHU, PO3IMOYNHAOYHN 3 OCTAHHBOT'O

PIBHSIHHS:
X3 = —0,135941;
X, +0,486879x, = 0,153545
X, =0,21973 ’
¥ + 0,57895x, + 0,22807x; = 0,36842;
¥ =0,27221.

Bionogiow. % =0,27221; X, = 0,21973; X3 = —0,135941.

5,7-0,27221+ 3,3-0,21973+13- (-0,135941) = 2,0999827 ~ 2,1
Ilepesipka: 135-0,27221+ 4,7-0,21973+ 21- (-0,135941) =1,6999899 ~ 1,7
41-0,27221+5,8-0,21973+11,7-(—0,135941) = 0,7999853~ 0,8

AGCOIIOTHI MOXUOKH OOUYHUCIIECHHS! CUCTEMH PIBHSHB!

AX, = |21-2,0999827| = 0,0000173;
AX, =[1,7-1,6999899 = 0,0000001;
AX; =|0,8—0,7999853 = 0,0000147.

Cxema Kopnana-T'aycca a0 MeToJ NMOBHOI0 BUKJ/IIOYEHHS IOJSTae B
OJTHOYACHOMY BHKJIIOYEHHI OyAb-KOi 3MIHHOI 3 YCIX PIBHSHb CHCTEMH, OKPIM
OJIHOTO, TOOTO HUISIXOM TayCCIBCHKUX IMEPETBOPEHb 13 MaTpulll A KOedillie€HTIB
CHCTEMHU OTpHMaHHI oauHW4HOI Matpuli E. I{io cxemy 3pyuHo peaiizyBaTu npu
KOMIT IOTEPHOMY MOJICJIIOBaHHI, BOHa € €(QEKTUBHOI, OCKIIbKM Taka cxema

O0YHMCIICHh HE BUMArae BUKOHAHHS 3BOPOTHOIO X0y [6].
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Ha nepmomy kpoui 1bOro Merony oOUpa€eThCsl TOJIOBHUM eleMeHT ayq # 0
(mepecTaHOBKOIO pPIBHSAHB CHCTEMH MOXHA MIOCSITHYTH TOTO, IO &y Oynae
HalOUTBIINM 32 MOJIYJEeM KoedilieHToM TpHu X ). [loxinnmo mepiie piBHSHHA
CUCTEMH Ha &1, B YCIX IHIIMX pPIBHAHHAX BHUKIIOUYUMO X;, TOOTO 3BEAEMO

PO3LIMPEHY MAaTPUIFO CUCTEMH J0 BUIY:

1 1 1
1 a® . a® | a®,

1 1 1
0 ay .. as é?m

0 ay .. ay ann+1
ze
ail) =a; /all’al(l) = 31(1)811,
j=23..n+L i=23...n.
Ha Apyromy Kpoul BI/16€p€MO HpOBlI[HI/II/I CIIEMECHT a22) (MO)I(Ha 3p061/1T1/1

NEPECTAHOBKY pPAAKIB 2,..,N Tak, 100 BiH OyB HaAHOLIBIIAM 3a MOJIYJIEM).

Po3zainumo apyre piBHSHHS Ha a%) , BUKJIFOUMMO X, 3 YCIX PIBHSIHb, OKpIM JIpyToOro:

2 2
10 aiB) a:fn) a1n+1
2 2
0 1 aés) agn) a2n+1
2 2
0 0 aéB) (n) aGn+l’
2 2 2
0 0 a9 .. a@ a2,
Ac agzj)Za%-)/aglz),a‘(z)—ai(j a(z) af , 1=13,...,n; j =3,...,n+1.

[Ticast N KpOKiB OTPUMAEMO MATPHULIIO
1 0 0 .. O a1 n +1
01 0 .. 0 a2 el

000 .. 1/afl,;

Ta YHUCEJIbHI 3HAUYEHHS HEBITOMUX

n -
X =& nyq, 1=12,...,0
Kontpons obOuucnenr 3a metogom JKopmana—laycca MoxkHa 3I1IHCHHTH,

BUKOPHCTOBYIOYH KOHTPOJIbHI CYMH, aHAJIOTIYHO KOHTPOJTIO B CXEMI €IMHOTO JIIJICHHS.
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Ipukaax. Po3’s3aTtu cucteMy JiHIMHUX anreOpaiyHUX pIBHSHb METOIOM

Kopnana—I"aycca 3 BUOOPOM TrOJIOBHOTO €JIEMEHTA.

5, 7% +3,3%, +13%3 = 2,1
3,5% + 4, 7% +2,1% =1,7
4,1% +5,8%, +11,7%3 = 0,8

Po36 si30k.  TlocniiOBHUMHM TayCCIBCBKUMHU IE€PETBOPEHHSMHU  MIPUBOJUMO

PO3IIUPEHY MaTPHUITIO KOS(DIITIEHTIB TIPX HEBITOMUX CUCTEMH JI0 OTMHUYHOI MaTPHIT:

57 33 13|21 1 0,57895 0,22807 | 0.36842
35 47 21|17 |=|0 -2,673675 -1,301755-0,41053 |=
41 58 11,7(0,8 0 3426305 -10,76491|0,710522

1 0,5789% 0,22807 | 0.36842
=0 -3426305 -10,76491/0,710522 |=
0 -2.673675 1,301755 |-0,41053
1 0,57895 0,22807 | 0,36842
=0 1 3,14184 |-0,207373 |=
0 -2,673675 -1,301755|-0,41053
1 0 -1.5909| 0,48848 1 0 0] 0,27221
=0 1 314184|-0,207373 |=|0 1 0]0,219732
0 O 7,0985|-0,96498 0 0 1|-0,135941

Toni oTpuMaHuii BEKTOP-CTOBOEIH BIIbHUX WICHIB OyJie PIICHHSIM CUCTEMH
PIBHSHB.
Bionogiowv. ¥ =0,27221, Xo =0,219732, x3=-0135941.
Ilepesipka:
57-0,27221+3,3-0,219732+13- (—0,135941) = 2,0999893~ 2,1
3,5-0,27221+4,7-0,219732+ 2,1- (-0,135941) =1,6999993~ 1,7 .
4,1-0,27221+5,8-0,219732+11,7- (—0,135941) = 0, 7999969 ~ 0,8

MeTtoa onTUMAIBLHOr0 BHMKJIYEHHS € moAiOHuMm wMertony Kopmana—
["aycca. Jlaamii meton, sk 1 meron JKopmana—I'aycca, He mepeadadyae BUKOHAHHS
MpsIMOTO Ta 3BOPOTHOrO X0AiB MeToay ['aycca. OCHOBHOIO BiJIMIHHICTIO METOIY
ONTHMAJBHOTO BHKIIOYEHHs Bim MeroniB [aycca ta Xopmana—I'aycca € Bubip

IUIBHUKA TOTOYHOTO PsJIKa PO3MIMPEHOI MaTpuill. Y METOAl ONTUMAaIbHOIrO
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BUKJIFOUEHHS JUIBHUK — 116 MAKCUMAJIBHUN 32 MOJIyJIEM €JIEMEHT psAJKa MaTpuil A
(oxpim eeMeHTa BEKTOP-CTOBIIIIS BUIBHHMX WIEHIB). MeTo nepeadayae npouenypy
BHUKJTFOUCHHS KOC(IIIEHTIB MPY BU3HAYCHIN 3MIHHIN Ha KOKHOMY KpOIIl HACKPI3HO
B pEemTI PSIAKIB CUCTEMHU PIBHSIHb. 3aBASKHU CHeElialbHOMY BHOOpY AUIbHUKA
MOTOYHOTO psiAKka METOAYM ONTUMalbHOrO BUKIOYEHHS Ta JKopmana—I'aycca
3MEHIIYEThCS BIUIMB MOXMOOK 3a0KPYTJICHHS Ha KIHIIEBHM pe3yjbTaT OOUHCIICHb.
Kpim TOro, MeToa onTUMaJbHOTO BUKIIOYEHHS I Yac OOYMCIICHh HE BHMAarae
pu OOYHUCIIEHHX 30epiraHHs BC1€l MaTpHUIll B OTIEPATUBHIN MaM’ ATi.

AJTOpPUTM METOJly ONTUMAIBHOTO BHKIIIOUEHHS CKJIQJAa€ThCS 3 TaKHX
npoueayp: BUOIp TOJIOBHOTO €IE€MEHTa B TIOTOYHOMY PSJIKY; HOPMYBaHHS
€JIEMEHTIB PO3IIMPEHOI MAaTPHUIll B TOTOYHOMY PSIIKY; BUKIIOYCHHS KOEQIIIEHTIB
NP MOTOYHIN HEBIZOMil B HACTYMHOMY DSIIKY Ta B TMOMEPEIHIX PAIKAX CHUCTEMHU
piBHsiHb [33].

Takum ynHOM po3B’ si3aHHs CJIAP 3a MeTo/10M ONTUMAaIbHOTO BUKITIOUCHHS
BUKOHYETHCSI B TaKii MOCIiJOBHOCTI:

1) BUOUpAETHCS MEPIIUN PSIOK CHCTEMU PiBHSHB, | =1;

2) BU3HAYAETHCS TOJIOBHHI €JIEMEHT B |—My psaaKy Matpuii A, ToOTO

KOC(DILIEHT &; IpPY HEBIIOMIN X| , IO € HAHOUIBIINM 32 MOZYJIEM,

3) BUKOHYETBbCS HOPMYBaHHS KOC(]IIIEHTIB PO3MIMPEHOTO PSJIKA MaTPHIl

HUIAXOM IX JUICHHS Ha &, j » IPU [IBOMY ITOTOYHUM Oyze | -Wii CTOBITYUK;

4) 3AIHCHIOETBCS TPOIEaypa TayCCIBCHKOTO BHMKIIIOUEHHS KOe(DillieHTIB B

THIITNX PSAIKaX CHCTEMH TPH HEBIIOMIN X i

5) BUKOHY€TBCS TIEPEXi/] HA 1HIIUI PSAJTOK CUCTEMH PiBHSHB, | =1 +1;

6) sxmo | <N, TO 3MIHCHIOETHCS il rayCCIBCHKOTO BHKIIIOUEHHS ISl BCIX
PSAIKIB CHUCTEMH pIiBHAHb (ITOBTOPCHHS IYHKTIB 2—5), iHaKIIe BHKOHYETHCS
nmpoleaypa COpPTYBaHHS pe3ylbTaTiB OOYMCIEHHS 3a 3HAYCHHSIMH HOMeEpa
croBmurka Marpuii A (Homepa BeIy4oro CTOBITYUKA).

IMpukaan. Po3s’ s13aTk cucTeMy JiHIHHUX anreOpaiyHUX PIBHSAHb METOIOM
ONITUMAIBHOTO BUKJTFOUCHHSI:

3,8% —2,5% +3,7%3=6,5
0,5% +0,84x%, +1,7X3=0
1,6x +2,8%, —4,5%3=4,3
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Po36’ a30K.

1 -0,6579 0,9437|1,7105 1 -0,658 0,974 |1,7105
0,5 084 17 0 =0 -2,338 -2,426|/1/7/105 |=
16 2,8 -4,5 | 4,3 0 -2,033 3,7865-0,9775
1 -159 0|2,3923 1 -1,59 0|2,3923 1 0 0] 1,92
0 -09%4 1-0,705 |=|0 -094 1-0,705 |=|0 0 1|-0,421
0 1501 O0[-0,447 0 1 0/-0,292 0 1 00,292

Bionosion. % =192, X, =-0,421, X3=-0,292.

3,8:1,92-2,5-(-0,421) + 3,7+ (-0,292) = 6,505 ~ 6,5
epesipia: 10,5-1,92+ 0,84 (-0,421) +1,7- (=0,292) = 0,0074 ~ 0
1,6-1,92+ 2,8 (-0,421) — 4,5- (-0,292) = 4,31~ 4,3

AOCONI0THI MOXUOKHU PO3B’ sI3aHHS CUCTEMU PIBHSIHB!
AXq = |6,5— 6,505| =005 Ax, = |O— (—0,0074)| =0,0074; AXy= |4,31— 4.3| =0,01,

10 BUKJIMKAH1 O0OYMCIIFOBAIILHOIO ITOXUOKOIO.

5.2. O0uKc/IeHHsT BU3HAYHHKA Ta 00epHeHOi

ManI/II_[i METOAOM rayccchmmx BHRJIIOYE€HD

[Tpu po3B’g3aHHI cUCTEM JHIMHUX anreOpaiyHUX PiBHSHB 3a MeToa0M ['aycca
B MIPSIMOMY XOJIi HaJ €lEMEHTaMU MaTpHilli A BUKOHYIOTHCS IIEPETBOPEHHSI, K HE
3MIHIOIOTh BU3HAUYHWKA MATpPHIIl, OKPIM Omeparlii JiIeHHS Ha MPOBITHUM €IEMEHT.
SK1o B mpsAMOMY XO/11 PSIIKM MaTpPUIll HE MEPECTaBIIIOTHCS, TO 3HAK BU3HAUHUKA HE
3MIHIOETHCSI. TaKUM YMHOM, BU3HAYHUK HE BUPOKEHOI MATPHUIli CUCTEMH JIOPiBHIOE

I00YyTKY MPOBIIHUX €JIEMEHTIB B IPSIMOMY X011 BUKTIOueHHs ["aycca
A=det A=aa8)ad)..ali Y (5.15)

Jns iioro oO4uCleHHS 3AIMCHIOEThCS mpsamuid xig [aycca, sk 1 mpu
PO3B’ I3aHHI CUCTEMH, TiJIbKU Oe3 mepeTBopeHb BekTopy B [6, 19].

SKuo npu NpUBEACHHI MOYAaTKOBOI MAaTpHIl [0 JlarOHaJIbHOrO BUAY
3aCTOCOBY€ETHCS METOJ BHUKJIIOUYEHHS 3 BHOOPOM TOJIOBHOTO €IIEMEHTY 3

MEPEeCTAaHOBKOK PsAMKIB 1 croBmimiB, TO B ¢dopmyny (5.15) HeoOXimHO momath
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muoxkHUK (—1)¥, ne K — KinbKicTh epecTaHoBOK PSAKIB i CTOBMLB:
k D,(2 n-1
A=det A= (-1)*a,a5)al?..alh™.
Ipukaan. Bukonatu o6uuciieHHs: Bu3Ha4HUKa MaTpuili [19]

7,4 2,2 -31 0,7
16 48 -85 45 .
A= IUIIXOM TayCCIBChKHX BUKIIIOUCHb.

4,7 7,0 -6,0 6,6
59 2,7 49 -53

Po36’ si30k. TlocnimoBHO BUKOHYIOYHM TayCCIBChKI BUKIIIOUEHHS €JIEMEHTIB

MOYaTKOBOI MaTpuill A MPUBOAMMO ii 10 BUAY 3 BEPXHIO TPUKYTHOIO MaTPHULIEIO.

74 22 -31 07 7,4 2,2 -31 0,7

16 48 -85 45 432434 —-7,82974 4,34866
47 70 -60 6,6 = 6,11331 05212 |
59 2,7 49 -53 —7,58393

Toxi nuisxom m00YyTKY BeAy4uxX (IiarOHAJIbHUX) EIIEMEHTIB OTPHUMAaHOT
MaTpHUIll OTPUMY€ 3HaYCHHS BUBHAYHUKA MaTpULll A:

A=det A=7,4-4,32434-6,11331- (—7,58393) = —1483,61867.

Bionosios. Buznaunuk Matpuiii A popisaioe; det A=—-1483,61867.

Bci  obumcnmioBasibHI  CXeMH TayCCIBCBKOTO BHUKJIIOYEHHS JO3BOJISIOTH
3MIACHIOBAaTH OJHOYACHE PO3B SI3aHHSA CHUCTEM JIHIWHUX pIBHSIHb 3 PI3HUMU
npaBuMu yacTuHamu: AX = B(k), B =12,...,m Ilpu 1mpOMYy KUIBKICTb
00YHCIIeHb 30UIBIIYETHCS TUTBKM HA TEPETBOPEHHS HOBUX CTOBMIIB MpPaBHUX
YaCTHH, 1110 JJa€ 3HaYHy €KOHOMIIO Yacy PO3paxyHKIB.

HaBeneHi MOKIIMBOCTI TayCCIBCHKOTO BUKIIFOUEHHS MOJHA BUKOPHUCTATH TSI
OTPUMAaHHS MaTpHIIi, O Oy1e 00EpHEHOT JO0 MOYAaTKOBOI MaTPHIli. 30KpeMa, SKIIIO
3aMiICTh CTOBIILIB MPaBOI YaCTUHU CHUCTEMH PIBHSIHb OOMpPATH CTOBMII OJUHUYHOI
MaTpHIll TOPAAKY N: E® =(0,0,...,1,...,0), TOOTO OAMHHUIIA 3HAXOIUTHCS Ha
Kk —wmy wmicrii, a iHmIi exeMenTd — HyJii, npu K=1, 2, ., N, To po3B’ sI3aHHS CUCTEMHU

AX = E® Oyne K—wm croBmiemM o0epHEHOT MaTPHIT AL,
Takum auHOM, 1151 00YMCICHHS 00CPHEHOI MaTpHIll HEOOXITHO PO3B’ A3aTH
OJIHOYACHO N CHUCTEM PIBHSHB 3 N HeBiAOMHUMHU. s IIbOTO 10 MaTpuill A cripaBa

JIOMUCYEThCS  OAMHWYHA MaTtpuisgs E  posmipHOocTi  (NXN)  BUKOHYIOTHCS
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MOCJTIOBHI BUKJIFOYEHHSI HEB1JIOMUX B MPaBiil YaCTUHI pO3IMIUPEHOT MATPHIIL

&, & ... 4,1 0 .. O
ay Ap .. 3, |0 1 .. O

ay 8o ... 8,0 0 ... 1

1 TCast N KPOKIB OTPUMAEMO:

1 0 .. 0/xY x@ . x
0 1 .. 0fx® x .. x
0 0 .. 1(x» x@& = xv

[IpaBa yacTMHA OTPUMAHOI PO3MIMPEHOT MATPHIIl € CIEMEHTAMH MAaTPHIIi,

o Oye 00SpHEHOTO 0 MOYaTKOBOI MaTPHIT

O 3 (n)

XX X
@ (2) n
XK x
Al_| e % 2 | (5.16)
xH x@ X

Ipukaan. [11sxoM raycCiBCbKUX BHKJIIOUEHb 3HAUTH OOCPHEHY MATPHITIO

A s matpuni A [19]

18 -38 07 -37
07 21 -26 -28
73 81 17 -49°
19 -43 -49 -47

Posé'sz0ox.  CTBOproeThCcsi posmupeHa wmatpuis posmipHocti  (5x10)

UISIXOM JOMKMCYBaHHSA copaBa g0 MaTpuii A oamHWYHOI Matpuii E.

B pesynbrari wie€i il oTpuMy€eMo:

18 -38 07 -37/11 0 O
07 21 -26 -28/0 1 O

A (5x10) =
73 81 17 -490 0 1
19 -43 -49 -47/0 0 0 1
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Hanani BUKOHYIOTBCS TTOCITIZIOBHI BUKJIIOUEHHSI €JIEMEHTIB B MpaBiil 4aCTHUHI
PO3IMIUPEHOI MATPHIll O OTPUMAHHS Ha MICI €JIEMEHTIB MOYaTKOBOI MaTpHIli A

onuunyHoi Matpuii E. Toxai orpumyemo:

1 0O -0,21121 -0,46003 0,16284 0,26956
010 —-0,03533 0,16873 0,01573 —-0,08920

Ay(5x10) = .
0 01 0,23030 0,04607 —0,00944 -0,19885
0O 0 O 11|-0,29316 -0,38837 0,06128 0,18513

Bionosiob. B pesynbrari 3acTOCyBaHHA TaycCIBCBKUX BHKIIIOUEHb

1.
OTPUMAEMO OOEpPHEHO MaTHII0O A ~:

-0,21121 -0,46003 016284  0,26956
Al_|” 0,03533 016873 0,01573 -0,08920
0,23030 0,04607 —0,00944 -0,19885
-0,29316 -0,38837 0,06128 018513
Ilepesipka:

18 -38 07 -37
4 07 21 -26 -28
Ax A "= X
73 81 17 -49
19 -43 -49 -47
-0,21121 -0,46003 016284 0,26956
-0,03533 016873 0,01573 -0,08920

0,23030 0,04607 —0,00944 -0,19885

-0,29316 -0,38837 0,06128 018513

0,99997  0,00000 -0,00001 000000 1 O O
_|=0,00025 0,99997 -0,00002 -0,00039 0 1 O
|-0,00808 —0,01017 0,99982  0,00009 " 01

0,00000 0,00000 0,00000 100048 0 O O 1

9.3. Mertoa nporony

binbmricth iHXEHEPHUX 3a71a4 3BOJUTHCS 10 PO3B’ SI3aHHS CHUCTEM JIIHIMHUX
anreOpaiyHuUX pIBHSAHB, B SIKUX MaTpHIll KOe(ILI€HTIB NpU HEBIAOMUX MAaIOTh
0arato HyJbOBUX €JIEMEHTIB, a HYJbOBI €JIEMEHTH PO3TAlllOBaHI 3a CHelialbHOI0

CTPYKTYPOIO, HAPUKJIAJ, 1€ CTPIUKOBI, KBa3ITPUKYTHI TOIIO MaTpuIli [6].
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3amaui  MOOYNOBU  IHTEPHOJSIIIIMHUX  CIUIAMHIB, PI3HULIEBI  METOAH
pO3B’si3aHHS KpaWoBUX 3afad s OudepeHIlialbHUX PIBHAHb 3BOJATHCA O
pPO3B’sI3aHHS CUCTEMU aireOpaidHuX PiBHSAHD 3 TPHOXIIarOHATHHOIO MATPUIICIO A.
VY matpuiii A BCl €JI€EMEHTH, 1110 HE JIe’KaTh Ha TOJIOBHIM JlaroHani 1 ABOX CYCIAHIX
napaneabHUX JiaroHasIX, JOPIBHIOIOTE HYJ0. Taki CHCTEMHU MOKHA 3alicaTu
ax_,+hx +c6x,,=d, 1<i<n, & =0,c,=0. (5.17)
BuOip HaltO1LIbIIOTO €JIEMEHTY NMPY BUKIIOYEHHI HEBIIOMUX MeToIoM ['aycca
B TaKMX CHCTEMaX BUKOHYBATH HE MOJKHA, OCKIJIbKU MEPECTaHOBKA PSAAKIB pyHHY€
CTpYKTypy Matrpuili. Halgacrtime po3B’s3aHHS CHUCTEM 3 TPbOX/1arOHAJIBHOIO
MaTpUILEI0 3aCTOCOBYIOTh METOJ] MPOTOHY, SIKHH € YACTKOBHM BHITAJIKOM METOIY
l"aycca.
[Tpsimuit X1 MeTOAy MPOTOHY TOJATAE y BUKIIIOUEHHI €JIEMEHTIB, B CHCTEMI

(5.17). Ockinbku & =0, TO mepIe piBHIHHSI CHCTEMH NTPUHME BUJT
by + %o = dy.
G

d . . .
BupasuMo X, Uepe3 X,: X =——+=X,+— i MiZICTABUMO B JApYyre PiBHAHHS

by

cucteMu. OTpUMa€eMO PIBHSAHHS, 110 OB’ S3y€ X, 1 X3 1 T. .
Hexaif B)ke OTpUMaHO CIiBB1IHOIICHHS
% =kix,t+eg (=12..,n). (5.18)
3menmumo B (5.18) innexc Ha OMMHUIIO 1 TICTABUMO 3HAYCHHS X;_q B | - TE
piBHsiHHS cuctemu (5.17):
aki 1% +ap 4 +BX +GX,=d;.
3Biacu
p —ao +d
“hraky ek

[MopiBHiotoun neii Bupas 3 (5.18), orpumaeMo pekypeHTHI GOopMysIH s

X

obuncnenns K i ¢ B npsimomy xoxi:

___—G : i:—%ﬂ4+¢_ (5.19)
b +akiy b +akiy

BpaxoByroun, mo & =C, =0, BBakaeMo Ky =@y = X,,1 =0. 3BopoTHHIt Xix

3aifcHIoeThes 3riaHo 3 (5.18).
Maiike B ycixX 3agavax, IO MPU3BOJAATH 10 po3B si3anHa cuctemu (5.17) 3

TPHOXJIarOHATBHOIO MaTPUIICI0, 3a0€3MeUy€eThCS yMOBa MepeBaru JiaroHajlbHUX
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€JIEMEHTIB
o] Ja |+ ci]
[le 3a0e3neuye ICHYBaHHS €JMHOTO PO3B’sI3aHHS 1 IOCUThH J100pPY CTIMKICTD

METOAY MPOTOHY BiTHOCHO TTOXUOOK OKPYTJICHHS.

9.4. Itepaniitni metroau po3s’s3anus CJIAP

Itepariitai metoau pimenHst cucremu (5.1) 6a3yroThcss Ha BHOOPI IEAKOTO
nouarkosoro  HaGmmwkenss X Y3 momamemmm  Horo  yroumeHHsMm  3a

pPEeKypeHTHUMHU (GOpMyJIaMH 10 OTPUMAaHHSA HaOIMKEHHS X® i3 zanauoro
touHicTio. [lpomec irepamiii Jerko peanidyeTbCcs Ha KoMil'lotepi. Bin
CaMOBUIIPABIIIEMHI, TOOTO OKpeMi OXUOKHU B OOUKMCIICHHSX JIESIKOTO HaOIUKEHHS
HE BIJOMBAIOTHCA HA 3aKJIIFOYHOMY PE3yibTaTi pillIeHHS.

301KHICTh ITEpaIiifHOTO MPOIeCYy MOKHA JOBECTH HA OCHOBI 13 3arajbHOTO
NPUHIIMITY CTUCIUX BigoOpakeHb [6)].

IpuHIMN cTHCIUX BiToOpakeHb. MHOXHHA X Ha3UBAETHCS MemMpPUUHUM

npocmopom, SKIO0 KOXHIM mapi eneMeHTIB X 1 Y€ X T1OCTaBiIeHo Yy
BIJIOBIIHICTh HEBIA €éMHe nikicHe umciao p(X,Y) (BiACTaHb), IO 3a70BOJIbHSE
HACTYITHUM akcioMam [2]:

1) p(x,¥) >0, p(x,¥)=0 Toxaii TiIbKK TOMII, SIKIIO X=Y;

2) p(x,Y) = p(Y,X) (akcioma cumerpii);

3) p(XY)<p(X,2)+p(z,y) nns Oyob-KHX e€JIEMEHTIB X, Y,Ze X
(HepiBHICTh TPUKYTHHKA).

EneMeHTH METpUYHOTO MPOCTOPY HA3UBAIOTHCS MOYKAMU.

Enementr X (@ METPUYHOTO TMPOCTOPY X  HA3MBAETHCS TPAHUIEIO

IIOCJI1JOBHOCTI {X(k)} TOYOK X(l), X(Z), X(3), ey X(k), o Haiexarb X , AKIIO

MOCHIIOBHICTE BificTaHedt po( X © x (k)) 30iraeThcs 10 HyJst pu K — oo T00TO

lim p(X @, x®y=0.

k—o

Tocaigosricts { XY} Ha MHOXKMHI MOKE GyTH 361KHOW0 260 PO3GIKHO B

3aJIeKHOCTI Bij BUOOpY Merpuku p(X,Y). IlocmimoBHICTH {X(k)} HA3UBAETHCS

¢dynoamenmanvroro, AKIMO s Oyab-aKkoro yucia & > 0 3HalAeThCSA TaKUl HOMED
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N(g), mo p(X® XM)<e npu k, m>N(e). SIkwo B MeTpuuHOMY mPOCTOPI
X koxHa ¢yHAaMEHTaIbHA TMOCIIAOBHICTh 30iraeThcs 0 JESKOI MEXi, M0 €
€JIEMEHTOM IIHOTO0 5K MPOCTOPY, TO MPOCTIP HABUBAETHCS HOGHUM.

Hexait X 1Y — aBi JOBiIbHI MHOXKHHU. SIKIIO KOKHOMY €JIEMEHTY X € X

MOCTABJICHO Y BIAMOBIIHICTh OJUH 1 TIIBKA OJUH €leMEHT Y € X, TO TOBOPSATH,

mo Ha X 3amaHo BimoOpaxenHs (omeparop) A MHOXHHH X B Y 1 3alUCYIOTh
Y = AX.

Binobpaxennss A MeTpu4HOro npoctopy X B ce0€ Ha3UBAETHCS TAKUM, 14O
cmuckae abo cmuckys8anuam, KO icHye Take yucio 0< a <1, mo s Oyab-saKux

JIBOX TOUOK X, Y € X BHUKOHYETHCS HEPIBHICTb
P(AX AY) <ap(X,Y). (5.20)

Touka Xx HAa3UBAETBCA HEPYXOMON MOUKOIO 8i000paxcenHs A, SKILIO
AX = X . ns piBHaHb Buxy AX = X Mae Miclie meopema npo Hepyxomy moyky
(abo0 nmpunyun cmucaux i0oOpadicensv), MO CcHOPMYIHLOBAHA IOJIBCHKUM
matematukom C. banaxom. Ils Teopema Bkasye, mo Oyjab-fKEe CTHCKAIOUe

BiIOOpaXeHHS, 110 BU3HAYEHE B TIOBHOMY METPUYHOMY MpocTopi X , Ma€ OJHY i
. * . .
TIIBKU OfHY Hepyxomy Touky X . I[locmimoBHicTh {X(k)}, 10 BU3HAYEHA

PIBHSIHHAM

X = aAx® k=012,...
36iraeTbes 10 TOYKH X npu OyAb-sIKOMy BHOOpI MOYATKOBOTO HAOIMKEHHS
X ex. [Tpu boMy Mae Miciie OIliHKa

k
p(X*, X0y <L 5(xO x®),
1+«

Metox mnpoctux irepamiii (Merox 5ko06i). IleperBoprMO TOYATKOBY
cuctemy anreopaiunux piBHssab AX = B 1o Buny [6, 19]

X =BX +C. (5.21)

[Ipunyctumo, 10 BUOpPaHO IIOYaTKOBE HaOJIMKEHHS

X (@ :(xl(o),xgo) ...,Xr(]o)) 0 TOYHOTO po3B’s3aHHA X . 3a3BuUYail BBAXKAIOTh

X ©) = C . Busnaunmo MOCJTIIOBHI HAOJIMKEHHSI 32 METOZOM IMPOCTUX 1Teparliit

X® =px*Dic k=12,.. (5.22)
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Iteparniiiamnii  mporiec (5.22) Ha3WBaeThCA TaKUM, MO 30icaembcsi 10

po3B’'s3anHss X cuctemu (5.21), skmo npu Oynb-KOMy BHOOpI MOYATKOBOTO

nabmmkenns X @ sukonana yMOBa

|ime<">—xH=o.

k—o

BusnHaunmMo ymoBH 30DKHOCTI METOAY NpOCTUX ITepaiiil. Bignimarouu
(5.21) Bin (5.22), orpumaemo

X0 _ x =B(X*D_x), (5.23)

3 1i€i peKypeHTHO1 (OPMYITH BUXOJAHUTh
X0 _x =B(X*D _x)=B2(X*®2 _x)=..=B*(X@ - Xx).
Takum uyuHOM, BekTOp X () 5 x npu K —ocoTomi i TUIBKK TOMI, SIKIIO
CTEMIHb MaTPHIIL BX nabnmkaetbes 10 HYJ160BOT MaTpuIli € npu K — 0.

Bigomo, mo mist Oynb-skoi kBagpaTHOi MaTpuIilli B mMarpuis BK 50 npu
K — oo Tomi 1 TINIBKK TOJII, KOJM BCi ii BJIACHI YKCIIa 32 MOJYJIEM MEHIIIE OIMHHIIL.
3 UbOro TBEPKEHHS BUXOAUTH HEOOX1JHA 1 JOCTaTHS yYMOBa 301)KHOCTI METOMY

MPOCTHUX 1Tepallii, 3riAHO 3 AKOI METOJ 301raeThes MpHU OYAb-SIKOMY MTOYaTKOBOMY

na6mmxenni X (@ 70 po3B’si3aHHS X TOAl 1 TUTBKH TOJI, SIKITO BC1 BJIAcHI 4uCia
MaTpuili B 3a MOyJIeM MEHIIIEC OUHHIII.

Jlns otiHIOBaHHA 301’KHOCTI METOy MPOCTUX ITEpalliii 00YUCITIOIOTH HOPMHU
matpuili koedimientis B cucremu (5.21).

Haii0inp1ioro nommpeHHst HabyJIu Taki ClIOCOOU OIIHIOBaHHS HOPM:

n

I opma: |B], = max _zi|qj|;
-

n
1 sopwa: 8], = max [

2
n n
E -nopma (EBkiizosa): | B||E =00 Z|aij| 2.
i=1j=1

CdhopMyiioeMo Jo0CTaTHI YMOBH 301KHOCTI: METOJ MpocTuXx iteparitii (5.22)
30iraetecst g0 pimeHHs cuctemu (5.21), skmio Oyap-sika IMOTOKEHAa HOpMa
MaTpHIll MCHIIIC OMHUILL:

8| <1. (5.24)
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Skmo obparu B npocropi R" Hopmy BekTopa ||X|| Ta BBECTU METPUKY
o(X, y):||x—y||, To BimoOpaxenHs (5.21) Oyme CTUCKyBaHHSM, SKIIO Oynb-siKa
MOroKeHa HopMa Matpuii B menme oxunuil, T06To ymosa (5.24) BUXOIUTH 3
MPUHIIUITY CTUCIUX BiJOOPakeHb.

JloctaTHi yMOBH 30DKHOCTI Meromy mnpoctux itepamid (5.22) MoxkHa
MPEICTAaBUTH TaK:

8], = maxz|njl<l

I<i<n

n
1B]., = max || <1, (5.25)
i=1

1Bl = (Z Z|au| V2 <1

i=1j=1

SIK110 moyaTkoBy cucTeMy anreopaiunux piBHsHb AX = B mpuBecTH 10 BUIy:

Gy, B

X == > Xi+—, a;#0, 1=12,..,n
RV Y |
TO 32 HasIBHOCTI B MaTpuii A niaFOHaﬂLHo'l' nepeBaru
n
>fail> X |a1,| i=12,.. (5.26)
i=1 j=1, =i

BUKOHYETHCS YMOBa 301KHOCTI METOAY MPOCTUX iTepalliii, OCKUTbKH ||B||OO <1 dns

MOXUOKHU METOIY TPOCTUX iTepauiﬁ 31"iI[HO (5.25) oTpumaeMo OIiHKY

Hx x®| < H () _ x(k—l)H. (5.27)

L
—IIBII
Merton 30iraeThes 13 MBUAKICTIO TEOMETPUYHOI MPOrpecii, 3SHAMEHHHK SKOT
nopisuioe ||B|.
Jlnst mocATHEeHHSI 3a7]aH0T TOYHOCTI &€ TOOTO BUKOHAHHS HEPIBHOCTEH,
k .
‘xi —x{ )‘ <gi=12,...,n

iTepaiii, 3a3BU4aif, MPOAOBXKYIOTh 0 THUX Mip, JOKK HE OYyIyTb BUKOHYBaTHCh

YMOBH

‘><i(")—>q("‘1)‘ mﬂ” ” i=12..n. (5.28)
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Jns oliHIOBaHHS MIBUJKOCTI 301KHOCTI 1TEpaIliiHUX METOAIB BBOJMUTHCS

MOHSATTS TOPSAAKY METoay. BBaxaroTh, 1m0 MeTOA Mae P-i MOPSAOK, SAKIIO
icayrote C;>01 C, <00 Taki, mo
p(XE, X) < Cy(p(X ™M, X)),

3a YMOBU p(X(k), X)<C, Ilpu mamux 3HaueHHsx C; iTepauiiiHuii mporec
30iraeThCsl TUM HIBUJLIE, YUM Oulbllie o . 30KpeMa, MeTOJ| MPOCTUX ITepaliil Mae
nepimi NopsaIoK, a MeTo HploToHA, 110 PO3MIIAIa€ThCS HUKUYE — IPYTUN TOPSIOK.

Meton 3eiigeasi. B irepamiiinomy Meromi 3eiaens  IMOCIHiTOBHO
YTOYHIOIOTHCSI KOMIIOHEHTH pimieHHss cucteMd (5.21) TakuM YHHOM: MIpU
obuncnenHi (K+1)- ro HabIIKEeHOro 3HaYEeHHS X TPH i>1 BHKOPUCTOBYIOTHCS

B¢ Bu3HaueHi panimre (K +1 ) - T1 HAOJMKEHHS HEBITOMUX Xq, Xo 5 ..oy Xi_

11(K ) - Ti HaOmKEHHS HEBIIOMUX X; , Xi,1, ---y X, [6, 19].

k+1 k k k
X = e+ bx! + boxgd 4+ by,

=c + q1x1(k+1) ot qi_pq(_kfl) +hby xi(k) ot qnxr(]k), (5.29)

[peacraBumo cuctemy (5.29) B MaTpudHiii popmi:

X0 —cigx®D 4 B,x® k=012.., (5.30)
e

0 o .. 0 0 b, byp ... by

b,y 0 .. 0 0 0 by ... by,
B: b31 b32 0 0 f BZZ O O b3n ’
by by - bn,n—l 0 0O 0 .. by,
Meron 3eitnens (5.30) ekBiBaICHTHHIA METOTY IPOCTHX ITEPAIliid U CACTEMU
X =C; +B;X,

ne B;=(E-B) "B, C=(E-B)C.
Tomy ymoBHM 301KHOCTI MpoIlecy ITepalii Jierko nepedopmyioBaTu s

JAHOTO BUIAJKY: MeTOJ 3eiaens 30iraerbcs, SKIIO HOpMa MaTpulli Bs meHiie
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onunuii. OOnacti 30DKHOCTI METOAIB TMPOCTHX ITepamid 1 3eigens He
CHIBIIAalOTh, HE IEpeTHHAIOThCs. Tak, mpu BukoHanHi ymoBH (5.24) meton
3eiinens 30iraeTbes. 3a3Buuail MeTon 3eiaens gae OUIbIry IBUAKY 301KHICTD, HIXK
METOJ] MPOCTHUX 1Tepalliii, xoua 1ie OyBae He 3aBXK/IH.

B mpakTHuHHUX OOYMCIICHHSX ITEepalliiHUiA IPOIIEC 3aBEPINYIOTh, SKIIO JIBA
MOCIITOBHUX HAOIMKEHHS BIAPI3HSAIOTHCS MEHINE Hamepena 3aJaHoro & B CEHCI
BUOPAHOI HOPMHU:

Hx<k) — X ®D < g (5.31)

Mpuxaan. Po3s’s3atu cuctemMy JNiHIMHUX anreOpaiyHUX PIBHSAHb METOJOM
MpocTHX iTepariid. {1 11boro BUKOHATH IIICTh 1TEpallii.
5, 7% +33X, +13%3 =21
3,5% +4, 7%, +21%3 =17
41% +58%, +11,7%3=0,8

Po36’ a30x.  YMOBOIO 301KHOCTI 1TEpaIliiHOrO MPOLECY METOAY MPOCTUX

1Tepanii € BAKOHAaHHS YMOBH: Zn:|a”| > Zn: |a”- |
i=1 : ;,:JJ::L
[lepeBiprMO yMOBH 301>KHOCTI JIsl 33]]JaHOT CUCTEMHU PIBHSHb.
B mepiiomy Ta TpeThOMy PiBHSHHI CUCTEMH YMOBa 301)KHOCTI BUKOHYIOTHCS
57>33+13 11,7>41+58.
[TpuBeaemMo MOYaTKOBY CHUCTEM PIBHSHB 0 BHUAY, 110 3a0e3meuye 301KHICTh
METOMY MPOCTHUX 1TepaIriii:
57 33 13|21 57 33 13|21 57 33 13|21
35 47 2117 |=|175 235 10585 (=134 17,7 -12/7,7
41 58 11,7/0,8 41 58 11,7/08 41 58 11,7|08

B nmanomy Bumaaky ymoBa 301HOCTI BHUKOHYyeThes 17,7 >134+1,2. Toxi
OTPUMAEMO CYKYITHICTh PO3PaXyYHKOBHUX (HDOPMYI:

21-33 113"

25

57
o 1713457 +1.2x5
2 17,7 !

. 08-41¢*-58x1

X = o 272 k=123,..

11,7
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Pe3ynbpTaT po3paxyHKiB 3a HOMEPOM ITepalii pu MOYaTKOBOMY 3HA4EHHI

X0 = (Xf , Xg , Xg )=(0, 0, 0) 3a 6 iTepariiii HaBeaeHO B TadauIl 5.1.

2.1
X = ——=0,36842;
5,7

7,7
x% =——=0,435
17,7

0,
X = —— = 0,068376;
11,7

X1 = (0,36842; 0, 435, 0,068376):
2,1-3,3-0,435-1,3- 0,068376

2
X = =0,10%
q 57 1,
> 7,7-13,4-0,36842+1,2-0,068376
X5 = =0,16075;
17,7
2 0,8—4,1-0,36842 -5,8- 0,435
X3 = =-0,27637;
11,7

X2 = (0,101 0,16075; -0, 27637);
3 21-33-016075-13-(-0,27637)

X3 =0,3384;
5,7

3 7,7-134-0,101+12-(-0,27637) _ 03358
17,7

e 08-41-0101-58-016075 _ 0.0467:

117

X3 = (0,3384;0,3398,—0,0467);

e 21-33-0,3398—1,3-(-0,0467) _ 018235
5,7

e 7,7-134-0,3384+12-(-0,0467) _ 017567
17,7

e 08—4]1- 03??7 ~58:03398 _ (100,

X 4 =(0,18235,0,17567;-0,2187);
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s 21-33.017567-13-(-0,2187)

X0 = = 0,3166,
5,7

& = 1713401823512 (-02187) _; 101
117

& - 0841 O,lSiiS? ~58-017567 _ ) (oo,

X5 = (0,3166; 0,28215;~0,0826);
.5 _ 21-33-0,28215-1,3-(~0,0826)

2 = 0,2239;
57

(& 7-134-03166+12: (-00826) _ oo,
11,7

& _ 08-41 0,31;?7— 58:028215 1000,

X ® = (0,2239; 0,1897:-0,18244).

PesynpTatn po3paxyHkiB 3a 6 iTepariiii 00uuCiIeHHs HaBeIeHO B Ta0mmit 5.1.

Tabnuys 5.1. Pe3ynbraTu Ha0aukeHoro po3s’ sizands CJIAP 3a itepanissmu o64uc/ienn

Howmep itepamii 1 2 3 4 5 6
x| 0,36842 0,101 0,3384 0,18235 0,3166 0,2239
X, 0,435 0,16075 0,3398 0,17567 0,28215 0,1897
X, 0,068376 | -0,27637 | -0,0467 -0,2187 -0,0826 | -0,18244

Bionosiob. 3a 6 irepamiii OTpUMaHO HAOIMKCHE PO3B’sI3aHHSA CHUCTEMU
piBHsHB : X =0,2239; X, =01897; x3=-018244.

KoHTpoJbHI 3anuTaHHS

1. fxi MeTroau BUKOPUCTOBYIOTHCS ISl PO3B'sI3aHHS CHUCTEM JIHIMHHUX
anreOpaiyHUX PiBHSHD?

2. Sxi meToau pO3B SI3aHHA CHCTEM JIHIMHHX anreOpaidyHuX piBHSHD
HaJIeKaTh JO TOYHUX ?

3.V yomy cytHicTh MeToy Kpamepa? Horo nepesarn Ta HeIOMiKH.

4. B yomy monsrae wmeton laycca po3B’s3aHHS CHCTEM JIHIAHUX
anredpaiyHUX PIBHSAHD?

5. Anroput™m MeToy ['aycca 31 CXeMOI0 €IMHOTO JIIJICHHS.

6. B yomy cyTtHicTs cxemu ['aycca 3 BHOOPOM T'OJIOBHOTO €JeMEeHTa?
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7. B yomy monsirae BHUKOPUCTAaHHS CXeMHU XOJEUBKOrO JJisi pO3B’ si3aHHS
CJIAP?.

8. B womy mossirae meto moBHOro BukioueHHs (cxema XKopnana-I'aycca)?

9. fIki mepeBaru BUKOPUCTAHHS METOIy ONTHMAJILHOTO BUKITIOUCHHS ?

10. SIx BUKOHYETHCS OOUHCICHHSI 00€pHEHOT MaTPHIlI METOIOM BUKIIOUCHHS
["aycca?.

11. Sk oOGumcIUTH BU3BHAYHUK MATPHIIl METOJAOM BUKIIIOUCHHs ['aycca?

12. B dYomy CyTHICTh METOJY MPOTOHY 1 KOJW M€ METON JOIIHHO
BUKOPUCTOBYBATH?

13. Sxi iTepauiiiHi METOAU BUKOPUCTOBYIOTHCS ISl PO3B’S3aHHS CHCTEM
NiHifHUX anrebpaivHuX piBHAHB? IX CYTh.

14. YV yomy mossirae MeToJ1 MpOCTHX iTepariii (meron Sko6i1)?

15. SIxa ymoBa 301KHOCT1 METO/y MTPOCTUX ITeparlii?

16. SIx mocarty yMoBHU 301KHOCTI METOAY MPOCTUX 1Tepalii?

17. Y oMy momsirae CyTh METOLy 3eiiaens?

18. SIxi mepeBarm BHKOPUCTAHHS HAOMMKEHUX METOJIB PO3B’ S3yBaHHSA
CUCTEM JIIHIMHUX alreOpaiyHuX PiBHAHD?

19. Sk oOumciuTH BU3HAYHUK MAaTPHINl 3a JOTMOMOTOK TayCCIBCHKUX
BHUKJTFOUYCHB ?

20. B yomy mnonsirae OO4YMCIEHHS OOEPHEHOI MATpPHIll TayCCIBCHKUMH

BUKJIFOUCHHSIMHU ?

3azaui A9 CaMOKOHTPO.JIIO

1. Po3B’si3atu cuctemy JiHIMHUX anreOpaidHUX PiBHSHb
4,8% —1,2%, + 2,4%3 =51
2,7X5 +9,8%, + 31%3 =10,2
0,8% —0,3%, +3,7X3 = 4,7

metoaoMm Kpamepa. Buznaunti moxuOky o04nCIICHb.

2. Po3B’s13aTH cucteMy JIIHIMHUX anreOpaiuHuX piBHIHb
4,5% +2,0%, —3,7%3=4,0
2,1% +8,0%, + 58%3; =-3,0
X +11X, — 2,5%; = 5,0

meroaoMm Kpamepa. BusHauntu noxuOky oOUnCIIEHb.
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3. Po3B’s13aTH cucTeMy JIIHIMHUX anreOpaidHuX piBHIHb

6,2% +1,3%, —0,7%3 =2,3
0,4% +5,7%5 +1,3%3 =19

MeTosioM ['ayCca. BuzHaunT moxmuOKy 0OUnCIICHb.

4. Po3B’ s13aTH cuCcTeMY JIIHIMHUX anreOpaiuHuX piBHSIHb

5,3% —0,7%, +11x; =5,0
1,2%, +6,1%, —1,3%; = 6,0

MeTtonoM ['aycca. BuzHaunT moxmuobKy oOUnCIIeHb.

5. Po3B’a3aTu cucteMy JIHIMHUX anre0paiuHuX piBHSHb

7,1)(1 + 6,8X2 + 6,1X3 = 7,0
5,0% +9,8X, +5,3%; = 6,1
8,2X1 + 7,8)(2 + 8,1)(3 = 5,8

MeTooM ["ayCca 3 BHOOPOM TOJIOBHOTO €IeMeHTa. Bu3HaunT MoXuOKy 00YMCIICHb.

6. Po3B’ si3aTu cuctemy JHIMHUX alreOpaidyHuX PiBHIHb

17% —2,2X, +3%3 =18
4,2% +39%, —31x3 =51

MeTooM ["aycca 3 BHOOPOM rOJIOBHOTO €IeMeHTa. BusHaunTu moxuOKy 00YMCIICHb.

7. Po3B’s13aTH cucTeMy JIIHIMHUX anreOpaiuHuX piBHSIHb

1,2)(1 + O,3X2 - 0,5)(3 = 1,7
13% +5,7X, —12%; =738
08X, + 41X, +9]1x; =54

3a cxeMoro XoJjenbkoro. BusHaunT moxubKy o0YMCIIEHb.
8. Po3B’s13aTH cucteMy JIiHIMHUX anreOpaiuHuX piBHSIHb
5,8% +0,9%, +11%; = 6,4
0,2% +6,4%, —0,5%3 =31
0,8% —0,4x%, +2,7%3 =3,2

3a cxemor0 XO0JenpKoro. BusHaunTu moxuOKy 004YHCIIEHb.
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9. Po3B’s13aTH cucTeMy JIIHIMHUX anreOpaidHuX piBHIHb
477% + 28X, +19%3 =0,7
2% +34%, +18%; =11
4.2% —1,7%X, +93%; =28

meTonoM JKopaana-I'aycCa. BusHauntu moxuOKy 00YMCIEHb.
10. Po3B’ si3aTH cucteMy JHIMHUX anreOpaiuHuX piBHIHb
3,8% +4,1X, —2,3%3 = 4,8
—2,1% +3,9%, —58%; =33
1,8% +11x, — 213 =58

meroaom JKopaana -I"aycCa. BuzHauntu moxuOKy 0O4YHCIICHb.
11. Po3B’ si3aTH cucteMy JiHIMHUX anredpaiuHuX piBHIHb
31x +2,8% +1,9%; = 0,2
19% +31%, +21%3 =21
7,5% +3,8X, +9,8X3 = 5,6

MeTonoM JKoprana — ["aycca 3 BHOOpOM TOJIOBHOTO €JIeMEHTa. Bu3HAUNTH MOXHUOKY
OOYMCIICHbD.

12. Po3B’ s13aTH cucTeMy JIIHIHHUX anreOpaidHuX piBHSIHD
5,8% +3,3%, —3,2%3 =4,5
2,5% — 78X, +33%3 =71
6,5% — 7,1X, +9,8%; = 6,1

meronoMm JKopmana — laycCa 3 BHOOpPOM TOJIOBHOTO elieMeHTa. BusHauutu
MOXUOKY OOYHMCIICHb.
13. Po3B’ s13aTH cucteMy JHIMHUX anredpaiuHux piBHSIHb
17X —2,2X, +3%3 =18
21 +19%, —2,3%3 = 2,8
4,2% +3,9%, —31%;3 =51
METOJIOM ONTUMAJIBLHOTO BUKJIIOYEHHS. Bu3HaunTH NOXuOKy 00UnCICHb.
14. Po3B’ sa3aTu cucteMy JIiHIHHUX anreOpaidHuX piBHSHb
18x —2,5%, +3,7X3 =6,5
0,5% +0,84x, +1,7%3 =11
16% +2,3%, —4,5%3 = 4,3

METOAOM OIITUMAJIBHOT'O BUKJIIFOUCHHA. Buznauutu HOXI/I6Ky 00YHCIICHb.
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15. Po3B’ s3aTu cucreMy JIiHIHHUX anreOpaidHuX piBHSHb
18% —2,59%, +3,7X3=6,5
0,5% +38%, +1,7%3 =-2,3
16X, +2,3X, —4,5%3 = 4,3

METOJIOM MPOCTHX ITepauii. 3al0e3neunTd 30LKHICTH Mpolecy OOYHCIEHb.
Buxonatu He MeHIIIe mecTH oneparliii. BusHaunTi moxmubxy oOUnciIeHb.
16. Po3B’ s13aTH cucteMy JHIMHUX anredpaiuHux piBHIHb
—6,7% +13X, —2,7X3 =81
13% +5,7% +1,3%3 =51
3,5% +41x, —58%; =6,1

METOJIOM MPOCTHX IiTepamiii. 3a0e3meunTd 301KHICTH MPOILECYy OOYHCICHb.
Bukonatu He MeHIIe mIecTH iTepaniid. BusHaunTu moxubky o04HCIEHb.
17. Po3B’ s3aTH cucTeMy JIIHIMHUX anreOpaiuHuX piBHIHb
5,8% —1,5X, +3,3%3 =4,2
12X +2,4%, +2,7%3 =21
16X + 21X, —3,9%; = 3,3

MeTofoM 3eiaens. 3a0e3neyuTH 301KHICTh MPOIeCy OO0YHMCiIeHb. BuUKoHAaTH HE
MEHIIIE IECTH omnepalliii. BusHaunTn noxmubxy o04ncIeHb.
18. Po3B’ s13aTH cucteMy JiHIMHUX anredpaiuHuX piBHSIHb
1,2% —2,5%X,+3,7/X3=6,5
0,5% +0,84%, +1,7%3 =0,7
19% +2,3X, —4,5%3 =4,3

MetonoM 3eiaens. 3abe3neduutu 30DKHICTH Mpolecy oOuucieHb. BukoHatu He

MEHIIIE IIECTH omnepailiii. BusHaunTi moxubKky 004nCIICHb.
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6. PO3B’AISAHHA CUCTEM
HEJITHITHUX PIBHSAHbD

PosrnsiHemo cucteMy N HENiHINHUX PIBHAHD
fi (X, %0, X%3,..%,) =0, (i=123,...,n), (6.1)

ne f;(X) —nesiki anreOpaiuHi a00 TpaHCIEHACHTHI (QyHKIIII.
[TozHaunmo X = (X, Xy, Xg,.., X,) 1 F=(fy, fy, fg,..., f,)) Ta 3anmmemo
cucreMy (6.1) B BekTopHiii hopmi

F(X)=0. (6.2)

Po3B’si3anHs cuctemu (6.2) € OLIBII CKIIATHOIO 337aucio, HiXK PO3B’ 3aHHS
OMHOrO pIBHAHHSA. Takli CHUCTEeMH PO3B’A3yIOTh BHUKIIOYHO ITEpaIliiHUMHU
METOJaMH. 3arajbHUM sl BHUNAAKy cucremMu (6.2) € MeTom MOCIHiJOBHHX

HaOmmkeHb (mpocTtux itepaiiii) Ta meron Hetotona (Herotona-Padceona) [6, 7,19].

6.1. Po3B’sa3aHHdg cucTEeM HeJ1HIMHUX

PIBHSIHb METOJIOM NMPOCTHX iTepalliii
3aMmiEMMO  HemiHidHY cuctemy  (6.2)  ©KBIBaJCHTHOK  CHCTEMOIO
CIEIIaJIbHOTO BUTJISTY
X =d(X), (6.3)
ne @ = (o1, 02,03, ¢p)-

[Mpunyctumo, mo cucrtema (6.3) Mae B OOMEXCHIH OMyKJIiH 3aMKHYTIH
. . , * * * *
obmacti D N — BumipHoro npocropy X emune pos3s’ssanus X = (X, Xp, ..., X ),
0 0_ (0 0 0 - :
a KOMIOHEHTH X~ Bekropa X~ =(X{,Xy,.., X,) € UYUCIAMH, IO BIAMOBITHO

. * .
omm3bki 1o X%, (=1 2,...,n).
Busnayarumemo HacTymHi HAOMKEHHS 10 TOYHOTO PO3B sI3aHHSA 3a

JIOTIOMOTOK0 METO/Iy TPOCTHUX iTeparliii (IoCi0BHUX HAOIMKEHb) 3a GopMyIamMu:
XK= @(x"), (6.4)
abo B KoOopauHATHIN Gopmi

X = (¢ X, X)), (1=21,2,...,n),(k=0,1,2,...).
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Hexaii p(X*, X?) =Hx1— XZH Bigcranp Mix enementamu X i X? B
npocTopi X, /e B SIKOCTI HOPMH BEKTOPY MOXHA BUOpaTH Oylb-SKy KaHOHIYHY
HOpMY .

3a IPHHIMIIOM CTHCIUX BigoOpakeHb cucTeMa piBHAHb (6.3) Mae enuHe

. * . .o
pimennss X € D, mo moxe OyTv Bu3HaueHe MeTojoM itepaiii (6.4) nmpu Oyab-
SAKOMY BHOOpI TOYATKOBOTO HAOIMKEHHS X%eD, sxmo yCl TIOCJIIJIOBHI

na6bmkenns X< e D, (k=1 2, ...,) i BinoGpaxenns ®(X) e cruckarounmu B D .
Bkaxemo moctaTHi 03HaKM 301KHOCTI METOJy iTepalliid, 0 € 3py4YHUMHU B
NPaKTHYHUX O0YHCICHHSX [6].

[Mpumyctumo, 1o B JesKiil onmykiiid 3aMkHyTii obnacti D dynkmii ¢, (X)

MarTh Oe3nepepBHI YaCTKOBI MOXIIHI 9§ B obmacti D cucrema (6.3) mae

OX j

*
enuHe po3B’sizaHHs X . Hexail anga Oyap-SIKOro MOYATKOBOTO HAOIMKEHHS

x%eD yCl1 TIOIaJbI HAOMMKEeHHS X KeD. Tomi 3TiIHO 3 IPUHITATIOM CTHUCITUX

BiJI0OpakeHh METOJ IOCIITOBHUX HaOmmxkeHb (6.4) 30ira€Tbcst 10 PO3B’ SI3aHHS

X" cucremu (6.3), K0 Gyb-sKa IOrOIKeHa HOpMa MaTpuLi SIkoGi

op(X)  0¢y(X) 0pi(X)
0% X, X,
0py(X)  0g,(X) 09, (X)
J(X) =] ox X, 0%, | (6.5)
0py(X)  0¢,(X) on(X)
OXq X, X,

OyJle MEHIIIe ONHUIII.

Ha mpakrtuiii 3pyunimie po3msiaata matpuiro M 3 enementamu

0
M ij = maXD ﬂ y
OX;
HOpMa sIKoi xapaktepu3ye Hopmy J(X).
BimoOpaxkennss (6.3) Oynme cruckarounm B D, skmo mis Oyab-skoi
MOTOJ[’KEHOT HOPMH MaTpPHULi BUKOHY€ETHCSI YMOBA:

IM|<1. (66)

. *
bnu3bpKicTh BekTOpa X% 10 po3B’si3aHHsS X XapaKTepHu3yBaTHUMEMO

omuiero 3 Hopm | X|_,|X]|, a6o | X|.
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BpaxoByroun (6.6), mis 30DKHOCTI Meromy itepariii (6.4) moctaTHbO

BUKOHAHHSI O/IHi€T 3 yMOB [6]:

m
maXZI\/l,J :qi <1,

I<i<n J:]-
m
E‘%EMU =q; <1, (6.7)
1/2
N a2
ZM” :q<1.

i,j=1

1
SIkmo ||M || < > TO JJIs BH3HAYCHHS pO3B’s3aHHsA cuctemu (6.3) 3
TOYHICTIO £ iTepariitauii mpouec (6.4) mpoIoBKYyEMO 10 BUKOHAHHS YMOBHU

Hx"-x“HSg.

1 : .
Skmo §<||M ||<1 TO pillleHHS OyJleé BU3HAYEHO 3 TOYHICTIO &, SKIIO IS

KOXKHOT KOOPJIMHATH OYyIyTh BUKOHYBATHCh HEPiBHOCTI (6.7).
301KHICTD 1TEpaIiifHOTO MPOIIECY METOIy MPOCTHUX ITEpaIliil € JIHIHHOIO.
HaBenemo MeTonuKy po3B si3aHHS CHUCTEMM JBOX HENHIMHUX PIBHSAHD
METOJIOM MIPOCTHX iTepartiii [6, 19].

Hexait myist cuctemu 1BOX piBHSHB

{ 1:l(X’ y) =0
fZ(Xv y) =0

TpeOa 3HANTH JINCHI PIlICHHS 13 33/1aHOI0 TOYHICTIO & .

(6.8)

Slkmo Ha mommHI Tpocto moOymyBatu rpadiku ¢ynkmin fi(X,y)=0 i
fo(X,y) =0, TO MOXHa OLIHUTH KUIBbKICTh KOpeHiB cuctemu (6.8) 1 ix HabmmxeHi

3HAYEHHS K KOOPJIMHATU TOYOK MEepeTUHY rpadikis.
[TeperBopumo cuctemy (6.8) mo Bumy, IO € 3py4YHUM JJsl 3aCTOCYBaHHS

METOJIy MPOCTHX ITeparliif :

{X= P (X Y) 6.9

y=05(Xy)
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B Metoxi npoctux itepaiiiii ckopuctaemocs Moaudikaiiero 3enaens, To0To

noOyayeMo iTepaiiiHuii mporec 3a GopMyaamu:
X =gy (X, y9),
Y =0, (Xh YY), (k=0,1,2,..)

Hexait B ob6macti D= {(X; y),as<x<b,c<y< d} 3HAXOJUTHCS €JIUHE

(6.10)

pilICHHST X = X y= y*, cuctemu (6.9). Tomi mocTaTHI YMOBH 301’KHOCTI BUTIQAKY
OymyTh chOpMYJIbOBaHI TAKUM YHHOM.

Sxuo:

—  dysxmii 1 @(Xy) 1  @,(X,y) BuszHaueHi 1 Oe3mepepBHO
nudepenmiioBadi B D ;

— T[I0YaTKOBE HaOIMKEHHS (XO; yo) 1 ycl mnojaiblll HaOJWKEHHS
(xX*:y9), (k=1 2,...) nanesars D

—B D BHUKOHYIOTHCS HEPIBHOCTI

Op| ,1902] o<1
OX OoX
, (6.11)
Op1 + 00, <g,<1
oy| | oy
abo
% +‘% < ql <1
OX Bl
v , (6.12)
% + aﬂ <g, <1
oy
abo

2| (op ’ o9, :
Zﬂ 2 (%) ngd G5

To iTepamiiinuii mporec (6.10) 30iraethcst 10 po3B sBaHHA cuctemu (X ;Y ).

[Toxu6ka K- ro HaOMMKEHHS BU3HAYAETHCS SIK:

p(xK, X)) < 1i (X<, Xk, (6.14)

ne o =max{q;q,} B (6.11), (6.12) abo a =( B (6.13).
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Skmo B sikocTi BifcTtaHi oopatu Hopmy EBkmima (6.13), To ominky (6.14)

MOJKHAa 3alluCaTu B TaKOMY BI/IFH}II[i:

JOE=xX) 2+ (Y€ —y')? sﬁJ(xk —XH2 4y -y 2 (6.15)

Bubip itepauiitnnx ¢ynkumii ¢@;(X,y) ta ¢@,(X,y) B cucremi (6.9), mo

3a0e3rneuye BUKOHAHHS JOCTaTHIX YMOB 301KHOCTI iTepamniiHoro mporecy (6.11) -
(6.13), € Tpynomictkum mporiecom. Ileii BuOip MOXHA 3IIHCHUTH 3a JOMOMOTOO

HACTYIHOTO Tpuiiomy. BBaxxaemo, mio [6]:
P1(X,Y) = X+ af (X y) + Al (X% Y);
(X% Y) =Y+ (X Y) + (X Y), ad = py . (6.16)
Koepiuientn «, f,y Ta O BU3HAYAEMO SK HAOJIMKEHE pPO3B’ A3aHHS

CUCTEMH JIIHIMHUX aJIreOpaiyHuX PIBHSAHD:

0.0 0.0
1+aafl(xiy)+ﬂ8f2(xly)zo
OoX OoX
0.0 0.0
o TOSY) | 50V
} v ) v (6.17)
y l(X’y)+§ Z(le):o
OX OX
0.0 0.0
1+7af1()é’y)+5af2(xiy)zo
y

Skmo w4vactkoBi moximHi ¢yHkuii fi(X,y) 1 fo(X,y) He cuiubHO
3MIHIOIOTBCS B OKOJIi TOUKH (XO, yo) , TO TIPY TaKOMY BHOOPI iTepamiifHux QyHKIINH
ymoBH (6.11) — (6.13) BUKOHYIOThCH.

Ipuxknaan. Po3s s3atu cuctemMy HENMiHIWHUX PIBHSHB {ey X +1=0 npu

x+tgy=0

TaKUX MOYaTKOBUX YMOBax: Xy =1; Yo =—0,5 MeTronoM npoctux itepaniii.

Po36’ sa30k. IlpencTaBUMo IOYaTKOBY CHCTEMY PiBHSHB SIK:

X=p (X Y)
{y =@,(Xy)’
ne P (X, y) =X+ (X y) + B (X Y);
P2(X,Y) =Y+ KX Y) + (X, y), a0 # By .

%:_ZX; %:ey; %:1’ %: 1 .
OX oy OX oy cos’y
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Toni, 3rigHo 3 (6.17), st oTpuMaHHs KoeilieHTiB @, f,7,0 PO3B’ SI3y€ThCs

CUCTeMa PIBHSIHB!

l+a-(-2xX)+ f-1=0

1+y-€¥+5- 0

oLy

a-e+p- 12 =0
cos”y

y-(-2x)+0-1=0

B mouartkoBiii Toumi X; =1, Yy=-05 orpumaemo cucremy piBHSIHb IS

BU3HAUYEHHS KOE(ILI€HTIB

1-20+ =0

1+ 0,6065y +1,29846 =0
0,6065« +1,29845 =0
-2r+0=0

3Bigcu « =0,4053; f=-01894; y =-0,3121; 6 =-0,6243;, a-0=y-p.

3 YpaxyBaHHAM 0ObOT'O0 MAa€MO TaKy CHCTEMY piBHHHB JJIs1 BU3HAYCHHAA

YEeproBoro HaOJMKEHHS JI0 pO3B’ A3aHHS TOYaTKOBOI CUCTEMH:

X =X 1 +0,4053(e¥ — x* +1) — 0,1894(x + tgy)
Y, = ¥i_1 —0,3121(e” — x* +1) — 0,6243(x + tgy) .

PesynbpTaTél po3B’sA3aHHS CHUCTEMH HENIHIMHMX PIBHSHb METOJOM IMPOCTUX

iTepaniii Ha KOXKHI} iTepauii mpu nmoyaTtkosiit yMoBi Xy =1Ta Yy =-0,5 HaBeneHo

B Ta0mum 6.1.

Tabnuys 6.1. Pe3yabTaTH Po3B’ i3aHHA CHCTEMH HeJiHIHHNX

PIBHSIHb METOJ0M NPOCTHX iTepanii 3a iTepauisMu 004ncIeHb

Howmep iteparii 1 2 3 4 5 6
Xi 1,1599 1,2313 1,1641 1.206 1,182 1,1956
Vi -0,9725 -0,7909 -0,9088 -0,8493 -0,8842 -0,8654
IIpooosoicenns mabauyi 6.1
Howmep iteparii 7 8 16 17 18
Xi 1,188 1,923 1,19081 1,19079 1,1908
Yi -0,8760 -0,8701 -0,87225 | -0,87228 | -0,87226
BigmoBins. HaOmmxkene po3B’s3aHHS CUCTEMHU HENIHIMHUX  pIiBHSIHB!

x=11908, y = -0,87226.
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e 087226 _ (11908)? +1=114786-10"°

[lepesipka.
1,1908 + tg(—0,87226) = 2,5242-10°

Takum 49uHOM, TIOXMOKAa OOYHMCICHHS CHCTEMH pIBHSHb CKJIaJac:

A, =114786-10°, A, =2,5242.10™,

6.2. Po3B’sa3aHHYg cHCTEM HeJ1HIMHUX

piBHgIHb MeToA0M HbloTOHA

Sxmo B cucremi HenmiHidHUX piBHAHL F(X) =0 icHY!OTh 4acTKOBI MOXIiHI

¢Gynkmii f; mo 3MiHHUX X;, TO Ui ii pO3B’A3aHHS MOYKHA 3aCTOCOBYBAaTH METO]

Herotona [6, 19].

[To3naunmo yepes

J(X):{%} (,j=12..1),
J

. 0
matpuio SIko6i cuctemu (6.2). Bubepemo HynboBe HAaOMMKEHHS X B JIOCHTH

*
ONMU3bKilt OkoJi pos3B’s3aHHs X . BuHkOHaeMo JliHeapusalilo BeKTOpP-(YHKIIi
F(X) nuisxom poskiananus ii B psa Teitmopa Ta 00MEXYEMOCH JIMIIE YICHAMH
HyJ60BOI 1 mepmioi creneHi. Tomi Ha K-my kporti (K+1)-te HaOmmxeHHsS Oye

PO3B’ I3aHHSAM PiBHSIHHS
fX)+IX) (XK -XxKY =0, (k=012..). (6.18)

30Kpema, SIKIWo icHye mMatpumst J (X k) , 0 € o0epHEHO0 MaTpwI Koo,

TO iTepariitauii mporec HetotoHa (6.18) Mo)kHa 3amucaTH y TAKOMY BHUIJISII:
XK= xk_ 374 (x*) 1(x%), (k=0,12..). (6.19)
dopmyna (6.19) yzaransHroe Gpopmyity HertotoHa (4.6) 11t OHOTO PiBHSHHS.
Slkmo apyri wactkosi moxinsi gynkuii F(X) Gesmepepsri mo6uusy X i

det J(X)#0 B OKom pO3B'S3aHHSA CHCTEMH, a MOYATKOBE HAGMmKeHHST X°

Onmu3bKke 10 11 po3B’s3aHHs, TO MeToa HploToHa 30iraerscs, mpudomy 301KHICTH

OyJie KBaJpaTUYHOIO.
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3Ba)kalouM Ha BEJIMKY KUIBKICTh OOUMCIIEHb NMpU 00€pHEHHI MaTpuIll Ako0i
HAa KOXXHOMY KpOIli BHKOPUCTOBYIOTh MonudikoBanuii metoq HpioToHa, y
BIJIMOBITHOCTI 3 SIKUM MAaTpPHIIIO, 110 € 00EPHEHOI0 10 MaTpulll ko001, BU3HAYAIOTh

na mepuwomy kpoui J H(X°). Toxi irepauiiiuii mpomec po3B sI3aHHSI CHCTEMH
HEJTIHIMHUX PIBHSAHD Peali3y€e€ThCs 3a HACTYITHOIO CXEMOIO:
XK= xk_374(x% (X", (k=0,1,2,..). (6.20)
[Tpu oMy 301kHICTH MOU(iKOBaHOTO MeToay HploToHa Oyze NMiHIHHOIO.

Posrnsnemo HaOnmkeHe PO3B sI3aHHS CHCTEMH JBOX HENIHIMHUX PIBHSHD

meToxoM Herorona [6]

{u(x’ y)=0 (6.21)

v(x,y)=0"
ne ¢yskmii U(x,y) 1 v(x,y) — 0e3nepepBHo audepeHniioBani B oomacti D, mo
MICTUTh €JMHE PIIICHHS X=X, y:y*. Bubepemo B ob6macti D mouarkoBe

HaOJIMKEHHS 1 W BH3HAYacMO MOCJIZOBHI HAOMMKEHHS OO PO3B A3aHHSA
0

. e . * * .
CHCTEMH HEJIHIHHUX PiBHSAHBb X 1 Y 3rigHo 3 metonoM HeioToHa (6.19):

(k=0,12,..), (6.22)

e Ak, A)Iz, A)lf — BU3HAYHUKU MaTullb SIkoOi Ha K-Tii iTepariii oOYUCIICHb, 110
BHU3HAYAIOTHCS 32 GOPMYIIAMH:
P ok K P oK K
N =0y = B Y ) YD
O (X5, YY) i (X7, YY)
A _IOY) U Y Oy ud v
X ' ’ -, ’
U(Xk,yk) vy(Xk,y") Y UX(Xk,yk) u(xk,yk)
k=0,12,...

B  sxocti kpuTepiro  3aKkiHUeHHs irepamiiiHoro mporecy  (6.22)
BUKOPHUCTOBYIOTH YMOBY

P =®J(A§)2 ~(4K) <, (6.23)

J€ Py — EBKI0BA BIJCTaHb MIXK JBOMa IOCIIJOBHUMH HAOIMKEHHIMH; € —

3aJlaHa TOYHICTh PO3B’ A3aHHS CUCTEMU PIBHSIHb.



C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 93

o _ snx+siny-1=0
Ipuxnan. Po3p’'s3aTtu cucteMy HENIHIMHUX PIBHSHB s o
X -y +y=0
IIpU TaKUX NTOYATKOBUX YMOBaX: Xy =2,5; Y, =3 Meronom HeloToHa.

Po3é’ azox. llpencraBuMo HafjaHy CUCTEMY PIBHSHb SIK:
u(x,y)=sinx=siny-1
2 2
V(X,Y)=X" -y +V.

BusHaurMo 4acTkoBi MoXiaHi QyHKINH cucTemu piBHAHBL U(X,Y) Ta v(X,Y)

10 KO’KHIM 3MIHHIN Ta BIAMOBIIHI BU3HAYHUKNA MaTPHUIb SAK0O0i.

u (X, y) = u_ COSX;
X X

u, (X, y) = u_ CoSY;
y ) 6y 1)

Tomi 5
vV

Vo (X, Y)=—=2X
(X, Y) o~

oV
vy (X y) = @ =-2y+1.

3 ypaxyBaHHSAM OTPMMAaHHX YaCTKOBHMX IOXiIHHUX sKoOiaHM Ha K-Tii

iTepallii MaTUMYTh TaKUW BUTJISL

A U’x(xt,yt) U'y(X:,yt) _ cosi" cosky" _ L2y +1)cosx — 2x cosy*:
V(XN YY) ol(X, YY) | 22X =2yt +
A= u(x,y ) up(x*,y") _ snx*+siny*-1  cosyX
o(X, ¥ ) UL (XY (K = ()P Y 2yf e

= (2y* +)(sinX* +sin y* —1) — cos((x*)? = (V)% + y*);
V(X YY) (XYl | 22X (X)) = (Y T +y

= cos((x*)2 = (V)% + y¥) = 2xK(sinx* +sin y* —1).

[Iponiec HaOMMIKEHHS PO3B’ sI3aHHSI CHCTEMU PIBHSHB Bl HOTO IMMOYATKOBOTO
3HAYCHHS BUKOHYBAJIOCh 3TiaHO 3 (6.22).
Pe3ynpraTit po3B’ si3aHHSA CUCTEMH HEJHIMHUX PIBHAHB MeTo/IoM HbloTOHA Tipn

IIOYATKOBIM YMOBI Xy =2,5 Ta Yy =3 Ha KOXKHI{ iTepallii HaBeJieHo B Tabnuili 6.2.



94 6. Po3B’s3aHHs cHCTEM HETIHIMHUX PIBHSIHb

Tabauys 6.2. Pe3yabTaTH po3B’ si3aHHS CHCTEMHU HeJIiHIHHUX

piBHsAHb MeTOAOM HbIOTOHA 32 iTepanisiMu 004nc/IeHb

Howmep itepartii k 1 2 3 4
A 8,8557 7,754 7,694 7,6937
A 1,5495 0,0668 0,00026 0,000032
Aky’l 1,1017 0,0412 0,00023 -0,000003
X 2,327 2,3184 2,31837 2,31837
Y 2,877 2,8717 2,87167 2,87167

Bionosiov. Ilicns 4oTHpbOX iTepaliil OTpUMaHO HAOJIMKEHE PO3B’ sI3aHHS
cucremn: X =2,31837,y =2,87167.
(X, y)=sinX +siny —1=-252.10"°
£,y = (X )2 = ()2 +y =2087-107°
Takum unHOM, aOCOMIOTHA TMOXHMOKA PO3B SI3aHHS CHCTEMH HEIIHINHUX

PIBHSHB CKIIaiae: AX = 2,52-10_6; Ay = 2,087-10_5.

Ilepesipka.

KoHTpoJibHI 3anuTaHHSA

1. V yomy mosnsrae HEOOXiIHICTh PO3B’ sI3aHHSA CUCTEM HENIHIMHUX PIBHSHB
YHCEIbHUMU METOIaMU ?

2. SIki MeToau BUKOPHCTOBYIOTHCS JUIsI PO3B’S3aHHS CHCTEM HETIHIHHUX
PIBHSIHB?

3. SIka CyTHICTh METOJly MPOCTHX ITEpAIIiii?

4. SIxi yMOBH 301)KHOCTI METOJTy MPOCTHX ITEpAIIiif?

5. SIk 1OoCATHYTH YMOBH 301KHOCTI METOAY MPOCTUX ITepalii I 3aJaHoi
CUCTEMH HENHIWHUX PIBHIHB?

6. Y yomy cyTHicTh MeToy HbhtoTOHA?

7. lllo sBnsie co6oro matpung Axo617?

8. SIxa ymoBa 301HOCTI MeToay HproToHa?

9. V gyomy nomsrae mMoudikosanuii Meton Herotona? Moro mepesarn ta

HEJIOIIKH.
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3azayvi A9 CaMOKOHTPO.JIIO

: . : e¥-e*+1=0
1. BusHaunt pO3B’sI3aHHS CHCTEMHU HENIHIMHUX PiBHSHD
xy—-1=0
METO/IOM HPOCTUX iTepaliil Mpu Takil MOYaTKOBIH yMOBI Xy =2, Yo =2. Ilpn
BUKOHAHHI 00YMCIICHh BUKOHATH 6 iTepariii. Busnauntu moxuOky oOYUCIICHb.
: . : e-e’+1=0
2. Bu3HauuTu pO3B'S3aHHS CHUCTEMH HENHIHHUX PIBHSHb
xy—-1=0
Moau¢ikoBaHuM MetogoM HproToHa mpu Takiii mouyatkoBiii yMoBI Xo =0, Yy =2.
[Ipu BuKOHaHH1 00YKCIIEHb BUKOHATH b iTepaiiil. BusHaunt moxubky 0OYMCIIeHb.
, . . e’ —x*+1=0
3. BusHauuT po3B’s3aHHS CHCTEMU HENIHIMHUX PIBHSHB
xy—1=0
MmetonoM HeroToHa mpu Takiii mouatkoBiit yMoBI Xy =0, Yo =2. [Ipu BukoHaHHI

oOunciieHb BUKOHATH 6 iTepalliii. BusHauuTH mMoXnOKy 004K CIICHb.

e -e*+1=0
4. BuzHauuTH PO3B’ SI3aHHA CUCTEMU HENIHIMHUX PIBHSHD
3, 3.1_
X" +y +1=0
METOJIOM MpOCTUX ITepaliil mpu Takiii moyaTtkoBii ymoBI Xg=-1 Yyy=1. Ilpu
BUKOHAHHI 00YMCIICHh BUKOHATH 6 iTepaniil. Buznauntu moxuOky oOYUCIICHbD.

e’ +e*-1=0
5. BuszHauuTH po3B’sI3aHHS CHUCTEMHU HENIHIMHUX PIBHSHB
3 3.1
X" -y +1=0
MoauGiKoBaHUM  MeToaoM HpoTOHa mnpM  Takid  TMOYATKOBIM  YMOBI
Xg=—1 Yo=-0,5. Ilpn BukoHaHHi o0uMCIeHb BUKOHATH 6 irepauiii. Busnauutu

MOXHOKY OOYHMCIICHB.

e¥-e*+1=0
6. BuszHauuTu po3B’s3aHHSA CUCTEMHU HENIHIMHUX PIBHSHD
3, 3.1_
X" +y +1=0
metonoM HeroToHa mpu Takiii moyaTtkoBiil yMoOBi X, = 0,5, Yy =1. [Ipu BukoHanH1
oOu4nclieHb BUKOHATH 6 iTepariii. BusHaunTi moxnbKy 004YHCIEHb.
) . e . yX2 _1: O
7. Bu3HauuTH pO3B’S3aHHS CUCTEMH HENiHIMHUX DPIBHSHB
x—e¥+1=0
METOJIOM MPOCTUX ITepauiil MpU Takii Mo4YaTKoBiM yMoBI Xy, =15 Yy,=0,5. Ilpu

BUKOHAHHI 00YMCIIeHb BUKOHATH 6 iTepaniil. Buznauntu moxuOky oOYUCIEHb.
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, o _ e—e¥-1=0
8. BusHauuTu pO3B'A3aHHS CHUCTEMH HETIHIMHUX PpIBHSHb
3,3 _1_
X*+y —-1=0
Moau¢ikoBaHUM MeTooM HbloToHa mpu Takii mouyaTtkoBid yMoBI Xp=1, yy=0,5.
[Tpu BuKOHaHH1 00YKCIIEHs BUKOHATH O iTepaiiii. BusHaunTu moxubKy 0OYMCIICHb.
, . , e-e’-1=0
9. BuzHauuTH pO3B’sI3aHHS CUCTEMHU HENIHIMHUX PIBHSHB s 3
X'+y +1=0
meTogoM HproTOHA mpu Takii moyaTkoBiil yMOBI X5 =1, Yo =—1. Ilpu BUKOHaHHI

oOuuclieHb BUKOHATHU 6 iTepauiii. BusHauntu noxubky o04HCIEHb.

10. BusHauuTH  pO3B’SA3aHHSA  CUCTEMHU  HENIHIMHUX  PIBHSHB
snx+siny-1=0 . _ . _ .
s 5 METOJIOM MPOCTUX ITEpaliil MpHU Takid MOYATKOBI yMOBI
X*—y -1=0
Xo=1 Yp=0. [Ipu BuKOHaHHI OOuYuMCIIEHb BUKOHATH 6 iTepauiii. BusHauntu

MOXHOKY OOYMCIICHb.

11. BusHauuTd  pO3B’s3aHHSI  CHUCTEMU  HETIHIWHUX  PIBHSAHB
sinx-siny+1=0 _ _ .
s 5 MoaudikoBaHUM MeTon0M HploTOHA mpu Takiii MOYaTKOBIM
X*-y“+1=0
yMOBI Xy =-1, Yo=0. Ilpu BuKOHaHHI oOOYMCIEHb BHKOHATH 6 iTepariil.

Busnauntu noxubky o04YHCIEHb.
12. BusHauuTd  pO3B’sA3aHHSI  CHUCTEMU  HETIHIWHUX  PIBHSHB
sinx+siny-1=0 _ . .
s 5 meTonoM HploToHa Tpu  Takid MOYATKOBI  yMOBi
X -y +y=0
Xo=0, Yg=1. Ilpu BuKOHaHHI oOuYMClIE€Hb BHUKOHATH 6 irepauiil. Buznauutu

MOXHOKY OOUHCIICHbD.

, A xy®~1=0
13. BusHauuTH poO3B’sA3aHHS CHUCTEMH HENIHIMHUX pIBHSHBb
y+e =0
METOJIOM MPOCTUX iTepaliii mpM Takiil mouyaTkoBit ymoBi X, =-0,5 Yy, =-15.

[Ipn BukoHaHHI O0OYMCICHb BHKOHATH 6O irepariii. BusHauutu mMOXHUOKY

OOYNCIIEHD.

, . . x?y—-1=0

14 BI/IBHH}II/ITI/I p03B Jg3aHHI CUCTCMHU HCIIHIMHHUX plBHHHL
x—e¥=0

Monu¢pikoBaHUM  MeronoM  HploroHa  mpu  Takiii  TOYaTKOBIM ~ yMOBI
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Xo =15, Yo =0,5. IIpu BukoHaHHi oOuucieHb BUKOHATU 6 iTepauiil. Buznauntu

MOXUOKY OOYHUCIICHbD.

15. BusHauntu po3B’s3aHHS CUCTEMU HEIIHIMHUX DPIBHSHb
y-e7=0
meronoM HproToHa mnpu Takiii modaTkoBii ymoBi Xy =-0,5 yy=15. Ilpu

BUKOHAHHI 00YMCIICHh BUKOHATH 6 iTepaiii. BuzHauntu moxuOky oOYUCIICHb.
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7. HABJIMKEHHA ®YHKIIINI

7.1. TlocranoBka 3aja4i HaOMMKeHHsT PYHKIii

3amaua HaObKeHHS (ampokcuMariii) moisirae B 3aMiHi (DyHKI[IOHAJIBHOI
3aNeXHOCTI, 3a1aH0i Ha MHOXkUHI X < R y Burisai tabnuii, rpadiky, cKIaaHOi
dbopmynu abo B HEIBHOMY BH/II, OLIBII MPOCTO (PYHKITIEIO, IO € OJU3BKOI0 10
[I0YaTKOBOL.

Sxmo X CKIAAAETbCS 3 JUCKPETHOI MHOXKUHHM TOYOK Xg, Xq, .., Xy, TO

HaOMMKEHHST HA3UBAETHCS MOYKOBUM, a SIKIIO 1Ie Bi/pi3ok [&; b], To HaOmmxkeHHs

Ha3UBAETHCS IHMESPATbHUM.
Hexaii ¢pynkiis f(X) anpokcumyerhes Ha MHOKUHI X (yHKIIEO @(X), 110

€ 3PYYHIIION JUIsi O0YHCIICHB 1 OJMKYOI0 B JeskoMy po3yMinHi 10 f(X). Skicts

anpokcumalilii, To0To OJU3bKICTh BOX (PYHKIIiM, MOXKHA OLIIHIOBATH IMO-PI3HOMY
3QJIKHO B1J (PI3MYHOrO 3MICTY pO3B’s3yBaHOi 3agayi. BianmoBigHO 0 1OTO B
Teopii HAOIMKEHb PO3IIISIAl0ThCS Pi3HI (PYHKIIOHAIBHI IPOCTOPU 3 BBEICHOIO B
HUX METPHUKOIO, 1110 JI03BOJISE OLIHUTH BificTaHb MK QyHKIisMU o( T ;@) .

Sxuo po3rnsgaTH JIIHIMHMKA TPOCTip AlMCHUX (YHKIIN, MO 3aJaHi Ha
MHOXXHMHI X, TO CHUCTEMa MOro JIIHIMHO HE3aJeKHUX EJIEMEHTIB Ha3WBA€ThHCS
cucmemoro iHilHo He3anexdcHux Ha X @yHuxyiil.

Hexaii f(X) € enemeHTOM JiHIHHOrO HOpMOBaHOTO TIpocTopy L . Bubdepemo

B L cucremy n+1 niHidHO He3anexHUX OQYHKIIH @g(X), @1(X), ..., ¢ (X) 1

CTBOPHUMO JIIHIMHY X KOMOIHAIIO
n
P(X) =269 (%),
i=0
3 moctiitHuMu Koedimientamu G, (i = 0,1, ..., n). OyHkuis @(X) — ue ysaeanvHeHuil

MHOo20UNIeH nops0Ky N. 30KkpeMa, Ko @; (X) = X! ,(=0,1,..,n) To

P(X) =y + X +...+C X",
€ anre6pa’1’qHHM MHOTOYJICHOM IIOPAOKY n.
Sxmo BudpatH @y(X) =1, @(X) =C0SX, ¢y(X) =SINX,..., Po_1(X) = COSNX,
@on(X) =SiNNX, To QyHKITISA

o(X) :%+a1cosx+ b, sin X +...+a, cosnx+ b, sinnx

HA3UBAETHCS MPULOHOMEMPULHUM MHOLOYLIEHOM TIOPSIIKY N.
bynemo anpoxcumyBatu GyHkimiro f(X) y3araipbHEHUM MHOTOWICHOM N-TO

nopsaaky ¢(x). Ilapamerpu C,(i=0,1,...,N) y3aralpHEHOrO aNPOKCUMYIOUOTO
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MHOTOYJIEHA
P(X) =2 cp (%),
i=0

BH3HAYaKOThCs 3 ymoBM MiniMymy sincrani p(f,¢)=|f —¢| B wMerpuui
npocTopi L.

Sxmo ¢ynkmis f(X), mo 3aganay n+1 B Toukax Xy, Xq, ..., Xy, Ha BIAPI3Ky
[a;b], i mocute mpocra mnst obumcieHs GyHKIISA @ (X), mo HabmwKae Ti,
cmiBnazae 3 f(X) B IuX Toykax, a B IHIIUX TOYKax Biapi3ky [a&;b] npubnuzHO
npeactasisie f(X), To Take HAONMIKECHHS HA3UBAETLCS [HMEPNOJIAYIEN.

Posrnsaemo Meroau iHTepmoJiAlii anreOpalyHMMH MHOTOWICHAMH 1
CIUlaifHaMH, a TaKoX TOYKOBY 1 IHTETpaJibHYy CEpPEIHI0 KBaJIpaTHUHY
anmpoKcUMallilo (QYHKIIH anreOpaidyHUMH, OPTOrOHAJIBHUMHU, Yy TOMY UHCHI
TPUTOHOMETPUYHHUMH MHOTOWICHAMH 32 METOJOM HalMEHIIUX KBaJpaTiB.
BinmoBigHi 00YHCIIEHHS JETKO Peai3yloThCsl MPU KOMIT IOTEPHOMY MOJIETIOBaHH1
MIPOIIECIB 1 CUCTEM.

7.2. lloriHOMiaJIbHA iHTEPNOJIAIiA

Hexait na Bimpizky [&; D] dynkimis y= f(X) 3a1aHa cBOiMU 3HAYCHHSIMH B
(n+1) Toui, a came:
a=X— Yo = f(X);
X =y = F0q);
Xo =Y = F(X);

b=X, = Yo = f(X)
Tpebda moOynyBatu (QyHKIiI0 @(X), SKa HA3UBAETHCS IHTCPHOJSIINHON 1
sKa CHIBIAJA€ B TOUKAX Xy, X, ..., Xy, 11O HA3UBAKOTHCA By3JIAMH IHTEPHOJIALIi, 31
3HadeHHsIM QyHkiii f(X) .
Tabnuus 3HaueHs GyHkmii f (X) Moxe OyTH iHTEpPIIOILOBAaHA HECKIHYCHHOIO

MHOKMHOIO PI3HUX (PYHKI[IH, TOMYy Tpeba MaTu Aeskuil kputepiit Bubopy. bararo

iHTepriomolounx  QyHKIIM ~ OyayroThCs  SK  JTiHIMHI  KoMOiHamii  Jeskux

o e e ) ) n
eneMeHTapHux GyHkiii. JliHiiHI KOMOIHAIT OJHOYJICHIB {Xk }0 MPU3BOJATH 10

anreOpaiyHuX TMONIHOMIB, JiHIWHI KOMOIHAIl TPUTOHOMETPUYHUX (PYHKITIH

{coskx, Sinkx|y npu3BOAATH 10 TPUIOHOMETPUUHHUX TONIHOMIB TOIIO.
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PosrasinemMo iHTepnoiAiio anreOpaiyHUMU TOJIHOMamMu. B ducieHHUuX
JI0JIaTKaX arapary IHTEepITOISAIii B OCHOBHOMY JOBOJUTHCS BUPIIITYBAaTH JIBi 3a/1a4i.

— 3HAWTH aHATITHYHUN BUpa3 s GyHKii Y= f(X), mo 3agaHa Tabmuiero,
rpadikoM a0o0 y BUTJIS/I CKIIAJIHOI ISl BUKOPUCTAHHS (PopMyIIH;

— BU3HAYMTH 3HA4YeHHS (PYHKII B TOYKax, IO HE CHIBIAIAIOTh 3 By3JIaMU
THTEPIOJIALII, 33 JOTIOMOTOF0 TTOPIBHSAHO HECKIIATHOTO aJTOPUTMY .

[HTEpHONALIINHI TOMIHOMH 3HAXOJATh TAaKOX IIUPOKE 3aCTOCYBAHHS B
yucelbHOMY  JAM(EpEeHIIIOBaHHI 1 1HTErpyBaHHI Ta TMpU  PO3B sI3aHHI

U epeHIliaIbHUX PIBHSIHb.

7.2.1. Intepnoagiiitnuii nojinom Jlarpanska

Hexaii ¢ynkiis y= f(X) 3amana Ha Biapi3ky [a&; b] cBOiMH 3HaUYEHHSAMHU B
(n+1) toumi. Bubepemo B sikocti iHTepronsiitHoi GpyHkmii ¢(X) nmomirom B, (X)
CTEreHi N, 3HAYEHHS SKOTO CIHiBNAAalTh 31 3HaUeHHIMHU QyHKIii f(X) y By3max
THTEPIOJALIT, TOOTO

F(%0) = Yo = T (%),
Pa() =y = f(30);
Ph(X2) =Y, = f(X); (7.1)

B (%) = Yo = T(Xy)-
['eomeTpuyHO 11 33/1a4a MOOYI0BH napabonau N-ro mopsaky Y = P,(X), mo
nepeTuHaeThes 3 rpadikom ¢yukmii Y= f(x) B (n+1)-iii Hanepexa 3agaHiil TOYIl
(puc. 7.1).

] L] T Ln]

Puc. 7.1. Teomerpuyna iHTepnpeTanis inTepnossmiinoi popmynu Jlarpanxa
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[Toxaxxemo, 0 Taka 3amada mMoOynoBH MHorowieHa Y= P,(X) mae enune

pILIECHHS.

Hexan
P, (X) = 8y + @)X+ ayX +...+a,x".
Koeoimientn &;,(i =0,1, 2, ..., N) MOXHa BU3HAYUTH 3 CHCTEMH PiBHIHB
2
8 + Xy + AX§ +...+ A X = Yo,
2
8 + X+ AX +..+a =V, 72)

ao+a1xn+a2xﬁ+...+anxﬂ =Y.

Bu3sHauHUK 111€1 CHCTEMU Ha3UMBA€THCS BU3HAYHUKOM Bannepmonpga. SKino

BY3JM IHTEpHOJALli HE CHIBNAAalOTh, TO BU3HAYHUK MAaTpHUlll KOEQIIIEHTIB

cuctemu He gopiBHioe Hymo (A#0), Todro cucrema (7.2) Mmae equHe
po3B’ si3aHHs [6].

Tomi mms moOymoBu monmiHOMa P,(X) BHKOPUCTOBYIOTH KOEQIIiEHTH

Jlarpanxa L;(x), i=0,1, 2, ..., n crenexi N, 110 MaroTh TaKy BIACTUBICTB!

1 akwo 1= |

o (7.3)
0, ko 1# |

Li (X;) ={
KoeoimienT L;(X) € MHOTOWwIEHOM CTENEHi N, 10 MEPETBOPIOETHCS HA HYIIb
B TOUKAX Xg, X{,.es X1, Xj41+:-+s X 1 JOPIBHIOE OAMHULIL B TOYL1 X;, BBAXKAIOYH 110
Li (%) = A(X = X ) (X = %q) .. (X = X 1) (X = Xi1) (X = X5) -
ITpu X=X, MaeMO pIBHSAHHS:
1= A = %) 06 = %)% = %) (% = %)% =%40)-(% = %q)-

BusnauuBiim 3HaueHHs A, oTpumaemMo hopmyiy koedinienta Jlarpamka [2]:

L () = X)X %) %) (X %)
’ (% = %)% = %4)--0§ = %-1)(§ = %12)--(% = %q)

[MoninoMm YL (X) HaOyBae 3Ha4eHHS Y; B TOUI X 1 IOPiBHIOE HYJIO B YCiX

(7.4)

Toukax X;(] #1).

[To3naurmo 100YTOK PI3HUIIL B BY3JIaX THTEPIIOJISIIIT SK:

@ (X) = (X=X0) (X=%)...(X=X5).
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Toni moxijgHa HOTO JOOYTKY Oy/i€ MaTh TaKUW BUTJIS!
@5 (%) = (6 =X0) (% =%)---(% = %_1)(% = Xi42)--(X = %5).
Tomy Bupas (7.4) MOKHA 3aKUCaTH TAKUM YHHOM:

Li(X) = “n(%) -
(X=X ) (%)

JlarpamxeBi koe¢imienTn L;(X) Ha3MBalOTh II€é MHOXHHKAMHU BIUIUBY
BIJIMOBIIHUX BY3JIIB IHTEPHOJIALII].
[aTeprionsmiianii  momiHoM Jlarpamka CTEmeHI N MPEeACTaBISIEThCS

dbopmyoro

P.(¥) = 3 LY =Lo(¥)Yo + Lu(%)Ya + ot Ln()Yn =
i=0

(X (X X)X X)X = X)X = X,)
(X0 = %) (X —%)---(Xo = X _ ) (Xg =% )---(Xo — Xp)
(X=X0)(X=Xp)---(X= X1 )(X= %) ..(X= X,)
(% —X0) (X — Xg)---(Xo =% _1 ) =% )-a(X — n) (7.5)
b QX)X R X)

(X2 = X0) (%2 = %) -.(X2 = X _1) (%2 = %)...(Xz = X5)
N (X=X0)(X= %) -(X= %1 )(X =% )-..(X= X, 1)
(Xn - XO)(Xn - Xl)---(xn - Xi—l)(xn =X )---(Xn - Xn—l)

A00 B 3aragpHOMY BUTJISIII MHOTOWICH Jlarpanka MOYKHA 3alUCcaTH SIK.

Yo+

Yn-

P, L wn(x) 7.6
(X) = ZY. (X) = ZM (%), (%) (7.6)
H(x X;)
a60o P,(X) = Z i (&)-

ol 1(x -

j#i

KinpkicTs apudMeTHyHUX ornepaniil i 0OUKCICHHS 3HAUeHHS MOJIIHOMA B
TOUILl X MpOMopIIiiiHe nZ.

Tpeba BiA3HAYUTH, IO IHTEPHNOJAMIMHUK TMOIiHOM Jlarpamka 3pydHO

3aCTOCOBYBATH B TUX BUIAJIKaX, KOJIM BUKOHYETHCS OaraTopa3zoBa iHTEPHOJIAIIS 3a

OJTHUMHU 1 TUMU XK€ By31aMu (HeXail HaBiTh JIs pisHUX QYyHKIIH). s mux By3miB



C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 103

MOKHA 3a3/1aneriap BU3HaunTH Koedinientn Jlarpamka L;(X), ockiabku BOHH HE
3ajexath Big Gynkuii Y= f(X).

Agne, AKIIO A5 MOKpauieHHs HaOmmkeHHs (QyHKIIl nmoixiHoMoM Jlarpanika
Tpeba 30LIBIIMTH KUIBKICTh BY3JIB I1HTEpHOJANil (HaBiTH Ha OJIUHHUIIO),
koe(dimienTn Jlarpanka mepepaxoBYHOThCS 3aHOBO. B mbOMY BHUIAJKY IOIIHHO
BUKOPUCTOBYBATH IHTEPHOJIALINHI oiHOMU HploTOHA.

PosrisineMo 4acTKOB1 BUNIaku MHOTOWIeHa Jlarpanxka.

Hexaii ¢ynkuis f(X) mpencraBieHa B JBOX By3lax Xy 1 X CBOIMH
sHaueHHsIMH Yo = f(Xy) Ta y;=1f(x). Tom iHTepnomsuiiHUN mMOIIHOM

Jlarpan>xa MaTuMe TaKuid BUTJISAI:

1 _
R0 = 2 L09Y a0+ L% = et e

Sxmo ¢ynkumis f(X) npexcraBneHa B TppoX TOUKax Xy, X 1 X, CBOIMH

sHaueHHAMH Yo = T(Xy), V3= T(X) Ta y, = f(X,). Toni

2
P(X) =2 LX)V =Lo(X) Yo + Li(X) y; + Lp(X) =
i=0
_ (X=x)(x=%) Yo + (X=%0)(X=X3) Vi + (X=X%0)(X—xy)
(X0 —X) (X0 — %) (X — %) (X — %) (X2 — %) (X2 — X1)

Sxkmo He BUHUKAE TmOTpeda OTpUMATH 3arajbHUN BHUpPA3 MOJIIHOMY

Jlarpanxa, a TUIbKM OOYUCIIOBATH MOr0 3HAYEHHS JIJISl KOHKPETHUX X, TO 3pYYHO
KOPUCTYBATHUCS THTEpHOJIAIiHHOW cxemoro Eitkena [6, 8].

3T1IHO 3 M€K0 CXEMOK 00UYHCITIOEMO BHpa3

Yo Xo—X
Y1 X=X
Lor(X) =—=——"—,
X=X

110 € JIIHIHHUM 1HTEpHOJALINHIM ITOJTIHOMOM JUISl BY3JIIB X 1 X . Jlis 1HIIOT apu

CYCIIHIX BY3/iB X 1 X, BU3HAYMMO BIANIOBIAHO

Y1 %=X
Yo Xp—X
Lip(X) =,
Xo =%

TOIMIO JIsl OY/Ib-KO1 Mapy BY3JIiB 1HTEPITOJISIIII.
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Bupas
Lor(X) %o —X
Li»(X) X, — X
Lo () = 22—,
X2 = Xo

€ KBaIpaTUYHUM MHOT'OWJIEHOM, III0 1HTEPIIOJIIOE 3HAYEHHS Y, Yq, Yo, BIAIOBIIHO
B By3JaX Xy, X, Xo. JloAaroun nociiioBHO HOBI BY3JIM 1HTEPIOJIALIT, B 3araJIbHOMY
BUITAJIKy OTPUMAEMO BUPA3
Lotz (n-1y(X) %o —X
L1os.n(X) Xy — X
Lo12s.n(X) = )
Xn —Xo

AKUW Oyne IHTEePIOJAIIMHIM MHOTOWICHOM Jlarpamka, mo HaOyBa€ B TOYKax

Xgs Xq» .-y X, BIANOBIAHO 3HAYEHHA Yo, Yq,..., ¥,,. OOUMCIEHHS 3Ha4YeHb IHOI'O

MOJIIHOMY B TOYIll X 3a cxeMoio EiliTkeHa 3py4HO MPOBOJWUTH, 3aMUCYIOUU

MPOMIKHI PEe3yJIbTaTH B TAOJIHII, 110 TIPEICTaBICHA sIK Ta0muis 7.1.

Tabnuys 7.1. Pe3yabTaTH 004N CI€HHS 3HAYECHHS

MHOro4JieHa Jlarpan:xa B Touni X 3a cxemolo EliTkena

Xi Vi Li-1j Li2i1i Li-si-2, i-1,i Li-,i-3i-2j-1,i
Xo Yo

X1 Y1 Lo

X2 Y2 L1 Lo12

X3 Y3 L2s Li23 Lo123

X4 Ya L34 L234 L1234 Lo1234

Onwucannii pEKYypeHTHHH TMPOIEC IHTEPHOJAIl HE BHUMarae ampiopHOro
BKa3aHHA CTEMEHI IHTepHoJAiiHOrO TmomiHoMa. HoBiI  By3nmu  iHTEpHomsmii
T IKITFOYAOTHCS B TIPOIIECH OOYHCIICHbD, SKI 3a3BUYall BUKOHYIOTHCS JI0 THUX TIip, TTOKH

NOCIiNOBHI 3Ha4eHHA Loz n(X) 1 Lojog nnpa(X) HE cHiBmamyTs B MeXkax 3aaHoi
TOYHOCTI.
ko By31IM IHTEpPHOJALIl PIBHOBIIJANECHI OAWMH BiJ OJHOTO, TOOTO
X, —% =h=const, (i=0,12,..,n-1), T10, BBiBmmM 3MiHHYy t=(X—Xy)/h,
koedimientu Jlarpanka MoKHa 3aIMUCATH Y BATIISAI1
tt-D(t-2)...(t—n)
(t-—nn

L (t) = (-)"*C;, (7.7)

TOOTO OTpUMATH HACTYIHUN BHpa3 JJIA IHTEPHOJALIHHOrO nojinoMa Jlarpanxka 3
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PIBHOBIITAJICHUMHU BYy3JaMU

tt-D(t-2)...(t—
n!

NSy toy (78
i=0

P =3 WL (1) = &
i=0 =1

ne xoedimientu L (t) e 3anexars Bix Buoopy kpoky h i Bix dynkmii f(X). Jns Hux

CTBOPEHI CIIeITiaJIbHi TaOJIHII, 1110 CITPOIIYIOTH 00YUCIICHHS TToTliHOMa Jlarparxka.
BusHaunMo OIiHKY MOXMOKM iHTepHoJsiiiHoro mojiHoMa Jlarpamka [19].

Hexaii ¢ynkuis f(x) mae (n+1) OesmepepBHY moximHy Ui ycix Xe&€[Xg;X,].

Tomi 3aMUIIKOBUHN WICH IHTEPHOJIAIHHOTO mojiiHoMa Jlarpanika

"©,

f
Ry(X)=T(X)-F,(x) = (n+D)! n(X), (7.9)

ne & — BHYTPIIIHS TOYKA MIHIMAIBHOTO BiAPI3KY, IO MICTUThH BY3JIM 1IHTEPHOJALI]

Xgs Xqs +++y Xy 1 TOUKY X.

[Toxubka iHTepmosLii 3aleXuTh BiJl BUOOPY BY3MB X, TOYKH X 1
BiactuBocter  ¢ynkmii  f(X). Bimomo, mo BennyuHA Sup|a)n(X)| Oyne
HAMCHIIIOK, SIKIIO B SKOCTI By3MiB iHTepmoisimii Xe[a;b] BuOpatu kopeni
noninoMiB Yebumensa, T, 4(X) = cos[(n+1)arccosx] mus |X| <1, 110 BU3HAYAIOTHCS
3a opmyamMu

21 +1
X; = COS
2n+2

7 (1=01..,n-1).

AJie Takuii BUOip BY3JIIB PiIKO 3aCTOCOBYEThCS B TIPAKTUUHHUX 337a49ax, OCKUTBKU
NP IFOMY 3HAYHO YCKJIaTHIOEThCS IHTEPIOJIALLS, a TIepeBara B TOYHOCT] — HEBEIIMKA.

Ha Bu3HaueHHs 1HTEPHOJAIIHHOTO MHOTOYJEHA B TOUIl X HANOUIBIIMIA
BIUIMB MalOTh HAHOJIMKY1 O TOUKK X BY3JM IHTEpIOJAIIi. Taki By3Ju MO3HAYUMO
yepe3 Xg 1 X . I[ToTiM mocTtynoBo noxaeMo cyciiiHi By3iM clipaBa 1 JiBOpyd, 11100
BOHU CUMETPUYHO PO3TAIIOBYBAIUCS BITHOCHO TOYKH X .

[ToxuOxka 1HTEepnosIii Oy/1e MEHIIIO, SIKIIO TOYKA X pO3TallloBaHa OJImK4e
JI0 CEepeavHU BIAPI3KY [Xg; X,] 1 Moxe OyTH 3HAYHOIO, SIKIIO MPOBOIWUTH
eKCTPAIOJIALi0, TOOTO BUOMPATH 3HAYEHHS X 1103a BIIPI3KOM [Xg; X, -

Mpuxaan. Bukonatu nHaOmwkenns ¢ynkmii f(X), mo 3amaHa cBoiMu

3HAYCHHSIMH B D TOYKAX B BUTJISAAI TAOIHIl 7.2, 32 TOTIOMOTOO IHTEPITOISAIIHHOTO

noJsiiHomy Jlarpanxa.
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Tabnuys 7.2. 3navenns gpynkuii f (X) B o’ aTu Toukax

X

18

2,85

3,9

4,95

6

y

0,4

-11

0,7

-0,5

0,3

Busnaunty 3aranbHAN BUTIIST MIOJIHOMY Ta MOTO 3HaYSHHS B To4Ill X = 2,33.
Pos6'sz0k. Iatepnomnsmiiina Gopmyna Jlarpamxka mis Gyskmii f(X), mo
IpPENCTaBICHA B 5 TOUKAX Xy, X, Xo, X3 1 X, cBOiMH 3HadeHHsIMH Yy = f(X;),

Vi=TF(x), Yo=1(X,), y3=f(X3) Ta y, = f(X,) Mae Takuii BurIISA:

4
Py(X) = _;)Li () Yi =Lo(X) Yo + Li(¥) 1 + Lo(X) Yot Lg(X) Y5 + La(X) Y4 =

_ oy (X X)(X= %) (X = X5) (X = X4)

. (X = %) (X~ Xp) (X~ Xg) (X~ X,)
° (X0 = %) (X — %2) (%o — X3)(%g — X4)

! (% = %) (X — %2) (% — X3) (% — X4)
(X=Xg) (X = X% ) (X = X3)(X— X4) (X=X0) (X=X ) (X = X2 ) (X — %4)
(X2 = X0) (X2 — %) (X2 — X3) (X5 — X4) (X3 = X0) (X3 — X1 ) (X3 — X2) (X5 — X4)
(X=X0) (X=X ) (X — %) (X — X3)
(X4 = Xo)(Xq = X)) (Xg — %) (X4 — X3)

[Ticns migcTaBiaeHHS 3HAYCHHS BY3JIiB iHTeprofsaiii Ta pyukmii f(X) B mux

+Yo +Y3

+Ya

By3JIaX OTPUMA€EMO 3arajbHUN BUTIIS IHTEPHOSILiHHOT popmymu Jlarpanxka
P,(x) =0,387356- x* —6,136335- x* + 34,65741- x> — 81,8482 x + 67,157578.
Host hopmyu
Jlarpanrka BU3HAUMMO 3HAUYEHHS MOJIIHOMA B B3Il X3 = 4,95.
P,(4,95) = 0,387356- 4,95 — 6,136335- 4,95> + 34,65741- 4,95 —
—81,8482-4,95+ 67,157578 = —0,4896 ~ —-0,5.

Takum uuHOM, 3HaueHHs ¢yHKIT f(X) 1 iHTepHoOJAIiHOrO mOaIHOMA

Ilepesipka. MEePEeBIPKU  OTPUMAHOT  IHTEPIOIALINHOT

P,(X) B By3m iHTepmossAnii Maibke cmiBnagawTh. [loxubka oOYMCIECHHS
Af = |— 05+ 04896| =0,014.
Bionogiows. Intepnonsuiitna ¢hopmyia, 1mo oTpumaHa metoaom Jlarpanxka 1

sika HaOKye 3anany Tabmuiero GyHkiiro f(X), Mae Takuil BUTIIS!
P,(X) = 0,387356 - x* —6,136335- x° + 34,65741- x> — 81,8482 x + 67,157578.
Ha6mmwkene 3nayenHs ¢ynkuii f(x) B Tounmi X=2,33 mopiBHioe P(X),

To6To f(2,33) ~ P,(2,33) = —1,60018.
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7.2.2. Inrepnoasiiitai mosiHomu HproToHa

[IpuBenemo GopmyBaHHS iHTEpHONsAIiitHOTO TomiHOMa P, (X), 110 103BOISE
BUKOHYBAaTH YTOYHEHHS PE3yJbTATiB IHTEPHOJALIi MOCIITOBHUM 301IbIIECHHM
HOBUX BY3JiB. [Ipu 1bOMYy BHKOPHCTOBYIOTHCA PO3JICHI 1 KIHIIEBl PI3HUII
GyHKIIIH, 1110 € 3pYYHUM anapaTtoM Mpu poOOTI 3 TAOIMYHO 3aJaHUMHU QYHKIIISIMHU.

®opmyau HeoTOHA NpU piBHOBiAIaMeHUX By3Jax iHTepnoasiii. Hexai
¢ynkmis f(X) 3amana cBoimMm 3HaueHHAMH B N+1 Toumi Xy, X, ..., Xy, IO €

By3namu iHTepnomsnii Yo = f(Xy), V1 = (%), .., Yn = F(Xy)

BBakaeMo, MO TOYKH Xy, X, ..., X, € PIBHOBIJJANIEHNMH 3 KpoKoM h
h=20"%0 Tomi x =X +h, % = % +h=x +2h _ h=
== Toai % =%+ X =X +h=X + 2N, X0 = X g +h= X0+,

[Ipu mnoOynosi iHTepnoysLiiinux ¢opmyn HploTOHa npu HaASBHOCTI
PIBHOBITAJICHUX TOYOK BUKOPUCTOBYIOTHCS KIHIIEBI PI3HHMIII.
KinneBMMHU pi3HMISAMH NEPIIOTO MOPSIKY €:

AYo = Y1~ Yoi
Ay =Y — Y1,
Ay, = Y3 — Yo,
AYn—l =¥Yn~ Yna-

KinH1esi pi3HUI Apyroro NopsiKy BU3HAYAIOThCS SIK:
%Yo = Ay, — Ay,
A%y, =AY, — Ay
A2y, = Ays = AY;

N Yn-2 = AYn 1~ AYp_o.
Kinnesi pisauii K-ro mopsaky BusHadaroThes uepe3 pisuuii (K—1)-ro
NOPAIIKY 32 (hopMyIamMu:
Ayo = ATy — Ay
Ay = ATy, — Ay
Ay, = Ay, — Ay,

k k-1 k-1
A Yn-k = A Yn-k+1 -A Yn—k-

KiHIeBi pi3HUII TPUWHATO 3aMIMCyBaTH B BUTIISAAI TabmuIi 7.3.
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HaBeneni KiHIEBI PI3HUII BUKOPUCTOBYIOTHCS B  IHTEPHOJALIIHHUX

dbopmynax HetoToHa Ta npu uncenbHOMY AUGEPEHIIIFOBaHHI (DYHKIIIH.

Tabnuys 7.3. 3arajapHMii BUTJISIT 3HaYeHb KiHIEBHX Pi3HUIb 1151 pyHkuii Y = f(X)

i Ay, Ay, Ay, Ay,
Yo AY, A%y, A%y, .. A"y,
Yi Ay, A%y, Ay,

Y2 Ay, A%y, Ay,

Y3 Ay, Ay, Ay,

Ya Ay, A%y, Ay,

Yn-2 Aynfz N Yo

yn—l Ayn—l

Yn

Iepma inTepnonsuiiina ¢opmyaa Hbwortona. Hexait ¢ynkmis f(X)
3a7laHa CBOIMM 3HadeHHsAMHU B N+1 toumi Xy, Xq,..., X,, 110 € PIBHOBIAJAICHUMU

BY3JIaMH 1HTEPIIOJIALIIT
Xo: X =X+ N, Xo=x+h=%Xy+2h, ..., X, = X, + =Xy + nh;
Yo = f(X0), Y= (%) Yn = T(Xq).
Po3risiHeMo MHOTOWICH CTEIeHi N, 110 3allMCaHnui B TAKOMY BHIJISIII:
By (%) = 0o + G (X = X0) + Gz (X = X0 ) (X=X) + .. 4 G (X=X ) (X = Xg ) .. (X= X5, 1) -
[IpupiBHroroun 3HaueHHss MHorowreHa P, (X) Ta Hamanoi ¢ynkuii f(X) B

TOUKAX Xy, Xq, ...y Xy, OTPUMYEMO TEPILY 1HTEPHONALINHY Gopmyiay HeroToHa npu

PIBHOBIITAJICHUX BY3JIaX 1HTEPIOJIAILII, IKa Ma€ TaKUH BUTIIS/;

2
P,(X) =Y, +A_E:0(x_ Xo) :%(x— Xg)(X=X%) +...+
AYg
+W(X—Xo)(x—xl)(X—X2)...(X—Xk_1)+...+ (7.10)
£ 20 (1) (X X)X X )K= X)X )

®opmyna Herotona (7.10) € mMHorowieHom cremeHi N. Ha Bigminy Bif
MHoOrowieHa Jlarpan)ka cTerneHi HOro WieHiB MOCTIHHO 3pOCTal0Th, PO3MOYNHAIOYN

B1Jl HYJIbOBOI 10 N-0i. ToMy n0o7aBaHHs HOBOTO BYy3Jia IHTEPHOJIALII JOAA€ TIIBKH
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HOBY ckjaioBy B (7.10), ane He 3MiHIOE BCiX monepeanix. [lepeBaroro MHOro4IeHa
Herotona nmepex mHorouneHom Jlarpamka mojsrae me B TOMY, 10 B Qopmyii
(7.10) 3namennuku koedimientiB mictate K!. Ili uwmcma 3i 30imbiieHHs M K
IIBUJIKO 3POCTAIOTh, W BIJIMOBIIHO, KOE(IIIEHTH 3MEHIIIYIOTHCS 1 TPU OOYUCIICHHI,
PO3MOYHMHAIOYH 3 JIEIKOT0 HOMEpa, IHIIMMHU WwieHaMu (OUThII BUCOKHX CTCIICHIB)
MOXKHA 3HEXTyBaTh. Tojai K y MHorouieHa Jlarpamia, Je B HbOMY BCl WICHHU
PIBHONPABHI, OJHAKOBOI CTeMeHI N mpu OyIb-sSKUX OOYUCICHHSX MalTh OyTH
BpaxoBaHI.
[Tpu BukopucranHi B popmymi (7.10) Bupazy
t=2%0
h
X=Xy =th, X=X =X=X;—h=th—h=(t-1)h, x-X, =
=({t-2)h,.,X=X,_, =(t—-(n-1)h,

Ta

¢dopmyna HproTOHa OTpuMae Takui BUTJIAL!

2
P,(X) = P,(Xg +th) = yp + Ayt +A—?/°t(t -D+..+
2 (7.11)

k n
+ %t(t ~D).(t—(k=2)+..+ %t(t =1...t—(n-1)).

BBaxkaroun N=1 B (7.11), orpumaemMo JiHIHHY IHTEPIIOJIALIO
R(¥) =R +th) = Yo +Ayet,

npu N =2 —KBaJApaTHIHY
_ _ AYo
P, (X) = P, (Xy +th) = yg + Ayt + o tt-1).

3 ypaxyBaHHSM TOTO, IO BY3JM IHTEPIOJISIi PIBHOBIIIAJICH], MOXHUOKa

nepioi iHTepnossiitHoi popmynu HeioToHA BU3HAYAETHCS SIK:

IR =IR, (3 + thy] < LD =220

(n+1)! il

ge M, = max [f ™D (x)], a <x<b.
SIkmo 3uavenns noxiguoi f MY (X) mesimome, a € momarkosuit Byson
IHTepIONsLii X1, TO A omiHKK R, (X) KOpHUCTYIOTBCS POPMYIIOIO:

HE-DE-2). (=0 X
(n+1)! 0’ h

Ry (X) = [Ry (xg+ th)[ <
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®opmyu (7.10) 1 (7.11) Ha3uBarOTh IHTEPHOJAMIMHUMU (DopMyIaMu st
IHTEpHOJIALIlT BIIEpE, TOMY 110 BOHH OTPUMAaHHI 3 BUKOPUCTAHHSIM 3HaYeHb (DYHKIIIT 1

il pi3HMIIb, PO3MOYMHAIOYHM 3 MOYATKOBOTO By3Nla IHTEPNONALii X,. li 3a3Budaii
BUKOPHUCTOBYIOTh ISl IHTEPIOJISLII B TOUKAaX X, IO OJM3bKI JJO TTOYATKy IHTEpBATY
iHTepronsnii (no By3na inteprnomsmii X ). TyT moxu0ka inTeprosunii Oy1e MEHIIO!O.

Jpyra ¢opmyiaa inrepmoasinii Hprorona. Ilio Qopmyny mouinbHO
BUKOPHUCTOBYIOTB JJIs iHTepnofsii ¢pyHkimii f(X) B Toukax, mo € OJM3bKUMU J10
By3J1a IHTEPIIOJIALIT X, .

Jlnst ii otpuMaHHs peactaBuMo noiiHoM P, (X) B TakoMy BUTIISALI:
Pa(X) = o + Gy (X— Xg) & Gp (X=X )(X = X5 1) - O (X=X ) (X~ X 1).. (X = ).
[pupiBHIOOUM 3Ha4YeHHS MHOrowieHa P,(X) i mouarkoBoi ¢pynkuii f(X) B

TOUYKAX Xg, X, .-y Xy, OTPUMYEMO APYTY 1HTEpHONSALINHY Gopmyiny HeroToHa npu

PIBHOBIITAJICHUX BY3JIaX 1HTEPIOJIAIII, SIK Ma€ TaKU BUTJISI:

Ay A%y
P, (X)=Y,it {;‘%x—xn)+ # (X=X ) (X=X 1)+ . +
Akyn—k _ _ _
+—klhk (X=X ) (X—= Xp.1)- (X=X ey ) -0 + (7.12)
An
+ B0 () (X= X)) (X = %)

nth"

Ha pucynky 7.2 HaBeAeHO T€OMETPHYHY UIIOCTPALil0 I1HTEPHOJALIMHUX

MHOroujieHiB HproToHa.

i iy T

Puc. 7.2. T'padiune npencraBieHHs iHTEPHOISMIHHUX MHOTOWIeHIB HptoTOHA
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Xn

S0 BBECTH HOBY 3MiHHY t = , TO OTPUMAEMO 1HIITUI BUTIISIT APYTOT

iHTepnomsiiiHoi  ¢popmynmu HeioToHa, sika mae Ha3By Gopmynu Herootona
THTEPIOJIAIIT Ha3a/I:

AZ yn—2
2

B, (X) =B, (X, +th)y =y, + Ay, t + tt+D+...+

(7.13)

k n
+ AVnk )Igl_k tt+D...t+(k-D)+ ...+%t(t +1)...t+(n-1).

[ToxubOKy 1HTEpHOJIIi 3a Apyroro iHTepnossAmiitHol Gopmymn HeroToHa
BU3HAYAIOTh SK.
|Rn(X)| = |Rn(X +th)| < ™! [tt+D(t+2)...(t+n)|
n >~

(n+1)!

n+1

e M, = max‘ f (”+1)(x)‘, a<x<b.

BuxopucroByroun KiHIIEBI PI3HHUII TPU JTOAATKOBOMY BY3Jl 1HTEPIIOJSIIIT
MOXHOKy 1HTepnoAmii GyHKIIIH 3a qomoMoror apyroi dopmymn HeroToHa MOKHA

BHU3HAYUTH SIK.

LD+ (1) v,
(n+1)! 0

Ipukiaan. Bukonatu wHabmmwxkeHHs ¢ynkuii y= f(X), mo 3amaHa cBoiMu

Ra(X) =|R, (%, + th)[ <

3HQYCHHSIMHU B I SITH pPIBHOBIAJICHUX TOo4ykax Ha iHTepBam [18;6,0],
BUKOPHUCTOBYIOUH TMEPITy 1HTEpHOJsiiHy Gopmyiny HproToHa:
Yo=04 y1=-11Yy, =07 y3=-05y,=03.

BusHauntu 3aranbHU BUIJISIT TOJMIHOMY Ta HOTO 3HA4YeHHS B TOMII
X =2,33.

Po3é’ s130k. BusHaunMo Kpok h 3MiHH apryMeHTy X

he (b—a) _ 6-18 _
n 4

1,05.

3HaveHHS KIHIICBUX PI3HUIIb MPEICTABUMO B BUTIISAI Tabmui 7.4.

Tabnuys 7.4. 3HayeHHs1 KiHIeBUX pi3HUID 11s PyHknii Y= f(X)

Homep Toukn X Vi Ay Azyi A3yi A4yi
0 18 0,4 -15 3,3 -6,3 11,3
1 2,85 -11 1,8 -3 5
2 39 0,7 -1,2 2
3 4,95 -0,5 0,8
4 6 0,3
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3 BpaxyBaHHSM 3HauYeHb KIHIEBUX PI3HHIIL Ha OCHOBI 3anexHocti (7.10)

OTPUMYEMO neputy inmepnoaayitny popmyny Hoeiomona:

15 33
Pa(x) =040 (x-18) + 21057 (x—18)(x—2:85) -
6,3
" 5.105° (x—18)(x— 2,85)(x—3,9) -
113
oarost & HOX 289 (x=39)(x~4,95=

— 0,387356x* — 6,136335x° + 34,65741x> — 81,8482x + 67,157578.

Bionogiob. Indopmariiina ¢opmyna, Mo HaONMkKae 3aaaHa TaOJHIICIO

dyukiiro f(X), Mae Takuit BUTIIS

P,(X) = 0,387356x" — 6,136335x> + 34,65741x> — 81,8482x + 67,157578,
Bukonaemo niepeBipky oTpumaHoi GopMyIn y By3ii iHTeprnossnii X = 2,85.

P(2,85) = 0,387356- 2,85" — 6,136335- 2,85° + 34,65741- 2,85° — 81,8482 2,85 +
+67,157578=-1,09995~ f (y;) =—11.

Busnaumo 3HaduenHs ¢yHkiii f(X) B Toumi X=2,33 3a 101OMOTrOIO
OTpUMaHoOi iHTEepHoALiiHOI hopmynn HeroToHA.

f(2,33) ~ P,(2,33) =—1,60116.

IMpukaan. Bukonatu naOmwkenns ¢yskmii Y= f(X), mo 3amgana cBoimMu
3HQYCHHSIMHM B I SITH pIBHOBiANAJICHUX Toukax Ha iHTepBami [1,0;5,6],

BUKOPHUCTOBYIOUH 1HTEPHOJALINHY popmyiny HproToHa!
Yo=4,6 y1=10,2,y, =35 y;=47,y,=2.1.

BusHauntu 3aranbHMi BUIUIA[ TIOJIHOMY Ta WOTO 3HAYEHHS B TOYII
x=482.

Po36’ s30k. BHacniiok TOro, 1o Touka X 3HAXOJUTHCSA B KIHII 1HTEpPBaIY
iHTepnoMOBaHHs, i Bu3HaueHHS ¢yHkmii  f(X) B 1wk Toumi Tpeba
BUKOPUCTOBYBATH JAPYTY IHTEpHOIALINAHY Qopmyny HeioToHa.

Bu3HaunMo KpoK 3MiHM apryMEHTy X B 33JlaHOMY IHTEpBai

he (b—a) _ 5,6—1:

15.
n 4 .
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B inTepnonsuiitaii popmyii HproToHa BUKOPUCTOBYEMO KIHIIEBI PI3HHMIII.

3HavYeHHS KIHIICBUX PI3HUIIb MPEICTABUMO B BUTIIS AL TabmuIi 7.5.

Tabauys 7.5 3navenns Kinuesux pisnunb aas gynxuii T (X)

Howmep Touku X; Y, Ay Azyi Asyi A4yi
0 1 4,6 5,6 -7,3 52 19
1 2,15 10,2 -1.7 -2,1 3,3
2 3,3 8,5 -3,8 12
3 4,45 4,7 -2,6
4 56 2,1

3 BpaxyBaHHSM 3HA4eHb KIiHIIEBUX PI3HHUIIL HAa OCHOBI 3anexHocTti (7.12)
OTPUMYEMO Opyey inmepnoaayiiny ¢opmyny Heromona, sxa ajid NOYaTKOBUX
JaHO1 3aj1a4ui Ma€ TaKUW BUTIISIA!

Ay,

AV °
B (x—xy) +
h ( 4) 2h2

(x—x4>(x—x3)+%(x—x4)<x—x3>(x—xz>+

Py(X) = Y4+

Ay,
24h*
Tom

+ (X=Xg)(X= X3) (X = %) (X = %)

ZL 533

6115 3(x 56)(x—4,45(x—-33) —

x50+~ S (X-56)(x- 449+

115
19

- 24.115

+2356007% —1167557

(X—5,6)(X—445)(X—33)(X— 2.15) =—0,0445¢* +1,06322¢ — 8,3 +

Bionogios. Indopmarniiina ¢opmyna, 1o HaOMMkae 3anaHa TaOJIUIICIO
dyukuito f(X), Mae Takuii BUTIISII
P,(X) = —0,0445x* +1,06322x° — 8,3x* + 23,56007x —11,67557.
Bukonaemo nepeBipKy oTpuMaHoi popmynu y By3ii iHTepnoasauii % = 4,82.
[TincTaBuBim 3Ha4eHHS X = 4,82 B OTpUMaHU MOJIIHOM
P,(4,82) = —0,0445- (4,82)* +1,06322- (4,482)° — 8,3 (4,82) +
+ 23,56007 - (4,82) —11,67557 = 4,09653.
Tomi f(4,82) ~ P,(4,82) = 4,09653.
Bukonaemo niepeBipKy oTpuMaHoi (opMyJIH y By3il IHTEPHOJALIT Xy =1.
P(1) = —0,0445-1% +1,06322-13 —8,3-1% + 23,56007 - x—11,67557 = 4,600322.
P(1) = 4,600322~ f (1) = 4,6.
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®opmyau HeloToHA MpyU HePiBHOBiAAaIeHUX BY3J1aX iHTEPNOJIIOBAHHS.
Hexaii ¢ynkuis f(X) 3amaHa B Bysiax iHTepHnomsamii - Xg, Xq, ..., X, CBOIMH
sHaueHHAMH Yo = f(Xg), Vi = T (X)), ..., ¥n = F(X,). Bymemo BBaxaTm, mo cepen
TO4YOK X;,1 =0,1, 2,..., N HEMae TaKux, U0 CIiBIAIAIOTh.

Toni dyskimiro f(X) MoXKHA MPENCTaBUTH PI3HUIIEBUM aHATIOTOM (hopMyTH

Teiinopa

(X)) + e

19 = 1 00)+ 0 %) 00)+ 22 g7

BUKOPHUCTOBYIOUH PO3/IIJICHI PI3HUIII.
Po3niiennmMu pisHMUSIMH TIEPIIOTO MOPSJIKY HA3UBAIOTHCS BEJIMYHUHU, IO
BH3HAYAIOTh CEPEIHIO0 INMBUIKICTH 3MiHM (YHKII Ta OOYHMCIIOIOTHCS 32

dopmynamu [6, 44]:

f(x) - (%) f(x)— f(x)
f , = f f f = yruny
(X0, %) X — % (%q,%2) X — %
f(x,)— f(x
f (Xn—11 Xn) — ( )r(]) X( n—1) )
n-— -1
f(x:)—f(x
B 3aramsaomy Burmsini f (X; ,Xj) = (XJ) (%) , 1,]=012..,n, i=].

Xj =%

3a UMMH PO3AUICHUMHU PI3HUISIMU MEPLIOTO MOPSAKY, L0 CTBOPEHI 3a

CYCIIHIMU BYy3JIaMH, MOKHA MTOOY/TyBaTU PO3/1JICH] PI3HUII APYTOrO MOPSIKY

f (X%, %) — f(XO’)(l),

f (X0, %, %) =

X = Xo

f (X, %)= T (X, X

f (%, %0, %5) = (%) = (% 2),...,

X3 =X

f X1, X —f(x._ X
f (Xn_2s Xn-1, %) = (s ;) X( n-2 ”1).
n- -2

AHAJIOTTYHO BU3HAYAIOTHCS PO3AUICH] PI3HULIL OLIBIIT BUCOKOTO MOPSIIKY.

Toni po3ninena pizuuilst (K+1)—ro mopsiaky OOYHCIIOETHCS 33 PI3HUISIMU

f (XJ 1Xj+1,.--,Xj+k), f (Xj+1,Xj+2’."’ Xj+k+1) IK.

P XXz Xakan) = (XX X k)
X X '

FOKG X0 XX s ka1) =

jrk+l T A
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Pesynbrat o0uuclieHb pO3AUIEHUX PI3HUIL 3pPYyYHO MPEICTABIATH B
BUTJIAA1 Tabmuii. Tak B Tabmwii 7.6 mMpuUBEICHO PO3AUICHI Pi3HUIN (YHKINI, 110
3aJlaHa CBOIMM 3HAYEHHSIMU B I’ ITU HEPIBHOBIIJAICHUX BY3JIaX 1HTEPHOJSALIT, SIK1

pO3TaIIIOBaHi 34 3pOCTaHHsIM 1X 3HA4YCHBb.

Tabauys 7.6. 3arajbHMil BUTJISAI 3HAYEHb PO3AiJIeHUX pisHUIb 11 pyHkuii Yy = f(X)

X y=f(x) f(xi, %) f(Xi, X, X) (X, X, X, Xi) f(Xi, X, X, Xi, Xm)
Xo | y=f(xo) | f(xo,X1) f(Xo0, X1, X2) f(Xo, X1, X2, X3) f(Xo, X1, X2, X3, Xa)
X1 y=f(x1) (X1, X2) (X1, X2, X3) (X1, X2, X3, Xa)

Xo y=1(x2) (X2, X3) (X2, X3, Xa)

X3 | y=f(xs) | f(xs Xa)

Xa | y=f(xa)

Bi3HaunMO HACTYITHI OCHOBHI BJIACTUBOCTI PO3/IIJICHUX PI3HULB [6)].
1. Skmo ¢ynkmis f(X) n pasip OesnepepBHO audepeHIliiioBaHa, TO

BUKOHY€ETHCSI CIT1BB1AHOILICHHS
o 1.
f(xo,xl,...,xn):ﬁf (&), me %o <& < Xy

2. Posnineni pizuuni K-ro mopsaky € cuMeTpuuHUMH (DYHKINISIMH CBOiX
apryMEHTIB 1 PEICTaBIAIOTHCS Yepe3 GpyHkiii f(X) B By3nax:
O f(x)
f(xj’Xj+l’xj+2""’xj+k):_Zj-H(—' (714)

SITT06 =)

| =i
I=]

[{ro dopmyny wmoxkHa [g0Ka3aTH MeTomoM IHAyKIi. Jlus 1boro

BUKOPHUCTOBYETHCS YaCTKOBHIA BUTIAI0K popmyiu (7.14):

f (XO’Xl’XZ""’Xn) = zn:nfL —
=TT (% —%)
= (7.15)

L f(x)
i—0(% —X%0) (% = X0 (% = X_1) (% = X41) (% — %)




116 7. HabnuxeHHst pyHKIiH

IHepioro IHTepNoJISIiiTHOI0 dhopmyioro HbroTona npu
HEPIBHOBIAIAJIEHUX BY3JIaX € MHOTOWICH
P (X) = £ (Xo)+(X= %) T (XX )+ (X=X0) (X=%) T (Xo.X.%o) ¥ ...
ot (X=Xg) (X=X)- . (X=X.1) T (XgXq,--Xn),
e f(Xg.%), (X9 X, %0)... T (X9, %»X,) — PO3IiNICHI PI3HUIN HEPIIOro, JAPYroro,

TPETHOrO 1 TaK Jaii N-TO MOPAJIKY.

(7.16)

Haeneny gopMyiy Ha3uBaroTh I11€ 1HTEpHoJsLiiiHOW hopmynoro HetoToHa
IHTEPIIOTIOBAHHS BIIEpE].

[Tokaxxemo, mo mHorowieH P,(X) cmiBnamae 3 MmHOrowieHoM Jlarpamxa

[T(x- X;)

Pa() = 21— 060
ZH( X
j=k
Posrmssnemo  pasom 3 P,(X)  wmmuorouwnenum By(X) = f(x5), R(X),

P (X),...,Py1 (x) i mpeactaBumo P,(X) B Burmsai
Pr(X) = Ro(X) + i(Pj (X) = Pj_1(x)). (7.17)
j=1

I3 ymoBH inTepnomoBanHs orpumaemo, mo Piy(X) = Pi(%) = f(x) mpu
k=0,1..,j-1 j=12,...,n. Toui pi3uums Pj (X)— Pj-1(x) PEICTABIISE
co000 anreOpaidyHuii MHOTOWICH CTENCHI |, SKUH MEepPETBOPIOETHCS B HYJb B
TOYKAX Xg, X{, -+ Xj_1, TOOTO

Pi(X) —Pia(¥) = Aj (X=Xp) (X=X)...(X=Xj,4), (7.18)
ne Aj nesikuii KoeilieHT, o BU3HAYAETHCS 13 yMOBH
P (%) - Pj_l(xj) = A (X=X%g) (X=%)-.(X=Xj1).
3Bincu, BpaxoByioun ymosy, wo P (X;) = f(x;), orpumyemo
f(x:)—Pi_1(X;
A = 06 =Pial4) (7.19)
(Xj = X%g)---(Xj = Xj1)

Sxuwio nixcraBumo B Gpopmysti (7.19) snavenns cknanosoi Pj_y(X;) sx

(X = %) (Xj = %0)---(Xj = X)) (X} = Xie1) (X} = Xj1)
(X = %) (% = %) (X = X 1) (% = Xis1)---(X = X 1)

-1
P (X)) = :zo f (%)



C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 117

OTpUMaEMO
A - f(x;) B
(Xj = %0)-(X; = Xj-1)
_ ’Z‘l f(%) 1 _
200X, = %) (% = %0) (X = %) (X = % 1) % — Xieoa) (X = X 1)
i f (%)

(% = %0) (% = %0)--- (% = X 1) % = Xies2)-- (% = Xj 1)
IopiBHroroun ueit Bupas 3 Gopmyinorw (7.15), Buano, mo A; criBnagae 3
PO3IIJICHOIO PI3HUIICIO | -TO MOPSIKY:
A = T (X0 X 0X) -
3BiacH, Ta BpaxoByroun Bupasu (7.17) i (7.18), orpuMaemMo iHTepHOJISIIHHY
dbopmyny HetoToHa
()= T (%) + (X=X9) (X0, %)+ (X—=X) (X=xq) (X0, %, %)+
L (X=X0) (X=%) .. AX = Xn1) T (X0, % .- %)

ITpu oTpuMaHH1 JaHOI GOPMYIHM HE NEpendadaoch, WO BY3IH Xg, X, ...y Xy -

" (7.20)

PO3TaIIOBaHi B AKOMYCh BU3HAYEHOMY HOPAIKY. ToMy poiib TOUKH X, B hopmyi
MOXe 3irpatd Oylp-fKa 13 TOYOK  Xg, X, ..., X,. DBIONOBIAHY MHOXUHY

iHTepnonsAiiHuX ¢Gopmyn Heroorona ™omna orpumarud i3 (7.20) umisxom

nepeHyMmepanii By3miB. Hanpukmax, Toit cammit mHorowneH P,(X) wmoxHa
MPEICTaBUTH B BUTJISIL:
R = F O+ (X=0) T 00Xt (X=%0) (X=%00) T O X0 %0 2) -
(K= %X) (6= X 2). (K= 30) T (Ko Xt )

SIKIO Xy < X4 < X5 <...<X,, To popmyny (7.20) Ha3WBalOTH MEPIIOIO

(7.21)

iHTEepNoIsALiiiHOI0 ¢popmy.ioro Hbrorona abo (¢popmyiioro
inTepnooBanHs Brepen, a popmyny (7.21) — apyrow iHTepnoasiuiiiHo0
¢opmynoro HerotoHa abo popmy 1010 iHTEpIOIIOBAHHS HA3A/.

Hageneni inTepnossuiiai ¢popmynu HeioToHa BiApi3HAIOTHCA Bia (Gopmy
Jlarpamxka Tinbku ¢opmoro 3amucy. [loxubku iX BHUKOpUCTaHHS LUX (QOpMyI
npeacCTaBIAOTLCA B BI/IFJ'IHI[i:

n-+1
()~ P() = : f?()
O(X) = (X~ Xg)...(X~ X,).
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Jana ¢opmMysa BCTaHOBIIOE 3B’ 30K PO3IALIECHOT PI3HUINI mopsaky N+1 1
(n+1)-oi noxigHoi ¢pynkmii f(X).

B iH1moMy BUrisii moxuOKy 1HTEPIOAIIMHUX (POPMYJT MOJKHA MIPEACTABUTH SIK

f(X) —B,(X) = a(X)f (X Xg, X3,--%n) »
() . f (%)

(X=2X0)(X=q)--(X=%7) (X =X) (%o = %)--(% = %)
+ ..t F(*n) :

(% = X) 0% = %0)---(% = Xn1)

10 MarOTh MOPSAA0K N +1.

f (X Xgs Xy ey X)) =

3B11acH

B (X=X%)(X=X%5)...(X=X,)
= 0 6 — %) (76— %)
) (X=X%0)(X=%)--(X— X11)
(%0 = %) (X = X0)--- (% = Xq-2)
+ (X = X0) (X = %) (X = %) F (X, X0, X0, X)) =
=B (%) + (X= %) (X = %)-.(X = %) £ (X, X4, Xp...%).

Ipuxnan. Bukonatu HaOmmwkeHHS (QyHKIIT

+ ..+ T (X,

f(x), mo 3amaHa cBOIMHU
3HAYCHHSAMH B I’ ITH TOYKAX Ha iHTEepBaii [a; b]

X 0,2 0,3 0,5 0,7 0,9
y 181 1,64 155 1,79 2,06

BUKOPHUCTOBYIOUH eIy 1HTEpHosiLiiiHy Gopmyny HeroToHa.

Busnauntu 3aransuuii Burisg nojginomy HeioroHa. O6uucnut HabIuxeHe
sHadeHHs ¢QyHkiii f(x) B toumi X=0,25 3a H0MOMOro0 iHTEPHOJSALIHHOIO
MOJIIHOMY .

Po3zé’ saz0k. s IHTEPHONAIHHUX  HOpMYyT  HEOOXIiTHO

BU3HAUUTHU PO3JAUICHI PI3HMIN 3TIHO HAaBeeHUX Bullle popmyi. Po3nineni pizHuill

OTpPUMAaHHS

3pYyYHO MPEICTABUTH B BUIJISIAL Tabaui 7.7.

Tabauys 7.7. Po3pisneni pisuuui aus pynxuii T (X)

X; y=f(x) f(xi, X)) (%, X, %) 0, X, X %) | 0%, Xiy X X1,%0)
0.2 181 f(x0, %) f(Xo, X, %) | T(Xo, X1, X, Xa) f(XOX;%XZ’
0.3 1,64 f(x, X2) f(X1, X2, Xa) f(Xq, X2, X3, Xa)

0.5 1,55 f(Xe, Xa) f(Xz, X3, Xa)

0.7 1,79 f(Xa,Xa)

0.9 2,06
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Toni 3 BpaxyBaHHSM HaJaHUX IMOYATKOBHUX JAHUX OTPUMAEMO TaKi 3HAUCHHS
PO3AIUICHUX PI3HUIL.

_T0) - F(x) _164-181

f (%o 7,
(%0 %) X —Xo 0,3-0,2 -
F (30 %) = f(X)— T (%) _ 155-164 _ 045
Xo — X% 05-03
f(Xs)— (X% 79-155
f(XZ;X3) _ ( 3) ( 2) :11 l, ::LZ,
X3 — X, 0,7-05
F (%1 Xa) = f(Xg)— f(X3) _ 2,06-1,79 _135
X4 — X3 09-0,7
f(XO, Xl; X2) _ f(Xl; XZ)_ f(XO’ Xl) — _0145_(_117) — 4,167,
Xo — Xg 0,5-0,2
f(X]_; X2,X3) _ f(XZ’X3)_ f(xl’XZ) _ 112_(_0’45) — 4,125,
X3 — X% 0,7-0,3
f(Xs,X%,)— T (X, X 135-12
f (X, Xg,X4) = (%3 ;) x( 2 3):09 05=O,375;
4~ X2 =Y,
f (%, %o, %) — T (X, X%, X 4125-4167
f(XO;X]_;XZ;XS): (Xl 2 )\?;) XO(XO 1 2) _ 07 05 =—0,084;
< I — Y,
f (X5, X%a,Xq) — T (%, %o, X% 0,375-4,125
F (X X Xl Xa) = (X2, %3 ;) X(X1 2:%3) _ T — 625
4~ A 7= U,
f (X5, X2, %4) — (X, %o, % - 6.25—-(-0,084
f(xo;xl;xz;x3;x4): ( 2173 ;(l) XO( 1 N2 3) — 09 (02 ):—8,809,
4 Yy

10 HaJ1aHO B Ta0mI 7.8.

Tabauys 7.8. 3navenns po3aiienux pisaunb s pynkuii  (X)

X y=f(a) | T, %) | (X %, %9 4, %, X X1) | T4, X, Xy X1,%n)
0,2 1,81 -1,7 4,167 -0,084 -8,809
0,3 1,64 -0,45 4,125 -6,25
0,5 1,55 1,2 0,375
0,7 1,79 1,35
0,9 2,06

[lepma iaTepmonsmiitHa ¢gopmyna HeioToHa mist iHTEpHmOAIii 3amxaHOl
tabmurero pyukmii f (X) MaTuMe Takuil BUTIIS:
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Pa()= f(x0) + (X=20) T(x0, %) + (X=%0) (X=) ) T (X0, %, %2) +
+(X—=X) (X=X )(X=X2) f (X0, %, %2 %3) +
+(X = X0) (X = X )(X = X2 ) (X = X3) f (Xg, X1, X2, X3, X4)-
3 BpaxyBaHHSM pO3JAUICHUX PI3HUIL OTPUMAEMO TaKy I1HTEPHOJSALINHY
dbopmysTy THTEPHOJIALIT BIIEpe:

Py(X) = 181+(-17)(x—0,2)+4,167(x—0,2)(x—0,3) + (—0,084) +

+ (x-0,2)(x-0,3)(x—0,5) + +(-8,809)(x - 0,2)(x — 0,3)(x— 0,5)(x—0,7) =

= -8,809x" +14,891x° - 4,646x° —1,634x + 2,218.

Bionosiob. Indopmaniiina ¢opmyna HpioToHa, mo Habmuxkae 3amaHa

taoymnero Gyukiio f(X), Mmae Takuit BUTIISA;
P,(X) = —8809x* +14,891x° — 4,646x° —1,634x + 2,218.
Toni Habmmwkene 3HaueHHs QyHkiii f (X) B Touri X = 0,25 Oyze qopiBHIOBATH:
f(x) ~ P,(0,25) =—-8,809-0,25" +14,891.0,25° - 4,646-0,25° — |
-1634-0,25+2,218=1,7174

Buxonaemo nepeBipky iHTepHosiiHo1 popMynu HeroToHa UIAXOM HOT0

0oO0YHCIICeHHS B BY3Ji iHTepnofsaii X = 0,5:

P,(%,) = P,(0,5) = —8,809-0,5% +14,891.0,5> — 4,646 0,5% —
~1,634-0,5+ 2,218 =1,55031

Taxum unnom, P,(0,5) =1,55031~ f (x,) =15.
IMpuknan. Bukonatu wHaOmmwkenHs ¢ynkmii f(X), mo 3amana cBoimu

3HAYEHHSAMH B I’ ITH TOYKAX Ha iHTEepBaii [&; b]
X 0,2 0,3 04 0,6 0,8
y 14 12 11 16 2.0

BUKOPHUCTOBYIOUH APYTY IHTEPHOIALINHY popmyny HbroTona.
BusnauuTtu 3aranbpHuil BUrisi nojainomy Herotona. O0unciut HaOIMKeHe

sHaueHHs ¢yHkmii f(x) B Toumi X=0,55 3a momomoror iHTEPHOISIIHHOTO

MOJIIHOMY .
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Po36’ azok. J1nst oTpuMaHHs IHTEPNOJALINHOT hopmyiu HbI0TOH BU3HAYUMO
pO3MdiJIeHI PpI3HUIIl 3TIHO HaBeAeHUX BHINe ¢Gopmyn. Po3zmineni pi3HuUIi

MPEACTaBUMO B BHUTJISAII TaOwmi 7.9.

Tabnuys 7.9. 3navenns posaiienux Tadauui ausa pynkuii T (X)

X | y=foa) | fOa %) | fO6 %, %9 f(xi, X, X, %) f(X, %55 Xis X3 Xn)
0,2 14 -2 5 16,6675 -70,83167
0,3 1,2 -1 11,667 -85,834

0,4 1,1 2,5 -1,25

0,6 1,6 2

0,8 2,0

Hpyra intepnonsuiina ¢popmyna HeroToHa anig po3B’si3aHHA JaHOi 3a1adi
NPEICTABIIETHCS SIK:
Pa(%) = £ (X )+ (X=Xg) F (X0 )+ (X=X3)(X = X3) T (X5, %3,%4)+
+ (X=X ) (X = Xg) (X = %) T (5q,%5,%3%,) +
+ (%01 XX, %% ) (X = X4 ) (X = X3) (X = X2 ) (X = X ).
Toni, 3 BpaxyBaHHSM PO3AUICHUX Pi3HUIIL OTPUMAEMO:
P,(x) = 2+2(x-0,8) + (-1,25)(x-0,8)(x-0,6) +
+ (—85,834)(x—0,8)(x—0,6)(x—0,4) +
+(-70,83167)(x—0,8)(x—0,6)(x—0,4)(x-0,3) =
= -70,8317x" +122,9125x® - 66,663x° + 2,5818x + 0,68.

Bionogios. [pyra indopmariiina hopmyna HeroToHa, 1o Habmuxae 3agaHa

tabOnunero ¢pyukuito f(X), Mae Takuii BUIISL;

P,(X) = —70,8317x* +122,9125x> — 66,663x* + +2,5818x + 0,68.
HaGmmxene 3navenns Gynkiii f(X) B Touri X = 0,55 Oyze nopiBHIOBaTH:
f (0,55) ~ P,(0,55) = (~70,8317)(0,55)* + (122,9125)(0,55)° —
— 66,663(0,55) + 2,5818(0,55) + 0,68 =1,40246.

Buxonaemo nepeBipKy iHTepmosiiitHoi ¢popmynu HproToHa nuisixom #oro

0O0YHCIIeHHS B BY3J1i iHTeprnofsiii X =0,6:

P,(0,6) = (~70,8317)(0,6)* + (122,9125)(0,6)* — 66,663(0,6) +
+2,5818(0,6) + 0,68 =1,59971.
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Takum unnom P, (0,6) =1,59971~ f (x3) =1,6.

7.3. InTepnoJsiis criaiiHaMu

Sxmo ¢yskmis f(X) 3amana cBoimu 3HadeHHsmu B (N+1)-# Touri, To il
MOKHa anpOKCUMYBATH IHTEPHOJALIHHUMU moniHOMaMu Jlarpanxa i1 HeroToHa.
AJte Ipu BUKOPUCTAHHI BEITMKOI KIJTLKOCTI BY3J11B BUHUKAE OCIUJIALISI MHOTOWICHA

P,(X) Mix By31aMu, OCKUTBKM BiH Ma€ TOYKH MaKCUMyMY 1 MiHIMyMy B TiHCHHX

HYJIAX TOXIAHOI. YCYHYTHM 1€ MOXHA 3MEHIIEHHSM CTEMEeHl IMOJIHOMAa,
IHTEpPIIONIOIOYM TIIBKM YAaCTUHY TOYOK. Toml Uil yciel MHOXHHHM TOYOK
OTPUMYIOTh CKJIaJIeHy KpUBY, sika Oe3repepBHa Ha YChOMY 1HTEpBali, aje y By3iax
“CckieroBaHHS” OKpEeMHX KpHMBHX 11 moximHi OyayTe po3puBHi. [loxmOka Takoro
HAOJIMKEHHST MOXE BMSBUTHCS 3HauHOIO. KpiMm TOro, 1e HempuilHATHE B THUX
MPaKTUYHO BAXJIMBUX 3a/1auyax, KOJW TJIAJKICTh alpOKCUMYIO4Oi (YHKIT Mae
ICTOTHE 3HAYEHHS.

OctanHiM YacoM B Teopii almpoKCUMaIlli MHUPOKE 3aCTOCYBAHHS OTPUMAIH
CIUTAiHU, 10 JO3BOJISIIOTH B JEAKINH MIpl YCYHYTH HEJOJIKH KJIACUYHUX METOIB
HaOmKeHs [5, 6, 44, 48].

CnoBo «crnaite» (anri. Spline) o3Havyae rHyYKy JIiHIWKY, BUKOPHCTOBYBaHY
TSl TIPOBEJICHHS TJIaICHPKUX KPUBUX Yepe3 3a/1aHi TOUKH IUIoIuHY [44].

['maaxicTh 1 THYYKICTh CIUIAHIB 00OYMOBIIIOE iX PI3HOMAHITHE 3aCTOCYBAHHS
IpU MOJICTIOBaHHI TPOIECIB 1 CHCTEM, B KOHCTPYIOBaHHI KPWUBHUX 1 MOBEPXOHb,
B 00poOIll 1 MpeACTaBlI€HHI TE€OMETPUYHOI iH(pOpMallli, a TaKoX B caMii
MaTeMaTulll — B Teopli ampokcuMalii, HOpPU YHUCETbHIA IHTErpyBaHHI 1
nudepeHIiloBaHHI, YHCETbHOMY PO3B’ si3aHH1 AUGEpEeHIIabHUX 1 1HTerpaIbHUX
piBHAHB. Amapar CIJIaliHIB Ma€ psii BUHIATKOBUX IIepeBar, MepeayciM MpOCTii
peanizaiii Mpu KOMII I0TepHOMY MozentoBanHi. [Ipu oOuucienHi mnapamerpis
IHTEepHOJIALIIHOTO CIUIaiiHy, B BIIMIHHOCTI BiJI 1HTEPHOJALIAHUX TMOJIIHOMIB,
NOTPiOHO PO3B’SA3aHHS CHUCTEMHU alreOpaidHuX PIiBHSIHB 3 TPHOX J1arOHAIBHOIO
matpuiero. CrutaitHu 3a06e3MmedyloTh BUCOKY TOYHICTh alpOKCHUMAIlli OJHOYACHO 1
byHKil, 1 i1 moxXigHuX. Y psiIl BaXJIMBUX BUITAJKIB BOHH JO3BOJISIIOTH OTPUMATH
HAOJIMDKEHHST 3 MIHIMAJIbHO MOJKJIMBOIO MOXHMOKOI Ha IhOMY Kiaci (yHKIINH B
MOPIBHSAHHI 3 IHIIUMH MeToAaMH. Tpeba 3a3HAYMTH TaKOX CTIHKICTH BiJTHOCHO
JIOKaJIbHUX 30yJDKEHb CIUIaliHy, MPEACTAaBICHOTO Y BUIUIAJI JiHINHOI KOMOIHAIT

0a3MCHUX CIUIAMHIB. HE3HA4YHa 3MiHA 3HaYeHb (YHKIIT B OJHOMY a00 JEKUIBKOX
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By3JIaX 1HTEPIOJIALIT MaJIO MO3HAYAETHCS HAa HOTO 3HAUCHHSAX Ha JIEIKOMY BiJcTaHi
BiJl ux Touok. CItaliHu MO>KHA 3aCTOCOBYBATH ISl HAOMMKEHHS TaKuX (QyHKIIIH,
Mipa TJIAAKOCTI Mipa TJaAKOCTI SKAX HEOJHAKOBAa Ha PI3HUX JIUISHKAX
ampOKCUMYIOUOTO BiAPi3Ky. I, HapemTi, 70 mepeBar CIUIaiHIB CIIiJ BIIHECTH iX
MPOCTE y3arajbHEHHs Ha OaraTOBUMipHI BUTIAJKH.

B 3aranpHOMY BUTIAQJIKY CIUTalH € (QYHKITIEO, IO «CKJICEHA» 3 y3aralbHEHUX
MOJIIHOMIB TaKMM YWHOM, IO B TOYKAX «CKJICIOBAHHS» 3HAYEHHS MOJIIHOMIB 1
3HAYEHHS 1X MOXIJHUX JI0 JESIKOTO TOPSAJIKY CIiBHaAarTh. HalbiibIn nmpoctumu €
KYCKOBO-TIOJIIHOMIaJIbHI ~ CIIAaHM, JUISI SIKUX B SKOCTI 0a3uCHUX (QyHKIIIH
BUKOPHUCTOBYIOTH anreOpaiyHi MOIIHOMH.

Ha cboroaHi icCHy10Th KUIbKa BUJIB CIUIaiH-QyHKUINA. Po3riasiHemMo okpemuii
BUIAJIOK, 1110 HAMOUIbII MOMIUPEHUN B OOUMCIIIOBAJIbHIN MPaKTUIll, KOJIU CIUIAlH
BU3HAYAETHCS 32 JOMOMOTOI0 MHOTOUWICHIB TPEThOI cTereHi (KyOiYHMIA CTUTalH).

HaBenemo ocHOBH TIOOYI0BU KyOiduHOTO Crutaiiny [44].

Hexaii ¢ynkmis  f(X) 3amanma ©Ha Bigpisky [a;b] y By3smax
a=Xy <X <Xy <..<X,=Db cBoimu 3nauennsamu f(x)=y;, (1=0,1...,n).

dynkuis  S3(X) HasuBaeThCst KyOIYHUM CIUTAfHOM, IO 1HTEPHOIIOE
dynkuiro f(X) y By3nax Xg, Xi, -y Xy, AKIIO:

— Ha KO)XKHOMY 3 BiJIpi3KiB [X; Xi,4] (1=0,1...,n—-1) BoHa € MHOrOWICHOM

HE BUIIE 3a TPEThOi cTemneHi, Tooto S3(X) € B(X);
— S3(X) OesmepepBHa Ha [&; D] pa3om 31 CBOIMH MOXITHUMH IO JAPYTOro
HOPAIKY BKIIOYHO, TOOTO S3(X) € Ca; b];
—y By3Jax citku QyHKIii S;(X) 3a10BOJNBHIIOTE YMOBAM iHTEPITOJISIIIT
SS(XI) = f(XI)’ (I =0,1.., n)'
JloBeneMo iCHyBaHHS ¥ €IMHHICTH CIUIAiHY, 110 BU3HAYCHMN BKAa3aHUMU
ymoBamu. HaBeenunii HuxK4e T0Ka3 MICTUTh TaKOX CIOCI0 MOOYI0BHU CIUTAHY.

Ckopucrtaemocss KyCKOBO-IIOJIIHOMIAJIbHUM MPEICTaBIEHHSAM KyOI4HOTO

CIUTaliHy Ha KOXHOMY 13 BiIpi3KiB [X_4, %], 1=12,...,n

S0 =800 b x) +g EXV 4 g X (7.2

6

ne a,b,G,d — koedimieHTH, MO HAIATafOTh BU3HAYCHHIO. [IOSICHUMO 3MICT

BBEJICHUX KOE(IIIEHTIB.



124 7. HabnuxeHHst pyHKIiH

I3 (7.22) maemo:
S00=0+6(x-%)+ L(x-%)?
S(¥)=c+di(x-%), SX=d.

Tomy Brouni X & =§(x), bh=3(05), G=5), d=3(x).

3 ymoB inTepromoBanHs S(X) = f(x), 1=0,1 2, ..., n orpuMaemo, 1110

a="1(x),1=12..,n
Bcranosumo, mo ap = f(Xy).
Bumoru 6e3nepepBHOCTi GyHKIiT S(X) MpU3BOIAATH 10 BAKOHAHHS YMOB:
S(%41) =9.(%), 1=12,...,n-1.
3BifcH, BpaxoBYIOUM BHpasu i QyHKIII S (X), OTpUMyeMO KOXHOTO i3
=1 2,...,n—1 piBHSIHb

C d
a :ai+l+Q+l()ﬁ _Xi+1)+%l(xi _Xi+l)2 + gl (X| _Xi+1)3-

[MoznaumBmm hy =X, — X,_;, mepenuiieMo Iii piBHAHHS y TaKOMY BUJI

W, K
hh _?CI +Edi = fi - fi—l’ | ::L 2,..., n. (723)

YMoBH 0e3mepepBHOCTI MEPIIOT MOX1IHOT
S(x)=9,1(%), 1=12,.,n-1,

MPU3BOSTH /IO PIBHSIHb

d :
qh—jnzzq—q_l, i=23..,n. (7.24)
3 yMOBH 0€3MEpEepBHOCTI APYTOi MOX1AHOI OTPUMYEMO PIBHSIHHS
dh=¢-G_, 1=23..,n. (7.25)

OO0’ ennytoun piBusHH:A (7.23) — (7.25), orpumaemo cucteMy (3n-2) piBHSAHB
BiHOCHO 3N HeBimomux b, G, d;,i=12,...,n. JIBa piBHSHHSA, IO IIe HEOOXIiIHI
JUISl PO3B’ SI3aHHS CUCTEMH, OTPUMYIOTh, 33JIaf04H T1 00 1HIII TPaHUYHI YMOBH JJISI

S(x). Hexaif, Hanpuxian,  QyHKIsS f(X) 3amoBONIBHAE  yMOBam
f"(@)=f"(b)=0. Tomi mpupomuo Bumaratu, o6 S’(a)=S"(b)=0. 3siacu
orpumyemo S/(%5) =0, §(X,) =0, To6TO

¢ —d;h=0,..,c,=0.
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Bupgno, mo ymoBa C,—dhh=0 cniBnamae 3 piBusHHEAM (7.25) npu i =1,
SKIIO TOKIAacTH Cy=0. TakuM 4YMHOM, TPUXOAUMO JO 3aMKHYTOI CHUCTEMHU

PIBHSIHB JIJIs1 BU3HAYEHHS KOe(II€HTIB KyOIYHOTO CILIaiiHy.

hd, =G —G_4, i1=12..,n, Co=Cy =0, (7.26)
2
he —h'?di =h -b_,, i1=2,3..,n, (7.27)
W, K
hiy —?q +Edi =f - fi_y, 1=123,..,n (7.28)

[lepekonaemocst B TOMy, IO 111 CUCTEMa Ma€ €IMHE pilleHHs. Bukiounmo 3

piBusiHb (7.26)<7.28) 3minni b, d;,i=12,..,n—-1 i orpumaemo cucremy, mIO

MmictuTh Tk G 1=12,..,n-1. Jlngd 0poro po3msiHEMO JBa CycCiaHi
piBHsiHHS (7.28):
2 —_— .
b :h_ci _h_di +Q,
6 h
2 —_— .
Q—l — hz—l Ci—l_ h6—1 di—l+ fl—lh f|—2 ,
-1

1 BITHIMEMO JIpyTre piBHSAHHSA 3 nepioro. Toai oTpumMaemMo

b —Q—1=%(hci - h—lci—l)_é(hizdi ~hyd )+ fifia fia- fi—2.

h 1R}

[lincraBisroun 3HaligeHe BHpaxkeHHS Ui [ —b, B mpaBy dactuHy

piBusiHHS (7.27), OTpUMaEMO

2 2 fo—f, f,—f
hci"'h—lci—l_%di—l_%di :2( : h L I_lh-1l_2j (7.29)

Haui, 3 piBasHHSA (7.26) OTpUMy€EMO

hzdi =h (¢ —¢ ), hz—ldi—l =h_4(6a—¢)

1, MiACTaBIIsAIOYH 11l Bupasu B (7.29), mpux0IuMo 10 PiBHSIHHS

hacio+2(h g +h)e 1 +hg =6[ fi _hfi—l_ fi—lh__lfi—Z}

OcTtarouHo U1 BU3HAYEHHS KOE€(ILIEHTIB G OTPUMYEMO CUCTEMY PIBHSHD

heg+2(0 +hug)e +Roaca = fiaa =¥ - fi _hfi_l} (7.30)

I’\+1
1=12,..,n=-1 cg=cy =0.
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BHacmimok giaroHambHoro mpezictaBieHHs cucteMa (7.30) Mae enuHe
pimenns. OCKiTbKA MaTpUIS TPhOXAiaroHaIbHA, PIIICHHS JIETKO 3HAWTH METOAO0M
MIPOTOHY, KU B TAaHOMY BHUTIQIKY OyJe CTIHKHM. 3a 3HAWICHUMH KOe]illi€HTaMH
C xoedimientu b i d; BU3HaUarOTHCA 32 JONIOMOTO0 (HOPMYIT:

¢ —¢ f

2
_G=Ga h:%ci_%di_i';M’ i=12,..,n. (7.31)

d = h
TakuM YMHOM JIOBEIEHO, IO ICHYE€ €IWHUM KyOIYHMM CIUTaiiH, SIKUM

BU3HAUCHO 3a HAJAaHUMH paHIll TphbOMa YMOBaMU [0 KyOIYHUX CIUIaiHIB 1

TPAaHNYHUMH YMOBaMH
S'(a) —-S'(b)=0.
Bu3zHaunMo OIiHKY MOXHOKHU 1HTEPIOJIALII CTIalfHaMuU

M ,h?
8

\f(x)—t%(x)\s%”f “(x)—s'l(x)uc(wh)hffs

e M4:max‘f(4)(x)‘, xe[a:b].

['eomeTpuuHe mpencTaBIEHHS KyCKOBO-NOJIIHOMIAIBHOT 1HTEPIOSLIl a

BUTJISITI CIIAH-QYHKITIN TIpeICTaBICHO HA PUCYHKY 7.3.

=

Puc.7.3. TeomerpruHe MpeaCTaBICHHS CIUIAHH-QYHKITIH
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IMpukaan. Bukonatn wabmmkeHHs Gynkuii Y= f(X), mo 3amaHa cBoiMu
3HadeHHsIMH B (N+1) Touri Ha inTepBaii [&; b], 3a momoMororo kyOiYHUX CILIaiH-

GyHKIIIH.

X 0,2 0,3 0,5 0,7 0,9
y 1,81 1,64 1,55 1,79 2,06

Busnauntu 3aranbHUMl  BUTIA CIUTaiH-QyHKIiIT Ta i1 3HAa4YeHHA B
tourl X =0,25.
Po36’ azox. KyckoBo-inTepnossiniiiHa ¢QyHKIiis Oyae mnpeacraBieHa B

BUTJISI/II YOTUPHOX KyOIYHHUX MOJIIHOMIB SIK:

s<x>=a+Q{x—m>+‘*(xj)2+di(xg‘)3; 1-12,34

a=Y,; a=Y1=164 a,=Yy,=155 a;=y; =179 a, =y, =206
h=X-%1, Xa<x<x;i1=1234

Jliis BU3Ha4eHHs Koe(ILIeHTIB C;, C, 1 C3 PO3B’ SDKEMO CUCTEMY PIBHSHb!

heig+2(0 + R + h+1ci+1:6[ yiﬁ_ h d —th—l} 1=12,3¢=¢=0.
+1

hyco +2(hy +hy)eq + ooy :6(3/2 — Y1 Yi— YOJ
h, hy

hocy +2(hy + hg)ey +hgeg = Ya=Y¥2 Yo— )ﬁj _
hs h,

hse, +2(hg + hy) ez + hyey =6[y4 — Y3 Ya3-— Y2J
h, hg

[Ticas BU3HAUEHHS YaCTKOBUX 1HTEPBAJIB MPHU MOOYA0BI CIIaitH-PYHKIIIN Ta

M1JCTaBJICHHS 1X 3HaY€Hb B CUCTEMY PIBHAHb OTPUMYEMO:

2-(01+0,2)c; +0,2c, = 6(]*55_164_164—181j

0,2 01

0,2 0,2

206-179 179-155
0,2 0,2

0,26, +2-(0,2+0,2)c, + 0,2, = 6(L79—l55_l55—],64J.

0,2, +2-(0,2+0,2)c; = 6(
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Tomi
0,6c,+0,2c, =75
0,2c, +0,8c, +0,2¢c5=9,9.
0,2c,+0,8¢c5=0,9

[Ipu po3B’ si3aH1 JaHOT CUCTEMU JIIHIHHUX anreOpaidHuX pIBHSHb BU3HAYEHO!

=9 ¢, =105 c3=-15.

Koedinientn d; ta by, i =1, 2, 3, 4 Bu3HauaroThCA SIK:
di:%’ h:%ci_%di+%ci’ i:l,2,3,4.
Tomi
Oll:cl—coz9—O:90; d3:0‘3_C2:_:L5_1O’5=—60;
hy 01 hs 0,2
dz:cz—(:l:10,5—9:7,5; d4:C4_C3:O+]’5:7,5;
h, 0,2 h, 0,2
2 B 2 _
bl:ﬂq_lleru:O_’l.o,g_o’l .90+L64 ]“81:_L4;
2 6 hy 2 6 01
2 B 2 B
b, :&Cz—h—2d2+u:%-10,5—£-7,5+M:0,55;
2 6 h, 2 6 0,2
hy h: . vya-y, 02 0,2 1,79-155 _
==C——0,+>—"%=".(-15-—"—-(-60)+ ——""—=145;
Dy = 50— s+ X2 = T (1) - S (60 =l
2 _ 2 _
b4 :mC4_h_4d4+ y4 y3 :_0’2 7,5+—2’06 1'79 :1,3.
2 6 h, 6 0,2

TakuM YMHOM OTPHUMAHO TaKl 3HaYEHHS KOE(ILIE€HTIB CIIaitH-QYHKITIH:
=9 ¢ =105 c3=15
d; =90; d, =7,5; d3=60; d, =75
b, =14; b, =0,55; b; =1,45; b, =13.

3 BpaxyBaHHSIM BHM3HAYCHHMX KOE(DIII€HTIB CIUIalH-QYHKIII Ha KOXHOMY

YaCTKOBOMY 1HTEpBaji OyIyTh MaTH TaKUil BUTJISI:

S(X)=a +b(x—x)+¢g (><—2x1)2 +d, (X‘6X1)3 =164+ (-14)-(x-0,3) +

n 9M n 90& =15x> —9x% — 0,05x + 2,06;
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S,(X)=a, +b,(Xx—X%,) + CZ%-F dzw =155+0,55-(x—0,5) +
+10,5- (x-08°* +(-7,5)- % =1,25x3 + 3,375x? — 3,7625x + 2,43125;
S3(X) = ag + b3 (X—X3) +%%+ dgw =1,79+145-(x—0,7+
+(-15)- % +(—60) - @ =—10x° + 20,255x% —12,2x + 38375,
S4(X) = 8 + by (X~ %) +C4 (X‘ZX“)Z +d, (X‘6X4)3 -
_206+13.(x_09) + 0. X=09" ;5 (x ‘2’9)3 _

—1.25x° — 3,375x> + 4,3375x — 0,02125.

Bionogiob. ®yukmiro f(X) MoXHa IHTEPHOJIIOBATH TAKUMH CIUIAHH-

GyHKIISIMU:
Sy(X) =15x° — 9x? — 0,05x + 2,06;
S,(x) =1,25x° + 3,375x° — 3,7625x + 2,43125;
S,(X) = —10x° + 20,255x% —12,2x + 3,8375,
S,(X) =1,25x> —3,375x? + 4,3375x— 0,02125.

Ilepesipra: S(2,3)=S,(2,3) =182, S,(2,4)=S;(2,4) =1,64.
Touka Xx=0,25 Bignoimae dactkoBoMy iHTepBany [0,2;0,3]. Tomy mus

BU3HA4YCHHS 3HadyeHHs ¢yHkmii f(X) B maHiii Touli TpebGa BUKOPUCTOBYBATH

crutaiH-gykuio S (X). Toxi

f (0,25) ~ $,(0,25) =15-0,25° —9-0,25% — 0,05- 0,25+ 2,06 = 1,719375.
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7.4. OGepHeHa iHTEpPHOJISILs

B nmnomepenHix mipo3auiax po3MISAAIMCH 3afayl  IHTEpHoOJsALii, TOOTO
3HAXO/PKEHHS 3HaueHHS (YyHKIiI B TOYKax, [0 HE CIIBNAAAIOTh 3 BYy3JIaMU
THTEPIOJISIII.

Iukonn BuHHKAE moTpeba po3B’sA3aTH 3BOPOTHY (0OEpHEHy) 3amady, sKa
(bOpMyITIOETHCSI HACTYITHUM YHMHOM: 3a TaOJMIICI0 3HAYeHb (PYHKIIT BU3HAYUTH
3HAUEHHS apryMEHTY X, AKOMY BIANOBiAa€ AaHe 3HA4YCHHS (DYHKIIII, 110 BiJICYTHE
B TA0JIMIII TOYaTKOBUX JaHUX.

3anauy o0epHEHOi IHTEpHOJALIi MOKHA JIETKO MOBEPHYTH, SKILIO BBaXKaTH
3Ha4YeHHS (PYHKIIII apryMEHTOM, a 3HA4YeHHS apryMeHTy — (yHkIiiero. Taka 3amiHa
MiclIMA  (QYHKIIIA 1 apryMeHTIB MPU3BOJUTH 1O TOTO, IO BY3JIHW HOBOI
IHTEpHOJAii OyIyTh HEpPIBHOBIAJAICHUMH. ToMmy Ui peanizaiii oOepHEHOi
IHTEpHOJALli MOXKHAa BHUKOpUCTOBYBaTH (opmynn Jlarpanxka, 1HTEpHOJALINHI
dbopmynu HeroToHa npu HEPIBHOBIAAIEHUX BY3J1aX a00 CrulaifH-QyHKITII.

IMpuxnan. Hexait ¢pynkiis y = f(X) Tabiauiero cBOiX 3HAUCHB B IT SITH TOUKAX

X 37 38 39 40 4,1
f(x) 0,2160494 | 02129001 | 02098875 | 0,2070019 | 0,2042345

Busnauutu, skoMy apryMmenty BifnoBigae 3HaueHHs ¢pynkuii 0,2116793.

Po36’ si30k. 3naueHHss QyHKIIT 3HAXOJAUTHCS MK 3HAYEHHS apryMeHTy 3,8
ta 3,9. Tomy 3amady 3HaxXOKEHHS apryMEHTy MOJXKHAa BBaXKaTH 3a/Jayelio
iHTEepHoJIALii TAOJMYHO 3amaHoi (YHKIT 31 3MIHHUM (HEPiBHOBIITAICHIM)

KPOKOM, B K1/ MMOMIHSUIA MICISIMU (DYHKIIIFO 1 apTyMEHT

X 0,2129001 0,2098875 0,2070019

y, = f(X) 3.8 39 4,0

Tomi g inTepmossii (QyHKIIT MOXXHA BHUKOPHCTOBYBATH I1HTEPIOJISIIIAHI
MHorowienu Jlarpamxka, HploToHa mpu HEpIBHOBIIJAJICHMX By3Jax Ta CIUIAlH-

dynxkii. [t po3B’ s;3aHHS qaHOT 331241 BUKoprcToByeMo dopmyiry Jlarpamka. Tomi

_ (X=x)(X=xp) (X=X%0)(X—=X5) (X=%)(x=x) ., _
Y o) (%0 - %) 0 (M=) %0) L (% — %) (X — %) 2
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_ (0,2116793 - 0,2098875)(0,2116793— 0,2070019)

" (0,2129001- 0,2098875)(0,2129001 — 0,2070019)

_ (0,2116793-0,2129001)(0,2116793 - 0,2070019) , , .
(0,2098875 — 0,2129001)(0,2098875 — 0,2070019)

_(0,2116793 - 0,2129001)(0,2116793 — 0,2098875)

= 4,0=384.
(0,2070019 - 0,2129001)(0,2070019 — 0,20998875)

Bionogiob. ®yuxkiis f(x)=0,2116793 Bianosizae 3HAUYCHHIO APTyMEHTY
X=384.

7.5. ExcrpanoJsiiis

[HTepnonsamiiiai GopMysn MOXYTh OyTH BHUKOPHUCTAHI 1 JJIsI 3HAXOJKECHHS
3HaYeHb (YHKIi, IO BIAMOBIIaIOTh 3HAYEHHSM apryMEHTY, IO 3HAXOISAThCS 3a
MeXKaMH TaOJUIll MOYaTKOBHUX JaHWUX, TOOTO 3a MEKaMH TPaHUIb 1HTEPITOJIAII, a
caMe po3B’ sI3aHHA 3a7a9l €KCTPAIOJISIII.

BuxopucranHs  iHTEpHONALIAHUX  (QopMyn aias  eKCTpamojsuii  He
BIJIPI3HAETHCSA Bl PO3TISHYTHX paHill NpukiIaaiB. [IpupogHor0 BiIMIHHICTIO € Te,
o0 JJs IHTEepPHoOJALii 3a TMepuIo 1HTepnoisamiiHoi Gopmynoro HeroToHa
3HAUCHHS MapameTpa t € JOJaTHIM, a IPU eKCTPanoJsIiii — Bia eMHuM. s apyroi
iHTepriomsiitHol  ¢popmymu  HeioroHa — 3BopotHe. Ilpu iHTepmomsamii t €
BIJI' EMHHM, a TIPH €KCTPAIOJIAIIT — JOJATHIM.

Takum  ymHOM,  mepma  iHTepnojsuiiHa  ¢opmyna  Heiorona
BUKOPUCTOBYETHCSl Ui IHTEPHOJIALIl BIEpel, a B eKCTpamoysalii — Hazami,
a Ipyra — JUIsl IHTEPIOJIALIT — Ha3a 1 B €KCTPAIOJIALIl — BIIEPEI.

Excrpanonsiis 3a apyrowo iHTepnossimiiiHoo ¢opmyrnor HeioTona
BUKOHYETHCS aHAJIOT1YHO .

BignocHo iHTepnonsamiitHux ¢dopmyn Jlarpamxka, TO g 0OYMCIEHHS
3HAYeHHS (GYHKIII mpu Oyap-sKuX X (TOOTO BHUKOPUCTAHHS IHTEPHONSIIHHUX
bopMyIT [T eKCTPAIoIALii) TOCTaTHBO TiIJIbKHM MiAcTaBUTH B popmyny HeroToHa
BIJINOB1/IHE 3HAYEHHS apTYMEHTY.

Tpeba Big3HAYMTH, IO BUKOPUCTAHHS EKCTPAIOJAIIl MPU3BOIUTH [0
OUTPIIMX MOXUOOK OOUMCIEHHS, HIXK MPHU THTEPIIOJIALIL, Ta 1 MeXI1 i1 3acTOCyBaHHS

€ OOMEXEHUMU.
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Ipukaan. 3a 3HaueHHAM QYHKIIT Y =SINX B MeXax BiJ X = 15° 0 X= 55°

3 kpokoM h="5", mo Haxaui B TaGiuui, BusHaunta sin14° ta sin56° [19)].

X 15 20 25 30 35 40 45 50 55
y 0,2588 | 0,3420 | 0,4226 | 0,5000 | 0,5736 | 0,6428 | 0,7071 | 0,7660 | 0,8192

Po36 si30k: JInst BU3HAYEHHS 3HaYCHb (QYHKIT Y =SINX y BKa3aHUX TOYKAX
3aCTOCOBYEMO eKCcTpanossiiiai popmynu HetoToHa.

JIis 1bOro OTpUMaHHS BIAMOBIAHUX €KCTPAMOIALIHHUX (POpMyYIT BUSHAUUMO
KIHIIEBI pi3HUIN, ki HaBeaeHo B Tabmumi 7.10. Tlpum mpomy oOMEXyeMOCH
PI3HUISIMH TPETHOTO MOPSAKY TOMY, IO PI3HUII MPAKTUYHO HE 3MIHIOIOTHCS.

Jlns  BU3HAYEHHS sin14° BUKOPHUCTOBYEMO TMEpUIy 1HTEPHOJISIIHHY
dbopmyny Hetotona To6to popmyny HeroToHa ekcTpamnoisiii Ha3a.

Tabnuys 7.10. 3HavyeHHs KiHIEeBUX Pi3HUIb A QyHKIIT Y =SNX

X y Ay A’y A’y Aty
15 0,2588 0,0832 -0,0026 0,0006 0,0000
20 0,3420 0,0806 -0,0032 0,0006 0,0000
25 0,4226 0,0771 -0,0038 0,0006 0,0000
30 0,5000 0,0736 -0,0044 0,0006 0,0001
35 0,5736 0,0692 -0,0049 0,0005 -0,0002
40 0,6428 0,0643 -0,0054 0,0003
45 0,7071 0,0589 -0,0057
50 0,7660 0,0532
55 0,8192

Jlns BU3HAYEHHS S n14° BB@KAEMO, M0 Xy =S n15° i x=sin14° pu
h=5° , TOJI
_Xx—x 14°-158°
h 50
3rigHo 3 (7.11) orpumyemo

t -0,2.

2 3
R,(140) = v, +%t+%t(t—l)+%t(t _1)(t-2) =

—0,2588+(~0,2)-0,0832+ %25_1“2) (~0,0026) +

N (—0,2)<—;2)(—2,2) (_0,0006) + (—0,2)(—l2{45—212)<—3’2) (0,0000) = 0,2419,

Takum unnom f (14°) ~ P(14°) = 0,2419.

Jyis BU3HAUEHHS SiN 56° BUKOPUCTOBYEMO JIPYTY IHTEPIOJISIINHY (hopMyITy
Hrrotona To6To popmyny HbroToHa ekcTpamnosnsiii Boepe.



C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 133

Jlts Busmauenns Sin56° BBakaemo, mo X, =sin55° i X =sin56° mpu
h=5° , TOI1
 56°-55°

t =0

0,2
3rigno 3 (7.13) orpuMyeMo
2 3
R;(56) = yg + %t + %t(t +1) + +%t(t +D(t+2)+

0,2-12
2

4
+ %t(t +1)(t+2)(t+3)=0,8192+0,2-0,0532 + (~0,0057) +

+O,2-ZL2-2,2

(~0,0003) + (~0,0002) = 0,8291.

0,2-12-2,2-32
4

3incu f (56°) ~ P(56°) = 0,8291.
Bionosiob: BUKOpPHCTOBYIOYM €KCTpamosiiiiHi  ¢opmymu HeroToHa

OTPUMAaHO 3HaueHHS (PyHKIIT Y=SINX 3a MeKaMHu i1 MOYATKOBOTO BU3HAYCHHS:

f (14%) ~ P(14°%) = 0,2419: f (56%) ~ P(56°) = 0,8291.

7.6. Anpokcumaiiss QyHKIIii
METO/IOM HaliMeHIIUX KBaJpaTiB

Bigomo, mo mnpwm IHTEPIIONIOBaHHI MPEICTABICHOI TaOIUIEo (YHKITT
y= f(X) nomiHomom @(X), HeoOximHO mEOO6 f(X) Ta ¢@(X) coniBmagaau B
TaOMUYHUX TouYkKax (Bys3max inTepromtoBanHs). [Ipuuomy, sxmo ¢yskis f(X)
3amaHa B (N+1) - i Toumi Xy, X, ..., X,, TO ICHy€ €IWHHI MOJIHOM CTEHeHi M,
takuii mo @(%) = f(x) mai=12,...,n.

Ane B NeSIKUX BHIMAJKaX BUKOHAHHA 1i€i YMOBH YTPYJHEHO a0O HaBiTh
3aiiBe. Tak, 3a BEJIMKOI KUIHKOCTI BY3JIB 1HTEPIIONIOBAHHSA OTPUMYEMO IOJIHOM
BHUCOKOI CTEmeH1, o 30UIblIye MOXUOKy oOuucienHs. Kpim Toro, TabiuuHi 1aHi
MOXYTh OYTH OTPHMMaHI BUMIPIOBAaHHSIM 1 MalOTh NMOXHMOKH, a IHTECPITOISAIIHHHAMA
MOJIIHOM BKJIIOYA€ BCl Il MOXWOKH. 3MEHIIUTH IMOXUOKY OOYHMCICHh MOJKHA
HUIAXOM ampokcumarii (yHkuii, komu rpadik MoJIHOMAa HE OOOB'SI3KOBO
CHIBIIaJa€ 3 TOYATKOBOIO (QYHKIIIEIO, a TPOXOIUTh Oim3bko Bin Hei. [lpu mpomy
CTeMiHb MoJiHOMa Oye HeBUCOKuUi Bix 1 10 4 , sikuii MeHIIe 3a N.

Hexaii pynkmis f(X) 3agana B N Todkax Xg, X, ..., X, CBOIMU 3HaUEHHSIMHU

Yo= T (%), Y1 =T Yn =T (X))
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[Ipu anpokcumanii QyHKUOIM 3a METOJAOM HaWMEHIIUX KBaJpaTiB

BU3HAYAIOTh TaKy QyHKIIi0 @(X), 11 kol BenuuuHa po3oikHOCcTI p(f;¢@) Oyna
MiHIMaJIbHOIO. By i€l (GyHKIIT 3aIe)KUTh BiJl MOYATKOBUX 3HaYeHb PyHKii f(X)

1 Tl BUOMPAIOTH 13 KJIacy eJIeMEHTapHUX (PYHKITIH.

Hexait dynxkmis f(X) ampoxcumyerbcs Ha MHOXKUHI X (dyHKIiEr0 @(X),

sKa € OLIBII MPOCTOPOBOIO JIJIsi OOYUCIICHB Ta OJIMKYOI0 B JIEIKOMY PO3YyMIHHI JI0

f(x). TounicTth ampokcuMmarlii, TOOTO OJHM3BKICTH JIBOX (YHKIIH, MOXHA

OLIIHIOBATH TMO-PI3HOMY, 3aJIe)KHO BiJ (PI3MYHOTO 3MICTY PO3B’A3yBaJIbHOI 3a/1a4l.
BiamoBigHO 10 11bOTO B TeOpii HAOIMKEHBb PO3TISAAIOTHCS Pi3HI (yHKIIIOHATBHI
MPOCTOPU 3 BBEACHOIO B HUX METPUKOIO, IO JO3BOJISIE OLIIHUTHU BIICTaHb MIXK
byukiismu p(f;@).

Skmo po3raamatd JiHIMHUE OpocTip AIMCHUX (YHKINH, M0 3aJaHi Ha
MHOKHHI X , TO MHOXHHHM HOTO JIIHIHHO HE3aJE)KHHX €JIEMEHTIB € CHCTEMOIO
JHIAHO He3aIeKHUX Ha X (QYHKIIIH.

Hexaii f(X) e enemMenToM JiHIHHOTO HOpMOBaHOTO MpocTopy L. Bubepemo
B L cucremy m+1 miHiitHO He3zanexHux QyHKIA @p(X), @(X), ..., opn(X), 1

CTBOPUMO JIIHIMHY KOMOIHAIIIO
m
P(X) = 2.¢jp;(X),
j=0

3 MOCTIMHUMH KOe]illi€eHTaMH C (j=0,142,....,m).
®dyukiis @(X) Ha3MBAETHCS y3arajJbHEHHM MHOTOWICHOM MOPSAAKY M.
30kpema, SIKIIOo ?i (X) = x) ,(]=0,1,2,...,m), o
P(X) = Gy + C X+ CoXZ + ...+ CX™,

€ aﬂre6pa'l.‘-1HI/IM MHOTI'OWICHOM IOPSAKY M.

Sxmo BubpaTn

@o(X) =1, ¢ (X) =C0oSX, @y(X) =SINX,... Pr_1 = COSMX, Yo, = SINMKX,

To yHKIIA Q(X) = % + 8 CosX+ by sinx + ...+ a,,cosmx+ b, Sinmx e tpurono-

MCTPHUYHHUM MHOI'OWICHOM MOPAIAKY M.
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Bbynemo anpokcumyBaru ¢yHkiito f(X) y3aranbHeHuM MHOTOWICHOM ((X)
nopsiaky M. Ilapamerpu cj, (j=0,1,2,...,m) y3araqbHEHOro ampoOKCHMYHOHYOTrO

MHOTO4JICHA
m
p(X) =2 C;p;(X),
j=0
BH3HAYAKOTBCS 3 yMOBH MiniMyMmy Bincrani p( ;@) =|f —¢| B Merpuwi mpocropi L.

m
Oyukuis @(X) = chgoj (X), mo 3abe3neuye MiHIMYM KBajpaTa BiJICTaHi
j=0

" 12
p(fio)=|f-¢| X = [Z ol (%) - (% )]Zj , HA3MBAETHCA TOYKOBUM 3BAYKCHUM
i-0

CepeHIM KBaJIpaTUIHUM HAOIMKEeHHIM QyHKIl (X).
Y inrerpansHomy HabmwkenHi Gasuchi dynkuii ¢;(X) (j=0,1,2,..., m)

nepen0avaroThCs JIIHIHHO He3aJle)KHUMU Ha [&; D], a B TOUKOBOMY — Ha MHOXHWHI

TOYOK {Xj }g], IIpY IbOMY M<N.
Hexaii ¢pynkmis f(X) 3agana B N+1 B Toukax Xy, X, ..., X, BLIpi3Ky [&; b]
coiMu 3HadeHHIMH Yo = T (X)), V1= T (%), ..., ¥, = f(X,). Tpeba orpumarn

anpokcuMyrouy GyHKIII0 @(X) = Co@p(X) + C@ (X) + ...+ Criom(X)
m
@(X) = ZCJ(PJ (X).
j=0

Sxwmo BBaxkary, mwo Gynxuii ¢;(X), (j=0,1,2,...,m) crenenesi pynkuii, To

arpokcumyroda f (X) = P,(X) Oyne mominomom
P, (X) = Co + G X+ CX2 + ...+ CpX™. (7.32)

JUiis BU3HaUEHHS KOe(ILIEHTIB alPOKCUMYIOUOT0 MoJIiHOMa Cy, C;, Cy, ..., Cpyy,

HaiO1IbII e()eKTUBHUM € BUKOPUCTAHHS METOAY HaMEHIINX KBaJpaTiB.
CyTh MeToay HalMEHIIUX KBaJpaTiB MOJSITa€ B TOMY, IO BU3HAYaIOTh

BIIXUJICHHS
e=Vy—-P,(%),1=123..n,

B KOXKHIM TO4YIll peajlbHOTO 3HAYCHHS BiJ TOrO, IO OTPHMAHO 3a JIOMOMOTOIO
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nominoMa P, (%) . dani oTpuMyIOTh CyMy KBaApaTHYHUX BiAXUJICHb

E=Y & =§(yi CRx))?. (7.33)

i=0

Bu3zHavaroTh KOeQiIli€HTH MIJISTXOM PO3B’ I3aHHS CUCTEMU PiBHSHB!

d_E — 0’

dco

dE_,

do, . (7.34)
< o,

dec,

3riIHO 3 METOJOM HAaWMEHIIUX KBaJpaTiB KOEQIIEHTH ampOKCUMYIOUOTO
MOJIIHOMA BIJMOBIJAIOTh MIHIMYMY KBaJApaTy BIAXWUJIEHb 3HAY€Hb pPEATbHOI
¢GyHKIiT Ta anpokcuMyrodoi QyHKIii B 3aJaHUX ToUKax X , 1=12,...,n.
Po3rnsiHeMo 4acTKOBI BUTIAJKH.

Hexaii ¢pynkuist f(x) 3amana B n+1 B Toukax Xy, X, ..., X, BIIPi3Ky [&; b]
ceoiMu 3HaueHHAMH Yo = f(Xy), V1= F (%), ¥, = f(X,). Tpeba BusHaumtn

3HAUYEHHS KOe(DIIIEHTIB MPSAMOI K allPOKCUMYIOUOTO MOJIIHOMA MEPIoi CTENeH1
B(x)=Ccy+CXx, i=012,...,n

Cucrema piBHSHB U1 BU3HaueHHA KoedimieHTIB momiHoma B (X) martume

TaKUU BUTIIS.

(D) +6 3 % =3y

i=0 i=0

n n n '
2
Co2 X +C 2% =2 VX
i=0 i=0 i=0
Hexait anpokcumyroua QyHkiis s nodarkoBoi  ¢yskmii T (X)
IPE/ICTABISIETHCS TIOTTIHOMOM
P, (X) = Cg + G X+ CoX°.

Toxi cucrema piBHSHB Ui BU3HAYEHHs KoedilieHTiB mominoma P, (X) 3a

METOAOM HaMMEHIIINX KBaHpaTiB NpEeaACTaBIIETHCA HACTYITHUM YHHOM.
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n n n
Co(N+D+C > % +C, > X7 =D,

i=0 i=0 i=0

CoD X +C Y X+ % = Vi
i=0 i=0 i=0 i=0

n n 2 n 4 n 2
COX X +C Y X +Co ) % =D ViX
i=0 i=0 i=0 i=0

TakuM 4YMHOM MOKHA BU3HAUUTU KOE(ILIEHTU alpOKCUMYIOUOTO MOJIIHOMA
Oynp-akoi M-toi cremeHi B, (X) =Cy+C X+ C2X2 +..+C X", O3B’ A3yroun
CUCTEeMY JIHINHUX anreOpaidyHuX PiBHSIHB!

n n n n
N+ +¢ Y% +C Y X+t Cpr X" =Yy,

i=0 i=0 i=0 i=0

CoX X T O XX +Cp 2 X+t Cy DX = D YiX

i=0 i=0 i=0 i=0 i=0

n n n n n
Co X X +Clzxim+1+C22)(im+2 +...+cmZXi2m = ZYiXim
L -0 i—0 i—0 i—0 i—0

JloBeneHo, 10 JaHa cUCTeMa Ma€ €JIUHUN PO3B 30K, OTXKE 3ajada
armpoKCUMAIlii 32 METOJIOM HaMEHIIINX KBAIPaTiB TEXK Ma€ €IMHUN PO3B’ A30K.

['eomeTpuuny inTeprperaiito HabmmKkeHHsS QyHKIIT f(X) anpokcumyodum
MOJIIHOMOM TIPUBEJICHO HA PUCYHKY 7.4.

»

it - 1 & i
f ey ) K T 4 g v, T

Puc. 7.4. TeometpruHe nipecTaBieHHs anpokcumartii GpyHkii f (X)

ArmnpokcuMmytoda (QyHKIISE HE O0O0OB'SI3KOBO Mae OyTh ajredpaiyHuMm
MHOTOWICHOM (moiiHOMOM Oyab-skoi cremeni). Hexait ¢p(X), ¢1(X), ..., o (X) —

3amaHi GyHKUiT ofHi€eT 3MIHHOT, a Wy, Wy, W, ..., W, — 33/1aHi T0AaTHI yKcia (Bary).

TOI[i 3arajlbHa IIOCTaHOBKa 3az[aqi aHPOKCI/IMaHﬁ 3a MCTOAOM Ha¥MEHIITNX
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KBaJ[paTiB MOJSIra€e B TOMy , 100 3HaifTu yMcna Cy, G, Cy, ..., Gy, 110 MIHIMI3YIOTh

byHKIIIIO
n
E(Cy,C,CprensCpy) = Zelz _
. =0 (7.35)
= (¥ — (CoWo@o (%) + CoMAP1 (%) + ..+ CoWi @ (%))
i=0
Sxumo Barm Wo =W =...= W, =1, a ¢;(X) = x!, To oTpuMyemo monepenHio

MOCTaHOBKY 3anaui (7.32).
OxpiM cTemneHeBOi, 1HKOJHM, BHUKOPUCTOBYIOTh Taki ©Oa3ucH1 (QyHKIIL:

o(x) =sin(zx), p(X) =€, p(X) =In(x), p(X) = % TOMIO.

Baru Wy, W, W,, ..., W,, BUKOPUCTOBYIOTb JJIsl HaJlaHHsI OLIbII0T a00 MEHIIO1

BKJIMBOCTI CKJIAIOBUM (DYHKIIISIM allpOKCHUMAIII].
s ¢yskii (7.35), sk i paniiie, MOKHA MOOYTyBaTH HOPMAaJIbHI PiBHSHHSI.
YacTkoBi moxigH1 A1 i€l GyHKIIIi MarOTh TaKUH BUTIIS!

dE n

ae. = 22 W25 () (Copo (%) + Cupr(6) + oo Conpin() ~ i) - (7.36)
i i=l

[TpupiBHABIIM 11i YaCTKOBI MOXiAHI HYNIO 1 00’ €IHABIIN KOE(IliEHTH TpU

Cj

KOe(ILI€HTIB MMOJIHOMY:

OTPUMAEMO CHUCTEMY JHIHHUX anreOpaidyHuX pIBHSAHB I BU3HAYCHHS

Co Zn:WO(PO(Xi )P0 (%) + Clzn:W1(p1(><i )Po (%) + ...+

i=0 i=0

4 S W ()90 (6) = 3 We90 (),

i=0 i=0

Co Zn:Wo(Po (%) p1(%) + anlwl(Pl(Xi Yo (6) + ...+

i=0 i=0
+ Cm__iowm@m(& Jor(%) = %Wlml(& )Y, (7.3
G 2 0004)0r(%) & S W04 )] -+

+ Cm_iwm@m(xi )(Pm(xi ) = _zn;,)Wm(Pm(Xi )yl
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3a nesKuX yMOB, IO HAaKIAJalOTbCs HA BY3NMH X Ta (QyHKIIT ?; (x),

CHUCTeMa Ma€ €IUHUN PO3B’ SA30K. Ajle pu M>5 cucteMa HOPMAJIBHHUX PiBHSIHB
NoraHo OOyMOBJIEHA, TOMY L€l METOJ BHUKOPUCTOBYIOTH JIMIIE MpPU MaluX
3HaueHHsAX M. Ilpu Ourbmmx 3HaYeHHAX M TOW camMuil  MOJIHOM
CEePEeTHBOKBAIPATUIHOI ~ AlPOKCHMMAIl MOXHA OTpPUMaTH 3a  JOTOMOTOIO
OpPTOTOHAJILHUX MOJIIHOMIB.

Mpuxnan. dns ¢dyskuii y= f(X), mo 3amaHa cBOIMH 3HAYCHHIMH

B / TOYKaX:
X -1,2 -1,4 -1,6 -1,7 -1,8 -1,9 -2 -2,2
y 1,8 1,7 1,4 1,6 1,9 2 2,1 1,9

BusHauntu MeTo10M HalMEHIINUX KBaJpaTiB KOEPIIEHTH aPOKCUMYIOUYHX

byHKIi# @(X) HACTYIHOrO BUAIY:
P1(X) =Co +CyX;
95 (X) = Cq + Cyx+ C,ox2;
93(X) = Co +Cx+Cx°;
@4(X) = Cy + C x+ Ce".
BcranoBuTH, sika i3 GpyHkmiid ¢ (X) Haiikpame anpokcumye yskmioo f(X),
110 3aJaHa B BUIJISAA1 TAOJIHI.

Po36’ a3ok. \na BuzHaueHHa koedimieHtiB Cy ta C; piBHAHHA @(X) 3a

METOJIOM HalMEHINX KBaJIpaTiB TpeOa po3B’ sI3aTH CUCTEMY PiBHSHB!

Co(n+1)+C1§n(:)Xi =__ioyi
Coi& +Cli>q2 =iyi>q
i=0 =0 i=0

[Ippu Nn=7 Ta HamaHWX B YMOBI 3ajad4l MOYATKOBHX JAHUX Ta MPOMDKHHUX

pe3yNbTaTiB OOUUCIEHHS, 1110 MpeacTaBiIeHo B Tabmuumi /.11, oTpumaemo:
{8C0 —138C, =14,4
-138C, +24,54C, =-251
Toni C; =-0,3537, C,=11899.
Taxum unnOM, @ (X) =11899-0,3537x.

Cucrema piBHsHB Ui BU3HaueHHs koediuieHTiB Cy, C;, Ta C, piBHSIHHA

@,(X) 3a METOZOM HalMEHIINX KBapaTiB Ma€ TaKUH BHUTJIS:
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CoN+D+C Y X +C Y =3y,

i=0 i=0 i=0

n n n n
Cod % +C O X +C > % =3 yix .
i=0 i=0 i=0 i=0

n n n n
COZ(:)XiZ + Cl.zoxis + sz(:)XiA' = ;)yi Xi2
1= 1= 1= 1=

[Ticms migcTaBIeHHS IMOYaTKOBHX JAaHUX Ta PE3yJbTAaTiB OOYHCICHHS 13
Tabnui 7.4 OTPUMY€EMO CUCTEMY PiBHSHb:

8C, —13,8C, +24,54C, =14,4
~13,8C, + 24,54C, — 44,82C, = -25]1
24,54C, — 44,82C, +83,782C, = 45104

ITicns po3B’ si3aHHs 1i€l cucteMu piBHAHBb oTpumyemo Cy =2,9782; C; =1,83
ta C, =0,645.

3Bincu Maemo @, (X) = 2,9782+1,83x+ 0,645X2 :

Cucrtema piBHsIHb 151 BU3HaueHHs koediuieHTiB Cy, C;, Ta C, piBHAHHSA

@5(X) 32 METOJIOM HAaWMEHIIIUX KBaAPATIB Ma€ TaKUM BUTJISAL:
Co(n+D)+C D) x +C, ) x =Dy,
i=0 i=0 i=0
CoY X +C D X +C, > x =D yx .
i=0 i=0 i=0 i=0
Co X +C D X +C ) x =Dy
i=0 i=0 i=0 i=0

[Ticns migcTaBieHHS TMOYATKOBHX JIAHUX Ta MPOMDKHUX Pe3yJbTaTiB
oOuucieHHs 13 Tabnuui /.4 OTpUMYEMO CUCTEMY PIBHSHB!

8C, —138C, — 44,82C, =14,4
~13.8C, — 44,82C, + 83,782C, =251
— 44,82C, +8,782C, —159,747C, = —83,2

[Ticns O3B’ sI3aHHS 1i€i CUCTEMU PIBHSIHB OTPUMYEMO
Cy=18423 C,=0,004374 Tta C, =0,006212.
Toni ¢5(X) =1,8423+ 0,004374x + 0,006212x°.

Cucrema piBHAHB Ui BU3Ha4YeHHs KoegiuieHTiB Cy, C;, Ta C, piBHIHHA

@,4(X) 3a METOIOM HalfMEHIITNX KBAAPATiB MA€ TAaKUI BUTIIS;
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Con+D+C Y X +C > e =3y,

i=0 i=0 i=0

n n n n
Cod % +C Y. %" +C, > %&5 =3 yix
i=0 i=0 i=0 i=0

n n n n
Cod € +C. > %g5 +C, > 67 =Y yi€

i=0 i=0 i=0 i=0

[Ticns migcTaBieHHS TMOYATKOBHX JIAHUX Ta PE3yJbTaTiB MPOMINKHUX
po3paxyHkiB (Ta0muis 7.4) OTpUMYEMO CHCTEMY PIBHSHB:
8Cy —13,8C, +1,494C, =14,4
—-13,8C, + 24,54C, — 2,4365C, = -251 .
1,494C, — 2,4365C,; + 0,306C, = 2,6444

[licns  pos3B’'si3aHHs  Il€l  CHUCTEMHM  pIBHSHb  OyJeMo  MaTu

Co =-30,56; C; =-12,1092 ta C, = 61,4307 . 3Bincu
@4(X) = —30,56-12,1092x + 61,4307€".

[Ipu po3B’s3aHHI 3a7a4i anpoKCUMAIll (QYHKIIM 32 METOIOM HaMEHIINX
KBaJIpaTiB MPOMIDKHI pe3yJbTaTH OOYUCICHb 3pYyYHO O(OPMIIATH B BUTJISIII TaOMMII,
€JIEMEHTU SIKOi BUKOPHUCTOBYIOTHCSI TP BHM3HAYEHHI KOE(IIIEHTIB alpOKCUMYIOUUX
dyaxmin — @(X), @2(X), 93(X), @4(X) (mpm po3B’szaHHI  CHCTEM  JHIMHHX
anreOpaidyHUX pIiBHAHB) Ta BHUOOpI (YHKINi, [0 HaMKpalle ampoKCUMYe 3aaaHy
dynkuiro y = f(X) .

Bionogiob. 3a wMeTonOM HaWMEHIIMX KBaApaTiB OTPUMAHO  Taki
anpoKCUMYIOUl (DyHKIIII:

@ (X) =11899-0,3537x;
95 (X) = 2,9782+1,83x+ 0,645x°;
@3(X) =1,8423+ 0,004374% + 0,006212x3;

¢4(X) =-30,56—12,1092x + 61,4307¢".

[TopiBHsHHEA oTpuMaHuX Gopmyn ¢@(X), @,(X), ¢5(X), @4(X) 3a xkpuTepiem
n

mirimymy Y. (Vi — o (% )?, k=12,34 103BONMIO BCTAHOBHTH, WO (YHKLs
i=1

@,(X) =2,9782+1,83x + 0,645x> HallKpalie ampoKCUMYy€ TIOYaTKOBY (DYHKIIIIO

f (X), sixa mpejcTaBicHa B TAOJIMIHOMY BHIJISIIII.



7. HabnuxeHHst pyHKIiH

142

G810°C €96€0 2zeeeo 08920 - - - - - - - - <

1,60 8700 820200 297000 /860 GEET'0 v.1'0 8900 /88C |S99.T| 67T |22 | 8

#9100 T0 L0¥0'0 60100 6,210 T9TE0 81020 /2020 T2/6'T |6€8LT| TC | ¢- L

82eT'0 Ger0'0 6200 906700 ¥9€'0 98020 €0.T'0 LO8ET'0 9Ge9'T |¥T6LT| C | 6T-| 9

6520 9e0T0°0 885100 88€500°0 6050 8T0T'0 450 €00 16T |286LT| 6T | 8T- | S

¥Z1'0 v.T¥0'0 €2.700 959€0'0 2se0 [54040) GZIET'0 21610 8T |€v08T | 9T | LT- | v

¥€€0'0 8910 80600 99210 ¥828T°0 986010 ¥T0E'0 89G€'0 | 9€/T2'T |98608°T| ¥'T | 9'T- | €

16200 8T¥10'0 #8£000°0 2220000 G8ST'0 T61T0 96700 6700 GIVS'T |T6T8'T| LT | ¥'T-| ¢

LESK'0 1690000 126,000 S€0'0 9€/9'0 €9200 6800 99G8T°0 9g/v'C |€928'T| 8T |2T- | T

()7 =1K) ()€ — 1K) |, (")) = K) | (X)TO=K)| ()Pd— 1K | (X)Ed— K | (X)Z0— K | (X)Td— K | (X)VO |(X)Ed| 'K | N
TT', ‘vovuus NEIND*Q%QQQQ:

- 5 vi9°C 2'eg- ¥Y0T'Sy | T'G¢- | S9ev'C- 90g0 vev'T | Lv.'6ST- | 28L'€8 | 28'vh- | ¥S've | v'vT [8'€l- | K
¥.0'C 896'T G0T¢'0 | T€C'0e- 96T'6 8T'v- | 8E¥2'0- | €2T0'0 | 80TT0 ¥S'TG- gr'ec | 8¥9'0T- | ¥8'F% 6T | 22 | 8
Z868'T €/68'T 1820 8'9T- '8 Z¥- | 90/2'0- | €8T00 | €SET0 4% 9T 8- 14 1°C 4 L
L6287 | €6T98'T | 26620 | 8TL'ET- 44 8'c- | 2¥8C'0- | €220°0 | 96¥T'0 | 92'%2- | ZEO'ET | 698'9- | T9'E ¢ | 6T |9
VLT 9928'T TYIE0 80'TT- 9GT'9 Zv'e- | G/62'0- | €/20'0 | £€99TT'0 | 968'ST- | 86V'0T | 2€8'G- | ¥C'E 6T | 8T- | §
GZIEL'T | 2I6LT €262'0 98',- ¥29'v | 2L'C- | 90TE€'0- | ¥€£0'0 | 22810 | 66T¥I- | 2SE'8 | €ET61- | 68C 9T | LT- | ¥
YTOL'T 8GGL'T 82820 | vveL'S- ¥8G'c | ¥2'c- | 2€ZE0- | 80¥0'0 2020 98r'0T- | ¥95'9 | 9607~ | 95°C v'T | 9T- | €
¥089'T TG89'T Z6IV'0 | 8¥999'- | ZeE'e 8e'C- | 25¥E'0- | 80900 | 9920 8/€'S- | 9TV8'E | ¥WLZ- | 96T LT | ¥T- | ¢
TTLT YEVTO'T | 22VS'0 1T'e- 265°C 9T'2- | #T9E'0- | L0600 | ZTOE0 88¥'2- | ¥.0C | 82LT- | #W'T 8T | 2T | T
(X)2d | (X)To y 0 XA XK e 1K L g \® x M X X « % | o

giredreda) XUIMHIWHEH WOOLIN BE aiHAxedsod

urerdrrAedd xmwodn vL [HeY 190MLeho]] T/ Bhnrgy]




C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 143

KoHTpoJbHI 3anuTaHHS

1. SIx popmymroeThes 3a1a4a IHTEPIIOIIALIT?

2. B yoMy nossirae anreOpaiuHa iHTePIOJIAILIs ?

3. laifTe BU3HAUYECHHSI BY3JIIB IHTEPIIOJIALI] Ta 1HTEPIOIIO0UYO0] PYHKITII.

4. SIxe TeoMeTpUYHE PO3YMIHHS IHTEPIIOJIALIi?

5. ¥V yomy nossrae nojiiHoMianbHa IHTEPIOJISALIIS ?

6. SIxkuii BUTIISAI Ma€e IHTEPIONSIIHHNNA MHOTOUIeH Jlarpanxka?

7. SIx Bu3HauaroThca KoedinieHTu Jlarpanxka, SKuW BUTISI BOHU MAalOTh Ta
iX BJIAaCTUBOCTI?

8. SIke 3HaUCHHS Mae 3aJMITKOBUH WiieH moriHoMa Jlarpamxka.

9. SIxk BU3HAYUTH TOYHICTH IHTEPIOIIIT PYHKITIT TosiHOMOM Jlarpanxa?

10. Ski nepeBaru Ta HEAOIIKU IHTEPHOIALIT PyHKLIT moniHOMOM Jlarpanxka?

11. B sxux BUMaaKax CJijJ BUKOPUCTOBYBATH moiiHoM Jlarpamxa?

12. [llo Take “kinmeBi pi3HUI" ? SIk 0OUNCITIOIOTHCS KiHIIEBI Pi3HUIII?

13. SIxi BmacTUBOCTI MarOTh KiHIIEB1 pi3HUII? /e BOHM BUKOPUCTOBYIOTHCS?

14. Sxwit Burnsa Mae mepiia iHTepmnoisniiiHa Qopmyna HeroToHa mpu
PIBHOBIIIAJICHUX BY3JIaX 1HTEPIOJIAILII?

15. SIx mpencTaBaseThCs Apyra iHTEpHosmiiiHa popmyna Herotona?

16. [llo o3Havae iHTEepHOMAIis “Briepea” Ta IHTEPIOAIIS “Hazan ?

17. SIx ouinutu noxuOKy iHTepnoisAuii popmynamu HetoTona?

18. SIki mepeBaru Ta HEAOIKM IHTEPHOALIT QyHKIIIH mogiHoMamMu HetoToHa?

18. IIlo Take ekcTpamosILis?

19. SIx BUKOHY€ETHCSI OOEpHEHA IHTEPHOIALISA?

20. o Take crurain?

21. ki nepeBaru Mae IHTEPHOALIA QYHKIIN criiaitHaMu?

22. Slx OynyeTbest KyOlYHUM CTIaiiH?

23. Metoau obuncneHHs KoedillieHTiB KyOIYHOTO CIIIaifHy.

24. SIk oIHUTH TOXUOKY 1HTEPIOAIIT PYHKIIT KyOIYHUM CIUTAHHOM ?

25. 1o Take po3iiacH] Pi3HMAILI?

26. SIx 06UnCTIOIOThCS PO3ALICHI Pi3HHUIII?

27. Slxuit BUrISA Mae mepuia iHTeprnofsuiiHa ¢opmyna HeioToHa npu
HEPIBHOBIAIaJICHNX BY3JaxX?

28. Sk mpexnctaBisieTbes Apyra iHTepHnoisuiiiHa ¢gopmyna HeioroHa npu

HEPIBHOBIAIaJICHNX BY3JaxX?
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29. YoMy MAOpIBHIOIOTh MOXUOKH IHTEpHONSMil (QYHKIiH  QopmyraMu
HeroToHa ipy HEPIBHOBIAAAICHUX BYy3/1aX ?

30. Sk BU3HAYA€ETbCA CePEAHE KBAAPATUUHE HAOMMKEeHHS (DYHKIIN?

31. YV yomy reoMeTprYHE PO3YMIHHS 3TJIaPKyBaHHS (DYHKIH?

32. Slka cyTHICTh METOly HaMEHIITNX KBaAPATiB?

33. Sk 00UnCTIOIOTHCS KOSPIIIIEHTH aNPOKCUMYIOUNX (DYHKIIIHI?

34. Sk  peamidyerbca  anpokcumaniss  (QyHKUIH ~ OPTOTOHATBHUMU
MHOTO4JIEHAaMU ?

35. Sk Bu3HAYNTH MOXHOKY anmpoKcumariii GyHKIIin?

3ajavi A4 CaMOKOHTPO.IIO

1. BuzHauuTu KoeQili€eHTH Ta 3arajbHUN BUIJIS] MEPIIOi 1HTEPHOJALINHOL

dopmynun Herorona mis ¢yskmii Y= f(X), mo 3amaHa cBOIMH 3HAYEHHSIMHU B
I'ATH piBHOBiATaneHuX By3nax Ha iHTepsami [0,8;4,4]: y,=-14,7; y,=-82;
Y, =-53; Y3=-14; y, =—7,5. O0uuciuTi 3Hau4eHHs OTPUMAHOrO IMOJIIHOMY B
HajaHii Touli X, = 0,93.

2. Bu3nauntu koeillieHTH Ta 3arajJbHUN BUIJISJ MEPIIOi IHTEPHOJAIIHHOT

dopmynun Heroorona mis ¢yskiii Y= f(X), mo 3amaHa cBOiMH 3HAYEHHSIMHU B
I'ATH piBHOBiAganeHux By3nax Ha iHtepami [0,2,4,8]: y,=-08; y;=-17;
Y, =-38; y3=-0,2; y, =-3,0. O6uuciuti 3Ha4eHHS OTPUMAHOrO IMOJIIHOMY B
HajaHii Tourd X =0,41.

3. Busnaunutu xoedimieHTH Ta 3arajbHUM BUTJISI APYTOi 1HTEPHOJISIIAHOT

dopmynu Herorona mnast ¢yskmii y= f(X), mo 3amaHa cBOIMH 3HAYCHHSIMHU B
I'SITH  piBHOBifaneHux By3nax Ha iHrepsani [10;56]: Yy,=4,6;Yy, =10,2;
Y, =85 Y3=4,7; Yy, =21 O0unciuti 3HAYECHHS OTPUMAHOIO IOJIHOMY B
HazaHii Tourl X =4,82.

4. BuzHauuTu KOEQIi€HTH Ta 3araIbHUM BUTIIS APYTOi 1HTEPIONIAIIHHOT

dopmynu Herorona mns ¢yskmii y= f(X), mo 3amaHa cBoiMH 3HAYCHHSIMHU B
I’ SITK  PIBHOBIIAJICHUX By3Jax Ha iHTepBami [2,2;6,4]: Y,=-56;Yy,=-32
Y, =-15; Y3 =-4,5; y, = —7,0. O6uncnuty 3Ha4eHHs OTPUMAHOIO HOJIIHOMY B

HajaHii Tourl X =5,41.
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5. BuzHauuTH KOe(IIEHTH Ta 3arajbHUW BUIJISIA 1HTEPHOJALIIHOTO

nojiinomy Jlarpanxka s ¢yskmii Y= f(X), mo 3amaHa cBoiMH 3HAUCHHSIMH B

CEMU BYy3JIax THTEPIOJIALII:

X

-1,5

-1,3

-1,0

-0,5

-0,2

-0,1

0,2

y

1,6

13

1,2

14

1,7

1,9

1,95

OO0uncIUTH 3HAYCHHS OTPUMAHOTO TOJIIHOMY B HaJlaHiik Todri X =—-1,2.

6. BusHaumTm KOE(QIIli€eHTH Ta 3araJbHUM BUTIAL IHTEPHOJAIIHHOTO

nosiHomy Jlarpamka st ¢ysknii Y= f(X), mo 3amaHa cBoiMH 3HAYCHHSIMH B

CEeMH BY3JIaX 1HTEPIIOJISIIIIL:

X

1,3

1,5

1,7

1,8

1,9

2,0

2,2

y

0,81

0,64

0,57

0,82

0,99

1,02

1,17

OO0urcuTH 3HAYCHHS OTPUMAHOTO TOJIIHOMY B HaJlaHii Tourli X =1,43.

7. Buznauntu koeillieHTH Ta 3arajJbHUN BUTJIS MEPIIOi IHTEPHOAIIHHOT

dopmynu Herotona st ¢pyskiii y = f(X), mo 3amana cBoiMu 3HAYCHHSIMH B CEMU

By3J1aX IHTEPHOJISAIII:

X

11

0,9

0,7

05

04

0,3

0,2

y

2,1

2,8

3,3

2,5

2,0

1,8

1,7

OOuncaNTH 3HAYEHHS OTPUMAHOTO MOJIIHOMY B HajaHii Touni X = 0,83.

8. BuzHaunuTu KoedillieHTH Ta 3araJiIbHUi BUTIIAI APYTOl 1HTEPHONIAMIHHOT

dopmynu Herotona ms ¢pyukmii Y = f(X), mo 3agana cBoOIMH 3HaAYCHHIMH B CEMHU

By3J1aX 1IHTEPHOSIIII:

X

1,2

1,3

1,4

1,6

18

1,9

2,0

y

2,1

2,0

19

2,5

2,7

2,9

2,8

OO6uncuTH 3HAYCHHS OTPUMAHOTO TTOJIIHOMY B HaJlaHii o4l X =184.

9. BusHaunty koe(ilieHTH Ta 3arajdbHUN BUTIILA KyOIUHHMX CIUTAMHIB IS

¢dyukuii Y= f(X) mo 3agaHa CBOIMU 3HAYCHHSMHU B CEMH BY3J1aX 1HTEPITOJISIIIT:

2,2

2,0

18

1,7

15

13

1,2

1,33

1,48

15

1,28

1,05

0,98

0,64

OO6uncIuTH 3HAYEHHS OTPUMAHOTO TOJIIHOMY B HajlaHii oyl X =195.

10. BuzHaunT Koe(iIlieHTH Ta 3arajJbHUM BUTIISA KyOIYHMX CIUTAWHIB IS

¢bynkii y = f(X), mo 3amana CBOiMH 3HAYCHHSIMHU B CEMH BY3J1aX 1HTEPITOJIALIIL:

-2,1

-1,2

0,54

1,0

15

1,6

1,7

1,2

14

1,7

14

1,2

1,0

0,3

OOuncIuTH 3HAYEHHSI OTPUMAHOTO TOJIIHOMY B HaJlaHii TouIll X =154.
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11. ins ¢pyskmii y = f(X), mo 3amana cBOiMUA 3HAYCHHSIMHU B TOYKAX:

0,2

0,3

0,5

0,7

09

1,0

1,2

14

1,81

1,64

1,55

1,79

2,06

2,15

2,33

2,56

BusHauntu koeQilieHTH anpokcuMyrouux (QyHKIin - @(X) MeromoM

HaMEHIIINX KBaJPATiB TAKOTO BHIY:
21(x)=Co +Cyx;
@5(X)=Cy + Cx+ C,x2.
BcranoButh, sika i3 GyHKIIH ¢(X) HallKpalie anpoKCUMYe€ 3aaHy TaOIUIICHO
dyukuito f(x).

12. lna ¢pyukuii y = f(X), mo 3amana cBOiMHA 3HAYCHHSIMHU B TOUKAX:

2,2 2,0 1,8 17 15 13 12 1,0

x

y 1,33 1,48 15 1,28 1,05 0,98 0,64 0,33

Busnauntu koe(ilieHTH anpokcUMyrouux (QyHKIiH @(X) MeToaoMm
HAMEHIITUX KBaJIPaTiB TAKOTO BUJIY:
21(x)=Co +CyX;
95(X)=Co +Cx%.
BcranoButH, ska i3 ¢yHKOid @(X) Halkpaile amnpoKCHMYe 3allaHy
tabmurero yukmiro f(X).

13. Ins pynkmii y = f(X), mo 3amana cBOiMMA 3HAYCHHSIMHU B TOYKAX:

-1,2 -14 -1,6 -1,7 -1,8 -1,9 -2,0 -22

18 1,7 1,4 1,6 19 2,0 2,1 19

BusHaunti koedilieHTH anpokcuMyrouux (QyHKIin  @(X) MeromoM

HAMMEHIIIUX KBaJPaTiB TAKOT'O BUY:
¢1(x)=Co +CyX
?,(X)=Cy + C;x+ C,e".
BcranoButn, ska 13 QyHKIIH @(X) Hadkpalie ampoKCUMY€E 3ajaHy
tabnunero gpynkiio f(X).

14. Insa dyukuii y = f (X), 1m0 3agana cBoOiMHA 3HAYCHHSIMHU B TOYKAX:

X 2,7 2,9 31 3,3 35 3,6 3,7 3.8

4,7 3.8 3,5 3,9 4,0 4,2 4,7 4,9

BusHnaunti koeQilieHTH anpokcuMyrouux (QyHKmin - @(X) Meromom

HaWMEHIINX KBaAPaTiB TAKOTO BUIY:
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?1(x)=Co +Cyx;
@5(X)=Cy+CyInX
BcranoButH, sika i3 QyHKIid ¢(X) Halikpaiie anpoKCUMye TaOJIHIICIO
3agany Qyskiiro f(X).

15. Ins ¢pyskmii y = f(X), mo 3amana cBOiMUA 3HAYCHHSMHU B TOYKAX:

0,2 0,3 0,5 0,7 0,9 1,0 1,2 1,4

1,81 1,64 1,55 1,79 2,06 2,15 2,33 2,56

Busnauntn koedimieHTH anpokcuMmyrouux QyHKHmiH - @(X) MeToIoM
HAMEHIITNX KBAJIPaTiB TAKOTO BUIY:
21(x)=Co +Ci
@,(X)=Cy+C Sinx
BcranoButH, sika i3 QyHKIid ¢(X) Halkpaile anpoKCUMy€e TaOIHIICIO
3agany ¢yskiio f(X).

16. Ins ¢pyskuii y = f (X), mo 3amana cBOiMU 3HAYCHHSMHU B TOUKAX:

X 2,2 21 2,0 19 1,7 1,6 15 14

y 13 1,7 1,9 2,5 3,7 41 58 7,5

BusHaunti koedilieHTH —anpokcuMyrpouux (QyHKIiE - @(X) MeromoM

HAMMEHIITUX KBaJIPaTiB TAKOTO BUJIY:
¢1(x)=Co+Cyx*;
2(x)=Co +Cie™.
BceranoButun, ska i3 ¢yHkmid ¢(X) Haiikpamie anpoKCHMye TaOJIUYHO
3anany ¢yskiiro f(X).

17. Ins dyukuii y = f (X), 1m0 3agana cBOiMM 3HAYCHHSIMHU B TOUYKAX:

3agany ¢yskiio f(X).

1,2 1,3 1,5 1,6 1,7 1,8 1,9 21
1,48 1,55 1,69 1,3 1,0 0,9 0,7 0,4
Busnauntu koeilieHTH anpokcUMyrouux (QyHKIIH @(X) MeToaoMm
HAMMEHIIINX KBaPATiB TAKOTO BHUY:
2.
@1(x)= Co +Cx%;
1
(02(X)=C0+C1;-
BcranoButH, sika i3 QyHKIid @(X) Halkpaile anpoKCUMye TaOIHIICIO
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8. YHUCEJIbBHE IN®EPEHIIIOBAHHA
I IHTETPYBAHHS ®YHKIIII

8.1. Yncesbne audepeHiiioBanns QyHkKIiii
3a /I0MIOMOrOI0 IHTEPHOJISIiHHINX MOJiHOMIB

YucenvHe nudepeHIIitoBaHHS 3aCTOCOBYEThCS TIPU BUPILIEHH] 3a/1a4, B KUX
noTPpiOHO 3HANWTH TMOXIAHY AESKOTO MOPsAKY (YHKII, M0 3a1aHa TabauyHo abo y
BUTJISIII CKJIAJTHOTO aHATITUYHOTO BUPA3y.

Hexaii ¢ynkuis f(x) 3amana snauennsmum Y, = f(X) B n + 1-if Toumi
X, (1=0,12,..,n) Bigpiska [a;b]. 3aranpHuii meron oxpepxkaHHs (opMyI
YUCEIBHOTO TU(EPCHINIOBAHHS IIOJATaE B anpoOKCHMaIlii TaOJWIHUX 3HAYCHD
GyHKIIT Oyap-sSKUM IHTEpHoJAiiHUM MHOrowieHom P,(X) [6, 19]. Ilykani
3HAYCHHS TOXIMHUX QYHKIIT B Oyap-skiid Toumli Biapiska [&;b] nHaGmmxeHo
MPEACTABISAIOTHCS Yepe3 BIAMOBIIHI 3HAYEHHS MTOX1THUX [IbOTO MHOTOYJICHA:

f ®(x)~ PM(x),0<k<n,xe[a;b]. (8.1)

Sx1o BigoMa noxuoOKa 1IHTEPHOIAIHHOT PopMyn

Ri[=[f ) =P (X))
TO OXUOKH MOXITHUX BU3HAYAIOTHCS SIK:
\Rg“ (x)‘ - \ £ (x) - Pn(k)(x)‘, o<k<n. (8.2)

Posrnssremo oxpemi Bumaaku GOpMys YUCENHHOTO MU(EpEeHIIIIOBAHHS, B
skux ¢yHkmis f(X) HaOIMKAETHCS IHTEPHONAMIMHUMU HOTiHOMaMu HproToHa Ta

Jlarpanxa.

Buxkopucranns inTepnoasiniiitnux ¢gopmys Herorona.

Hexait ¢pynkmis f(X), 3amaHa Ha Biapis3ky [a@; b] Tabmuiero 3Ha4eHb B PiBHO
posramoBannx  Toukax X, 1=(0,1,2,..,n) 3  kpokoMm h=X4,-X%,
aNpPOKCHMYEThCS IHTEPIOJIAIIIMHIM TT0JIIHOMOM HBIOTOHA JIJ1s1 IHTEPIOJIALIl BIIEpe/T
(7.112) [6, 19]:

-1
f(X) = Yo +tAyg +%A2yo +

+t(t—l)(t;J2)(t—3) Ay, +m+t(t—1)...r(\lt—n+1) Ay,

--2) o
3 83)
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[MocnimoBHo audepenmiroroun  MHorowieH (8.3) mo 3miHHIE X 1
BpPaxoOBYIOYH, 110

df (x) df(x).ﬁ_df(x)-
dx dt  dx dt

1
h )
oTpuMaeMo (hopMyJTu I HAOIMIKEHOTO 00UYMCIeHHs oXinHuX ¢yHkii: f(X)

2 3 g2 B
WABVOJFLH 18t4j+22t 6A4y0+

2t-1

(%) z%{AYO Sy

5t — 40t3 ~18t% + 22t -6 }
+ JANG Y/ S

5
] 11,2 s 12t -36t+22 4
f"(X) | A%y + (t —DA’Y, + A*Y, +
(X) hz{ Yo + (t =DA%y, 2 Yo (8.4)
20t% —120t2 + 210t —100 5 }
+ AYo+...|;
5
1 24t — 36 60t2 — 240t + 210
f (X)z_3|:A3yO+ A'yo+ A5y0+..};
h 5
fV(x) ~ h_14[A4y0 + Mﬁyo + }

®opmyiu (8.4) 3pydHO 3aCTOCOBYBATH, SKIIIO TOYKA X PO3TAIIOBAaHA OJIMDKYE JI0
JIBOrO KiHIIA Bifpiska mudepeniiitoBanns [a; b]. s oOuncieH s 3HaYeHHS TOX1HOT
B TOYIl, IO 3HAXOMAbCsS OJIMKYE 10 MpaBoro KiHmsd Biapizka [&;b], MokHa

CKOPHUCTATUCS IHTEPHOJIAIIIMHIM 1oJj1iHOMOM HbtoToHa st iHTepriossii Haza (7.13):

t(t+1 tt+D(t+2
f(X) = Yy +tAYn + ( )Azyn—Z +MA3yn_3+
tt+D(t+2)(t+3 ° ttl? 1 (85
N (t+D(+2)(t+ )A4yn_4+___Jr (t+1)..(t+n— )Anyo’
4 n!
X=X,
t= .
Jc h

Hudepennitoroun  (8.5), orpumaemo dopmyau Uil HAOJIMKEHOTO

O0YHCIICHHS MOXITHUX QYHKIIIT [6]:
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2t+1 , A2 +6t+2

, 1
f (X) ~ E|:Ayn1 + TA yn—2 + 3 A3yn—3 +
3 2
L A0 +18t7 4 22t 4 6A4yn_4 N }
4
" 1 12t2 + 36t + 22
f"(x) zF{Azynz +(t+DA%Y, 5+ 2 AYY, 4+
' 8.6
20t +120t* + 210t +100 5 _ (8)
+ 5 JANS Y/ S
1 24t + 36 60t2 + 240t + 210
f7(x) = F{A3yn3 + TA“yM + 5 Ay o+,
1 120t + 240
fY(x) ~ F{N‘yﬂ_‘l + TA5yn_5 + }

Skmo noTpiOHO OOYMCIWUTH MOXIJHI B By3Jax IHTEpHoOIALil X,
(i=0,1...,n), To hpopmynu (8.4) i (8.6) cporuryrorscsi. OCKiTbKU OYb-IKY TOUYKY
MOKHA IPUIHATH 32 MOYAaTKOBY, TO, MOKJIABIIH B (8.4) X=Xy, (t =0), orpumaemo

dbopmyu 17151 OOUMCIICHHS 3HAYCHDb MOXITHUX [6]:

, 1 1 1 1 1
(%) = E{Ayo —EAZyO + = Ay, _ZA4y° +EA5y0 - }

3
" 1 11 5 _
f (Xo)z—z{Azyo_A3YO+_A4YO__ASYO+---}
h 12 6 8.7)
fm " 1 3 3 4 7 5 .
(XO)NF A 3/0—5A YO+EA Yo =

flV

1 :
(%) = s [A4yo + 2N, + ] i m.o.
IIpu X = X, opmyia nepuoi nNoxigHoi Oyae MaTu BUIIISLL
, 1 1 1 1
f'(x,) = E{Ayn_l + EAzyn_2 + §A3yn_3 + ZA4yn_4 + } TOLLI. (8.8)

Jlnst BU3HAYCHHS TIOXMOKM YHCENBHOTO AU(EPEHINIOBAHHS 32 JIOTIOMOTOI0
iHTepnoAiiHX Gopmyn HproToHa 00MEXHMMOCH PI3HUISIMH 10 K-ro mopsky,

10 Ma€ TaKUU MOTO 3AJIMIIIKOBUM YJIEH:

(X=X (X = %) (X=X) £ (k1) gy _ ket HE=D)o(t=K) £ (ks1)
Rc(X) = (K2 1) f (&) =h (k1 1) f (), (8.9)

ne & nesKe 4uCIlo, IO PO3TAIIOBAHE MK BY3JIaMHU IHTEPHOJALIT Xy, X, ...y Xy 1 X.
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ITicns nudepenuiroBanns (8.9) mo X i mpu X=Xy, T06T0 t =0, OTpUMaemMo
NOXUOKY I TepIioi moxigHoi ¢pyHkIii [6, 19]

k
Re(%)| = |(CDF 0y

D) (8.10)

Jiis pakTUaHOTO BUKOpUCcTaHHsS Gopmysa (8.10) npu BU3HAYCHHI TOXUOKH

YHCENbHOTO IU(EepEeHIIIOBaHH Majo MpujaTHa, TOMY IO 3a3BMYail HE Bizoma
MOXiTHA f(k+1)(x). Tomy npu HeBeawkux K MokHA HAOMMKEHO 3aMIHHATH ii

MOXIJHY BUPA30M uepe3 KIHIIEBl PI3HUII 1 MPEACTaBUTH MOXHOKY YHUCEIHHOIO

nudepeHIIIFOBaHHS Y BUTJISIL

\Rk(xo)\=‘

h

k+1

(8.11)

AHAJIOTTYHO BU3HAYAIOTh OLIHKY MOXUOKH ISl MOX1THUX BUIIUX MOPSIKIB.

Tpeba BpaxyBaTu, 10 MiHIMajdbHa KUTBKICTH BY3JiB, IO HEOOXigHA IS

obuncniennst K-oi moxigHoi, mopiBHioe K+1. Tlpu BuHKOpHCTaHHI OiIBIIOT

KUTBKOCTI BY3JIiB OTPUMYIOTH (DOPMYJIH BUIIOTO MOPSIKY TOUHOCTI.

Ipukaan. Busnaunt Habmmwkene 3HadenHs noxigaux f'(X) ta f"(X)

tee — 3 . . e
ynxuii f(X)=e X B Bysmi iHTepmonsLii, MmO 3a7aHa TAONULEI0 3HAYEHb C

kpokom h=0/1.
Xi 0 0,1 0,2 0,3 04 05
Vi 1 0,99 0,9608 0,9139 0,8524 0,7788
Posé'szox.  Jlns  oOuucineHHs moxigHux 3rigHo 3 (8.7) ckmagemo
Tabmuiro 8.1 KiHIIeBUX PI3HUILb.
Tabruys 8.1. 3navyenns KinneBux pizunub Gpynknii f (X) 3 kpoxom 0,1
X y Ay A%y A’y Aly A%y
0 1 -0,01 -0,0192 0,0025 -0,0004 0,0008
0,1 0,99 -0,0292 -0,0167 0,0021 0,0004
0,2 0,9608 -0,0469 -0,0146 0,0025
0,3 0,9139 -0,0615 -0,0121
04 0,8524 -0,0736
0,5 0,7788
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BBakatoun, o X = X, Ta BUKOpUCTOBYI0OUU popmyiy (8.7) i oOMexyrounch

PI3HHIISIMH YE€TBEPTOTO MOPSIIKY, OTPUMYEMO:

1
2

1

’ 1 2 1 3 1 4 1 5 1
f'(0) = —[AYy — =AYy + =AYy ——A"Yqg + =AYy +...] =—[-0,01+=-0,0192 +
(0) h[ Yo Yo+ 380 =, A Yo+ A0 ] 0’1[ >

+ % .0,0025 + % .0,0004] = 0,0083,

, 1.5 s 11, b5¢ 1
£7(0) » = [A%y, — APy, + =A%y, - = Ay, +..] =——[-0,0192—
(0) hz[ Yo=AYo+ 58 Yo~ gAYo ] 0,01[

—0,0025—- % -0,0004] = -2,206.

Bionosion:. 1'(0) ~0,0083; f"(0)=~—-2,206.
TouHi 3HaYEHHS MTOX1AHUX BIAMOBITHO TOPIBHIOIOTH:

f(0)=-2x-e*| =0, f"(0)=(4x2-2).eX| =-2
x=0 x=0

Busnaunmo noxubky oO4YMCIIEHHS MOXITHUX Yepe3 KIHIIEB1 PI3HHULI I SITOTO

IMOPAJKY.

1 1
7 (0) & =— | Ay, |E——-0,0008 = 0,00186,
RO - 18 b =

5 5
70— Ay = -0,0008 = 0,0667.
ROk 5180 s

Tpeba 3a3HaUNTH, 110 31 30UIBIICHHSIM MOPSAKY MOX1THOT TOYHICTH (GOPMYJT
YHCeNbHOTO AudepeHiioBaHHs pi3ko magae. Ha mpakTuili iX 3acTOCOBYIOTH AJis
OOYHMCIICHHS MTOX1AHUX HE BUIIE IPYTOT0 MOPSAKY.

3acTtocyBaHHs iHTepnoJisiiinoro moxinoma Jlarpanxka. ®ynkuiro f(X),
IO 33j1aHa Ha BiApi3Kky [&; b] 3Hauennsmu Y, = f(X) B piBHOBiAZAaJCHUX TOYKAX
X=0=0,1,...,n) h=(X,;—X), 3aMIHUMO HaOJIIKEHO IHTEPHOIALIHHIM

nojiiHoMoM Jlarpamnxa [6]:

& (=DMt -D)...(t-n)
f(x)~i§)i!(n—l)! t—i

(8.12)

e t=
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SAxmo nponudepenuiroBatu 10 GopMyy Mo X, OTPUMYEMO TaKUM BUIJISA

MIePIIoi MOX1HOT:

n-1 . .
£1( Z( Ny, _[t(t 1)..._(t n)] (8.13)
o H(n=i)! dt t—I
3 BpaxyBaHHSIM BUpa3y MOXUOKH iHTepHoAMiitHOi hopmynu Jlarpanka
f (n+2)
R,() = oy () (814
(n+1)!

Ta micas i qudepeHIiroBaHHS OTPUMAEMO OIIHKY MTOXHOKH JJIs TIOX1THOT (yHKIII1

B By3J1aX IHTEPHOJAIIIT

Ry() = ‘( D ““”(5)‘, (8.15)

ne ¢ e[ab].

VY dopmyii (8.13) moxinHa GyHKIIT BUpaKaeThCS HE Yepe3 KIHICBI PI3HUIL,
a yepe3 11 3HaUYCHHA B By3Jax iHTepmoisAlii. HaBememMo 4acTKoBi BHIAIKH, IO
JO3BOJIIIOTh  OOYMCIIOBATH TMOXiAHI (YHKIIT 1 iX NOXMOKM B By3/lax Mpu
¢bikcoBanomy N [6].

[lpu n=2 (3HaueHHA OQYHKIOII 3a7aHi B TPHOX TOYKAX) OTPUMAEMO

3HAYEHHsI TEPIIMX MOXITHUX:
f'( )_—1 (=3yo +4y1 - )+—h2 f7(S)
X0 on Yotay1i— Y2 3 ,

1 h?
f'(x)= %(b - Yo) Y f"(&), (8.16)

’ 1 h2 1/
f'(xy) :%(YO —4Y1+3Y2)+? f"($),

1 IpyTUX MOX1THUX:

1
F(%) = ?(YO = 2¥1+ Y2) —hf"(5),

Fr(x) = 2 hzf'" 8.17
(Xl)—?(YO_ Y1+Y2)—E (€), (8.17)

1
'00) =5 (Yo =20+ Y2) + hE"(Q)
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[Tpu BUKOpUCTaHHS YOTUPHOX BY3JIiB iHTeproswii (N=3) oTpumaemo Taki

BUPA3H JUI1 BU3HAYEHHS MEPIIUX MTOXiTHHX:
, 1 h®
f'(Xg) Za(—ll)’o +18y; -9y, +ZY3)—Zf (),

, 1 h3
f'(x) =E(—ZYO —3y; +6Y, — ¥3) +E V),

(8.18)
f’(x)—i( — By, +3y, +2 )—h—sf'V(g)
2—6hYO Y1 t9Y, +4Y3 12 ,
' 1 h3 AV
f'(Xg) =—(=2yp +9y; =18y, +11y3) +— f 7 ({),
6h 4
1 IpyTUX MOXiTHUX:
) 1 11
f (Xo)ZF(ZYO_5Y1+4Y2—Y3)+Eh2fIv(f)’
, 1 h?
f (xl):F(yo—2y1+y2)—Ef'V(§),
(8.19)

£ _ 1 2 h2 flV
(Xz)—F()ﬁ— Y2+Y3)—E (&),
) 1 11
f (X3)=F(—OYO+4Y1—5Y2+2)’3)+Eh2f V().

Ha mpakrtuii HaiOIbII 3aCTOCOBHI HACTYIMHI (POPMYJH YHUCEIBHOTO

nudepeHLioBaHHs U1 OyAb-KOTr0 BHYTPIIIHBOTO By3JIa X;

h

fix) == 2 () (8.20)
v 2
fh0) = e T g 821)
oy Yier = 2Y + Vi _h_2 \Y
f'(x) = 2 P £V (&), (8.22)

sKi MOXKYTh OyTH oTpuMaHi 3 (8.13), (8.16), (8.17) i (8.19).

Tpeba BiA3HAYMTH, MO 31 3MEHIICHHSIM KPOKY h i TOCHUTH TIIaJeHBKOI
GyHKIIT BeIMYMHA 3aJIMIIKOBOTO wWieHa B (opmyiax audepeHiioBaHHS, TOOTO
noxubka MeToly, 3MeHIIyeThesl. [Ipu 1bOMy 3HAUEHHS MOXIAHUX OUIBII TOYHI B

By3JlaX, IO pO3TAaIlOBaHI MOCEpeauHi piBHOMIpHO CiTku. OOuuncIoBaIbHA
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noxuOka, 10 BUKJIMKAaHA HETOYHUM 3aBJaHHSM 3HaueHb (YHKLII Y, a TaKkox

MMOMHUJIKAMH, 110 BUHUKAIOTH MPHU OOYHMCIICHHI KIHIIEBHX PI3HHUIIb, 301IBIIYETHCS
IpY 3MEHIICHHI N 1 3pOCTaHHI MOPSIKY MOXiaHOT [6)].
Sk Buano 3 (8.20) — (8.22), nmpu Manux 3HadeHHs h QyHKIIT B CyCiaHIX

By3JlaX MaiXKe OJMHAKOBI, TOMY NpPH OOYMCIICHHI iX PI3HMIN 3HUKAIOTH 3HAYYII

mudpu. JineHHs Ha hk, AKIo h Majno, Moke IPU3BECTH 0 BEIHUKOI abCOIIOTHOT
noxuOKM B 3Ha4YeHHsIX K-oi moximHoi. TakumM 4YMHOM, 3ajada ampoKCUMAIlii
MOXIJTHUX € 332 CBOEIO MIPUPOJIOI0 HECTIHKOIO.

Axmo ¢QyHKIIS 3amaHa B By3mMax 3 a0OCOMIOTHO MOXHOKOI & TO IS
KOHKpETHOI (pOpMyJIH YuCeNbHOro AU(EpeHIIOBaHH MOKHA MPUOIN3HO BKa3aTu
onTUMAIbHUN Kpok h mudepenmiroBanHs. Hanpuknaa, BU3HAYMMO IOXHOKY

metoay s (8.21)

’ h2 m
|R(X1)|:€M3, e M3: max |f (X)|,

X1 <X<X41

) X 2¢ &€
1 MIOMUJIKY, 1110 BUKJIMKaHA TOXUOKOI0 BUXIIHHUX JTaHUX — = —

2h h
Cymapna nmoxu6ka (0e3 BpaxyBaHHS TOXUOOK OKPYTJICHH)
h? £

—M3+—,
" h

. (8.23)

npuiiMae MiHIMajabHE 3HaUeHHs npu h=3— .
3

Bukonasim aHamoriydi Bukiaaku s (8.23), orpuMaemMo Takuil BUpa3 Juist

ONTUMAIBHOTO KPOKY:

h=24—2 (8.24)

ne M, = max
X—1SXSX41

V().

®opmymu (8.23) i (8.24) moxHA 3aCTOCOBYBATH B TOMY BWITAJKy, SKIIO
B1JIOM1 OIIIHKH BIIMOBIIHUX MOX1OHUX.
Ouinky mnoxXuOKku (OpMYyJIH YHUCEIBHOTO AUGEPEHIIIOBAHHA MOXHA

BU3HAUYATH 32 MPaBUIOM PyHTe, SKIIO 3aIUIIKOBHIA YWieH (POpMyYIH MaEe CTPYKTYpy

RY = 0 - BX(x.h) =p(x)hP +O(h"*), k=12.... (8.25)
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O6uKcIUMO MOXIAHY 3a BKa3aHOO (OPMYJIOI0 Ha PIBHOMIPHIN CITLI BY3JIiB
CIOYaTKy 3 KpokoMm h, a motiM 3 KkpokoM rh.

YpaxoByrouu Te, 0
£ 0900 - R (x,rh) = () (rh) P +-O((rh) **),
O(hP™) =~ O((rh) P,
OTPUMAEMO HACTYMHY OI[IHKY MOXHUOKHU

P& (x, h) — PX) (x,rh)
rP_-1

RK (x) ~ p(x)hP = +0(hP™. (8.26)
Toni mouyaTkoBy (Gopmysay yucenbHOro audepeHIifoBaHHsS K-To MopsaKy

MOJXHa YTOYHUTH, BBA)Kar0O9n

RO - RO 5

) () ~ pK)
1009 = R (o) 22

(8.27)

Mpukiaax. BuzHauntu 3Ha4eHHS niepioi Ta apyroi noxigaux ¢yHkmii f (X)
B toumi X=0,75 na inrepBam [0,7; 1,1] nuraxom mpeacTtaBicHHS (YHKIT
f(x)=th(x) B 6 Ttoukax iHTepBasly 3 kpokom h=005, BUKOPUCTOBYIOYH

iHTepnoALiitai popmynu Herotona i Jlarpanka. Busnauntu noxubku oO0UMCIeHb

MOXITHUX  TOPIBHIOIOYM  pPE3yJbTaTH  YHUCEIBHOTO 1 AHAJITHYHOTO

nuepeHIIiOBaHHS (PYHKIIII.

X=Xy _0,75-0,7 1
h 0,05 '

t

Posé’ sizox. Ins obumcnenns noxigamx f'(X) ta f"(X) 3a momomororo

iHTepnositHuX Gopmyn HeloToHa BU3HAUMMO KiHIIEBI Pi3HUIN, 3HAYCHHS SKHUX

npeacTaBieHo B Tabmmi 8.2.

Tabnuys 8.2. Po3paxyHKoBi 3Ha4YeHHs KiHneBux pisuuib Gpyukuii f (X) 3 kpoxom 0,05

X y Ay A%y Ay Ay A%y A%
0,7 0,6044 | 00307 | -0,0018 | -1.10 | -0,0001 | 0,0004 | -0,009
0,75 06351 | 00289 | -0,0018 | -0,0001 | 0,0003 | -0,0005

0,8 06640 | 00271 | -0,0019 | 0,0002 | -0,0002
0,85 0,6911 | 0,0252 | -0,0017 107

0,9 0,7163 | 00235 | -0,0017
0,95 0,7398 | 0,0218

1 0,7616
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[Ipu BUKOpUCTaHHI mMepIIOl IHTEpHOJANIAHOI  ¢Gopmyau HbproToHa
X=X 0,75-0,7
h 0,05

Toni, BBaxarounm, IO X=X, Ta BUKOpPHCTOByoum Qopmyay (8.4) i

BU3HaA4YnMo t =

O0OMEXYIOUHCh PI3HUIISIMH YE€TBEPTOTO MOPSIAKY, OTPUMYEMO:

tt+1 tt+D(t+2
f(X) = Y, +tAY, 4 + (2 ) a2y, %ﬁyn_ﬁ

LM+ (E+2)(+3) A4yn_4+m+t(t+1)...(t+n—1)
4 nl
A°-6t+2 3 4°-18°+22t- 6 4

+ = T ETEN
Yo 3 Yo 2

) 5t* — 40t3 +105t2 — 100t + 24
5
. 6t> — 75t% + 340t3 — 675t% + 548t —120
5

f'(0,75)z— 0,0807 + 2Ll( —0,0018) + _6'“2(—1-10—16)—
0,05 2 2.3

A"y,

f'(x)z%[Ayw A1) Atyo +

Ny, +

A°yol;

4.1°-18.12+22.1-6
- 2.3.4
. 5.1 - 40-13+105-1> - 100-1+ 24
2.3.4.5
. 6-1°-75-1" +340-1° - 675-1° + 548-1-120
2.3.4.5

(~0,0001) +

-0,0004 +

: (—0,0009)} = 0,594833,

6t 2—18t+11A4

f"(x) = —{&YO +(t-D A3y, + o Yo+

20t3 —120t% + 210t —100 = 30t* —300t3 +1020t2 — 1350t + 548 }
+ Ayy+ AYo |,

120 720
2 — .
£"(0,75) = 152 {— 0,0018+ (1-1) - (-1.10°26) + &2 1223 111 6,0001) +
3 2 B
,20°+20-°+210-1 1000’00047+
120
.\ 30-1* - 300-1° +1020-1%2 —1350-1+ 548

(~0,0009) | = —0,6773.
720
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BianoBigHO, TpuW BUKOPUCTAHHI JIPyroi IHTEPHOJSIINAHOT  dopMyn

Hrrorona (8.6) maemo:

t:x—x6:0,75—1:_5_
h 0,05
, 1 2t—1 3% —6t+2 4318t + 22t -6
f(x)zh{Ays+ 5 AZyﬁTASys— 2 Ay, +

. 5t —40t3 +105t2 -100t +24 5 6t° —75t% +340t3 - 675t2 + 548t —120 I

5 Ay + 5 Yo |
2
f'(0,75) ~ 1 [0,0218+2'(_5)_1(—0,0017)+3'(_5) _6'(_5)+2(1o—16)—
0,05 2 2-3
3 2
_4:(-5)°-18:(-5)°+22:(-5) -6 (L0,0002) +
2.3.4
4 3 2
5.1* — 40- (-5)° +105- (-5) —100-(—5)+24'(_0’0005)+
2.3-4.5
5 4 3 2
, 6:(-5°75-(-5)" +340- (-5)° - 675-(-5) +548-(—5)—120_(_0’0009)}=0159 a3
2.3-4.5
, 1| 5 s 6t2-18t+11 4
f7(X)=—| A%y, + (t—DAy, + ———— Aty
(X) hz[ Yo+ (t—-DAy; 5 Y2
20t3 —120t? + 210t —100 5 30t* —300t> +1020t% —1350t + 548 ¢
+ Ay, + AYy
120 720
J— 2 . —
£7(0,75) = —= . _0,0017+ (-5+1)-1016 4 22 ()" +36:(D)+ 22 550,
0,05 12
J— 3 . —_— 2 . — J—
, 20:(-5)° +120-(-5)° + 210-(-5) 100.(_010005)+
120
J— 4_ . _— 3 . —_— 2— . —
, 30:(-5)"~300-(-5) +13§8 (-5)% —1350- (-5) + 548 (_0’0009)}:_0’67733_

JI1si BU3HAYEHHS IMMOX1THUX BHKOpUCTOBYeMO (hopmynu Jlarpamxka (8.20) —
(8.22). Toni

' Yiiar =Y , 0,6351-0,6044
fl(x)=*= "1 = {/(0,75) = =0,614,
l(xl) h 1( ) 0.05
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' Yiii—Yia , 0,6640-0,6044
fo(x)="=—"1== (0,75 = = 0,596,
2(%) on 2(0,75) 2.005
f ”(Xi) — yi+1 - 2yl + yi_]_ — f ,,(0’075) _ 0,6640— 2- 0,6351+ 0,6040 _ _0’72.
h? 0,057

Busnauaemo nepiry ta Apyry NoXigHy aHaJITHYHUM METOAOM:

F(x)=th(x);  f'(x) = (th(x)’ = sh*(x); f"(x) =—2sh*(x)th(x)
£'(0,75) = sh?(0,75) = 0,59658, f"(0,75) = —2sh?(0,75)th(0,75) = —0,75781
Bionosiob. OtpuMano Taki HaOMMKEHI 3HAYEHHS TMOXIMHUX (QYHKIUT Ta
MOXHOOK OOYHCIICHHS IIUITXOM BUKOPUCTAHHS:
— POl 1IHTepnosIIiiHO1T hopmyin HeroToHa!
f'(0,75) ~ 0,594833;
A= | f'(0,75) — fé(0,75)| = |0,594833— O,59658| =0,001747;

A 0001747

5= - —0,002928:;
f/(0,75) 0,59658

£7(0,75) ~ —0,6773;
A =|"(0,75)— 2(0,75)| = |- 0,6773+0,75781 = 0,08051;

A 008051

5= _ — 010629;
£/(0,75) 075781

— pyroi iHTepnonsiiaoi Gopmynu HeroToHa

£'(0,75) ~ 0,594833

A=|f'(0,75) - £4(0,75)|=|0,594833 - 0,59658 = 0,001747 ;
o A _ 0001747 _ o ooong.
f/(0,75) 0,59658
£"(0,75) ~ —0,6773;
A =|"(0,75) - £2(0,75)| = |- 0,6773+0,75781 = 0,08051;

A 008051

5= = =0,10629;
£/(0,75) 0,75781
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— dopmyn Jlarpanxa :
a) (0,75 ~0,614; A=

s__ A 001742
f/(0,75) 0,59658

6) f'(0,75) ~0,596; A =|f;(0,75)~ f.(0,75)|=|0,596 - 0,59658 = 0,00058;

s__ A 000058
f/(0,75) 0,59658

£"(0,75)~ 0,72, A=|f"(0,75)— £2(0,75) =|-0,72+0,75781 = 0,03781;

s__ A _003781_
f/(0,75) 0,75781

£(0,75) - £.(0,75)| = |0,614— 0,59658 = 0,01742;

=0,00292;

=0,000972.

0,04989.

Mpuxknaan. Busnauntu 3Ha4YeHHS MepIIOi Ta APYroi MOXiAHUX QYHKINT

8
V1+ X2

dbopmynmu Herorona 1 Jlarpamxka. IlopiBHATH pe3ynbTaTH YHCENBHOTO 1

y=f(x)=x>+

B Toulll X=0,9, BUKOPUCTOBYIOUM I1HTEPHOJALIINHI

aHATITUYHOTO nudepeHIitoBaHHs QYHKITII.

Po36’ azok. JIna BU3HAYEHHS MOXITHUX MOAUIMMO IHTEPBAJ JOCIIIKEHHS
byukuii f(x) [0;17], mo BKIOYaE TOYKY X, HA D PIBHUX YaCTHHH 3 KPOKOM
he (b—a) _ 17-0

5 5

Takum unHOM TipeacTaBUMO QyHKIito f(X) sk:

=0,34.

X; 0 0,34 0,68 1,02 1,36 1,70

f(x) 8 6,593 4,8808 3,602 3,175 3,869

Jns 3actocyBaHHS 1HTepnoJsAUiMHUX (Qopmyn HpioToHa uist oOuuCIEeHHS
noxigaux 3rigHo 3 (8.4) 1 (8.6) Bu3HauuMo KiHIeBi pi3HUII QYHKIIT 3 KpokoMm .

3HavYeHHS KIHIIEBUX PI3HMIIL MPEICTaBUMO B Tadymii 8.3.

Tabnuys 8.3. Po3paxyHKoBi 3HaYeHHsI KiHUeBUX pisHuub Ppynkuii f(X) 3 kpoxom 0,34

i f(x) Ay, Ay, Ay, Ay, Ay,
0 8 -1,407 -0,2962 0,7116 -0,2662 0,081
0,34 6,593 -1,7032 0,4154 0,4454 -0,1852
0,68 4,8898 -1,2878 0,8608 0,2602
1,02 3,602 -0,427 1,121
1,36 3,175 0,694
1,7 3,869
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OO6uncioeMo MOXiAHI (PYHKIIT 3a JOMOMOTOI0 MEPIIOi 1HTEPHOJISIIHHOT
dbopmyny Hetorona (8.4). Toai npu

X=X 09-0
h 0,34

t =2,647,

OTPHUMAEMO:.

. 2 3 2 _
A2y0+3t 6t+2A3y0+4t 18t° + 22t 6A4y0+

3 4

(%) z%{Ayw

4 a3 12 B
+5t 40t ;Bt + 22t 6A5

Yo |

1

(09 = L[ -1u07. 22571

(~0,2962) +

L3 (2,647)2 - 6-(2,647) + 2
3
L4 (2,647)° —18-(2,647) + 22-(2,647) - 6
4
L5 (2,647)% - 40- (2,647)% - 18- (2,647)% + 22 (2,647) - 6
5

(0,7116) +

(~0,2662) +

(0,081)} =-3531.

2_
12t ?;fjit +22A4y0+

n 1
"0~ AYo + (t-D Ay, +

20t3 —120t2 + 210t —100 & }
+ 3 ANV |;

1
2

£7(0,9) ~ o [-0,2962 + (2,647 —1)(0,7116) +

J12 (2,647)% - 36-(2,267) + 22
4
, 20 (2,647)° —120- (2,647) + 210- (2,674) —100
5

(~0,2662) +

(0,081)} — 6,450,

Jis BU3HA4YEHHS TMOXIJHUX BUKOPUCTOBYEMO JPYry I1HTEPIOJALINHY

dbopmyny Hetorona (8.6). ITpu

t_x—x5 ~-08

=—-2,343,
h 0,34
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OyJieMo MaTHu:

2
2t+1A2y3+3t +6t+2

1 s A3+18t2+22t+6
f'(X)==| Ay, + Ay, + A
(X) h{ Ya 3 Yo 2

5t* + 40t> +105t2 + 100t + 24 - }
+ 3 AYo Iy

it

£(09) ~ %4[0,694+

L3 (—2,343)% + 6- (-2,343) + 2

2. (—2,243) 101074

. (0,2602) +
— 3 . — 2 . —
L 4(-2343)°+18( 2,143) +22:(-2349)+6 100,
L5 (~2,343)* + 40 (~2,343)% +105- (~2,343)% + 100- (-2,343) + 24 y
5
x (0,081)] = -3,538;
2
f"(x) zh—lz[Azyo+(t+1)A3y0 SraATEseE 22 0+
20t3 +120t2 + 210t + 100 5 }
+ AYo |;
5
09~ L [1121+(-2,343+1)(0,2602) +
J— , 2 . J—
L 12:(-2.343)° + 26 (2343 +22  (1oen
J— 3 . . —_— 2 . —
, 20-(-2,343)° +120- 2,?;13) +210- (=2,343) + 100 0,081}: 6,449,

Habnuxene oOuucieHHS TMOXIAHMX BUKOHYEMO IUISIXOM BHUKOPUCTAHHS

iHTepnonsnidaux Gpopmy Jlarpamka (8.20) — (8.22).

fr(x)zyiwtl_yi. f'(X)zM fn(x)zyi_l—232+yi+1;

’ 2h
£(09) ~ 3,602-4,8898 _ 37876, £/(09)~ 3602-6593 4399
0,34 0,68
£109) ~ 3175-4,8898 _ 25218 £'(09) ~ 6,593 2. (4,8828) +3,602 _ 3503
0,68 (0,34)

4,8898— 2-(3,602) + 3175

> = 7,4464.
(0,34)

£"(0,9) ~
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Jnst oIiHIOBaHHSA pe3yJIbTAaTIB YHUCEIBHOTO JudepeHiitoBaHHs (QyHKIIT

BHKOHAEMO aHAIITHYHE OOYMCIIEHHS ITOX1THUX.

, 8 e 8-(09
f(x)=3x2—3—W, £'(0,9)=3-(0,9)%-3 W —35268;
F7(x) = 6x—8 x/(1+x —3x%? \/1+x

(l+x)
f”(0,9)=6-(0,9)—8V(1+(09) a (:;g))g)) J1+(09)° — 6,525.
+

Bionosiob. OtpumaHo Taki HaONMKEHI 3HAYECHHS TMEpUIoi Ta Jpyroi
noxigaux GyHkmii f(X) B Toumi X = 0,9 3 BUKOpHCTaHHSM:

— mnepmoi iHTeprnossniiinoi  ¢opmynu Herorona:  '(0,9) ~ —3,53%
f"(0,9) = 6,459;

— gpyroi inTepnossmiinol  ¢opmyaun  Herotona:  f'(0,9) » —3,538;
f"(0,9) =~ 6,449,

— popmyi Jlarpamka f'(0,9) ~-3,7876;, f"(0,9) =~ 7,4464;

B pe3ynbTaTi NOpiBHSAHHS pe3yJIbTaTiB YUCEIBHOTO 1 aHATITUYHOTO METO/IIB
BU3HAYEHHS TMOXIAHMX (QYHKIII B JOBUIBHIA TOYIll BCTAaHOBJICHO, IO

BUKOPHUCTaHHS iHTeproysAmiianx ¢opmyn Heiorona 1 Jlarpamka mo3Boiisie

PO3B’ sI3aTH MTOCTABJICHY 3aJ1ayy 3 BUCOKOIO TOYHICTIO.

8.2. YucesbHe inTerpyBanHsi QpyHKITii

[lpu BupimieHHi OaraTboX IH)KEHEPHHUX 3a7ad JOBOJUTHCS OOYMCITIOBATH
BU3HAUCHI 1HTErpaiau Bif (QyHKIIH. 3 Kypcy MaTeMaTHYHOTO aHAIli3y BIAOMO, IO JUIA
Oynb-sikoi HerepepBHOI Ha BiApi3ky [a&;b] ¢ynkuii f(X) icHye mepsicha F(X), i
BU3HAUCHUH 1HTErpasl Bif 1€l (yHKIii MOkHA 00uucIuTy 3a Gopmynoro HeroroHa-

JletiOHis
b
I f(X)dx=F(b)-F(a).

Onnak nepBicHa F(X) He 3aBxkau € eneMeHTapHO ¢QyHKIE€. B momaTkax

JIOBOJAMTHCS TaKOX OOYMCIIIOBATA BU3HAYEH1 IHTETpaju, SKIIO IMiJIHTErpajibHa
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¢dyskiis f(X) He € eneMeHTapHOIO, 337a€ThCs Ta TaOIMYHOK 200 rpadiyno. Tomi
dbopmyna Herotona—JIeiiOHinsg He Moke OyTH 3acTocoBaHa. KpiM Toro, Bupas mis
F(X) Moxe BUSBUTHCS JOCHTH CKIQJHUM, III0 BUMAra€ TPOMi3JIKUX OOYHCIICHB.
VY Takux BHIAJKaX 3aCTOCOBYIOTH (DOpPMYJIH HAOIMIKEHOTO IHTETPYBaHHS, IO
Ha3UBAKOTHCS KBAJAPATyPHUMH.

Inest yncenbHUX METOIB IHTErpyBaHHS MOJSATAa€ B 3aMiHI MiJIHTETPaIbHOI
¢ynkmii  f(X) nmeskoro ampokcumyrouor (GyHKIiew @(X), iHTErpan Bia sSKol
OOYHCITIOETHCST TPOCTO. 30KpeMa sKmo 3aMminuTH (yHkiito f(X) Ha Bigpisky
[&; b] inTepnomsuiiinum mMHOTOUWIeHOM B (X) 3 By3mamu iHTepmomsinii X €[a&; b],

TO KBaJparypHa (popmyia HaOye BUTISAIY:
b k
J' f()dx~ > Af(X). (8.28)
a i=0

Yucna A Ha3uBalOTh BaramMM, a X — BYy3JaMH KBaapaTypHOi (opMyiiu.

Baru A He 3anexartp Big QyHkmii f(X), a 3amexaTh TLNBKK Bixg BHOOPY BY3IIB.

SIK1110 By3/1H piBHOBIaICHI 3 KpokoM h= , TO KBaapaTypHi ¢popmyu (8.28)

Ha3uBaoTh hopmynamu Herotona—Koreca mpu pisaux K.

JI1st miBUIEHHS. TOYHOCTI KBaApaTypHOi GOpMYJH BiAPI30K IHTETPYBaHHS
pO30MBaIOTh Ha Psii YACTKOBHX IHTEPBAJIB, Ha KOXXHOMY 3 SIKMX MiJIHTErpaJibHi
GyHKIIIT 3aMIHIOIOTH IHTEPIOJSAIHHUM MHOTOYJICHOM.

Skmo kiHmi  Bigpizka [&;b] 1 uacTkoBMX iHTepBadiB iHTErpyBaHHS
BUOUPAIOTHCS B SIKOCTI BY3JIB  IHTEpHOJsALii, TO QOpMyldy Ha3UBaIOTh
KBagpaTypHoi (opMysor0 3aMKHYTOTO THWIy, B IHIIOMY BHUMAAKy —
BIJIKpUTOTO THITY.

KBanpatypHa ¢opmyrna Ha3sUBa€eThCS TOYHOIO AJII MHOTOWIEHIB B CTEIEHI
K, sxmo mpu 3amini ¢yskmii f(X) moBimbHUM MHOTOWwIeHOM B (X) cremeni K

HaOmmkeHa piBHicTh (8.39) crae TOYHOIO.
PozrisinemMo HaOUTBII YacTO 3aCTOCOBYBaHI KBaApaTypHi (GOpMysH, sKi €
okpemumu Bunaakamu ¢popmyn Hetotona-Koreca npu k=0,1, 2.

Hocuthb mpocTo 1 popMynu MOKHA OTPHMATH 13 TEOMETPHUYHOTO 3MICTY

b
BU3Ha4YeHOro iHterpany: skmo f(x)>0 wa [ab], To jf(x)dx— TUIOIIA
a

KPHUBOJIiHIHHOT Tparneriii, oOMexeHoi BiapizkoMm [&; b] oci OX, kpusiit y= f(X) i

npsMuMu X =a, X=Dh. [Ipu HaOIMKEHOMY OOYMCIICHHI KPUBOJIHINHY Tpamnerito
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3aMiHIOIOTH (ITyporo, OOMEKEHOK THUM Xe BigpizkoMm [&;b], mmoma S skoi

OO0YHCITIOETHCS 3HAYHO MPOCTIIIE. 3BIICH OTPUMYIOTh HAOIIMKEeHY (HOpMYyIy:
b
[f(9dx~S,
a

Ky BUKOPHUCTOBYIOTH IS OOYHCIICHHS JIMINE TOJI, KOJW MOYKHA OIlIHUTH Il
noxu6ky. Hamani posrnsnaerses ¢ynkuis f(X) >0 mia xe[a;b], ane orpumani
pe3ysbTaTi OyayTh BipHi JUTst Oyb-sKO1 iHTerpoBaHoi Ha [a; b] dyHKIii.
dopmysia NMPAMOKYTHUKIB. Ines (GopMmysin TPSIMOKYTHHKIB IOJIATae B
TOMY, HIO Ha MajoMy BIIpPi3KYy [Xg; Xo+h] mioma kpuBouniHiiHOT Tpamenii
NPUOJIM3HO JOPIBHIOE IUIONII MPSMOKYTHHKA 3 OCHOBOIO [Xo; %o+ h] i BuUcoTOMO,

110 JOPIBHIOE OpANHATI B AKiHch Touti & €[ Xy; X + h], To0TO:

Xo+h
[ f(x)dx~ f(£)-h.
X0

3aexHO Bi TOTo, Ky TOUKY BIIPI3KY [Xy; %o+ h] obupatots B skocti &, i
OTPUMYIOTh Pi3HOBUAM (POPMYITH MPSIMOKYTHHUKIB.
P03i6’ emo Bizpi3ok [&; b] Ha N piBHUX YaCTHH TOYKAMHU

a=Xy, =% +h, X, =x+h..,%=%X_4+hX,=X,1+h=Db,

e h:ﬁ_
n

Ha koOXHOMYy 4YacTKOBOMY BIAPi3KY [X_1; %] 3aMiHHMO BiANIOBiTHY
KPUBOJIHINHY Tpamnemnilo Ha MPSIMOKYTHHK, BHUCOTY SKOIO MOXHAa BHU3HAUYUTU
MO-pI3HOMY.

®opmyaa «IBUX» NPAMOKYTHHUKIB. SKI0 BUOpaTH B SKOCTI BHCOTH
IPSIMOKYTHHKAa Ha KOXXKHOMY 3 BiApi3kiB [X%_5; %] (1=12,3,...,n) opauHaty B
JiBIM TpaHWI YacTKOBOTO Bijapi3ka, ToOTO Vi ;= f(X_;), TO KpuBomiHiiiHa
TparneLis 3aMIHUTbCS Ha CTyMIHYacTy QIrypy, Ioma § sKiid MoKHa IPUUHATH 32

wiony npsMokytHuka (puc. 8.1).
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)

P

%7

B

Z)

Puc. 8.1. Cxema MeTOy JIIBUX MPSIMOKYTHHKIB

L J

e

Orxe:

n
Sn - y0h+ y1h+...+ yi—1h+"'+ yn—lh = hz yi—l
= (8.29)

b n n
[ f(dx~ Z‘is = hé f(%_q)-

Otpumany Qopmyiny Ha3uBaloThb (OPMYJIOI <JIIBUX» MNPSIMOKYTHUKIB

(puc. 8.2).

) 1

(AN

NN
NN
TN %/§

i ¥ Ty ".'l L T

NN
WL,

NN

»

£ [
3 al T

Puc. 8.2. 'eomeTpryHe npeCcTaBIEHHS METOTY JIIBUX NMPSIMOKYTHHKIB
@opmyJa «IpaBUX» NPAMOKYTHHKIB SIKIIO BHCOTOIO MPSMOKYTHHKA

BUOpATH OpJAMHATY MPABOTO KiHI 9acTKOBOTO BiApi3Ky (puc. 8.3), TOOTO BUCOTa

IPSIMOKYTHHKA Ha BIIPi3KY [X_4; %] mopiBHtoe Y, = f (%) mpu (i=12,...,n), TO
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JUIsL HAOJIMKEHOro OOYMCIIEHHS 1HTerpajga OTpUMAaeMO (OPMYIy <IIpaBUX»

NpSIMOKYTHHKIB (puc. 8.4):

n
S, =yh+ yoh+..+yih+..+y,h=h>y
=
' (8.30)

b n n
10~ 3 § =h3 (),

i=1 =1

r=ffri

/

N

L

] X A T

Puc. 8.3. Cxema MeToy mpaBUX MPSIMOKYTHHUKIB

-
-

Ny

7N
WA

Vi " T

NNV

NN

il & =rp T

Puc. 8.4. 'eomeTpruyHe NpEACTABICHHS METOLY MTPABUX MPSIMOKYTHHUKIB
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dopmyJa «cepeaHix» NMPAMOKYTHHKIB. IcHye me Tak 3BaHa ¢opmyia
«cepemHix» MPSAMOKYTHHKIB a00 mpocTo ¢GopMmyrna NpSIMOKYTHHKIB. BucoTtoro
NPsIMOKYTHHKA, MOOYIOBAaHOTO HA YAaCTKOBOMY BIJIPI3KY, BBaKalOTh OpIUHATY,

y3ATy B CepeaHiil Touli Biapi3ky (puc. 8.5), To6TO

S~ h .
f[%):f(xi_ﬁzj:y_ 1, 1=12,..,n.

2

Toni

n

2 2 2 2 i=1 "o
. (831

b n n
[f()dx~Y§=hY f (&_;)
a i=1

i=1

Z

Puc. 8.5. Cxema MeTony cepeaHiX IpsSIMOKYTHHKIB

[ Fd

®opmynu (8.29) — (8.31) MokHA BHKOPHCTaTH MPH AHATITUIHOMY abo
rpadiuHomMy criocobax 3aBmaHHs ¢yHkKiii Y= f(X), a popmymnu (8.29) i (8.30) — i
npu 3aBAaHH] QYHKINT y BUTTISAI TaOIHI 3 pIBHOBIAIAJICHUMH BY3JIaMH.

Bunagok HepiBHOBiIa/IeHUX BY3JIiB. PO3IIIIHEMO BUKOPHCTaHHS METOIY

NPSIMOKYTHHKIB Y pa3i, KOJMU (PYHKIS 3a7jaHa TaOJIMIICI0 3 HEPIBHOBIIAAICHUMU

By3J'IaMI/I .
[ 0 1 2 I n
Xi a=Xo X1 X2 Xi =b
Vi Yo Y1 Yo Vi Yn
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[Moznaummo hy =% — %5, hy =%, — X% ,..., N\, =X, — X1, TpUUOMy He BCi
(h (i=1n)) piBui mix coboro. Jlis OGUMCICHHS BHM3HAYEHOTO iHTErpama 3a

METOJIOM TMPSMOKYTHUKIB B IIbOMY BHUMAJIKy JErKO oOTpuMartu (opmyu,
anasoriuni popmymam (8.29), (8.30) :
— dopmyJia «IBUX» MPIMOKYTHHUKIB!

n n

2 S =Yolu+ Vil + o+ Yigh o+ Yoaghy =h) yigh

i=1 i=1

b 0 0 (8.32)

I FO)dx~> § =h). f (%)% —%_1);

a i=1 i=1

— (opMyIia «IpaBUX>» MPIMOKYTHHUKIB!

n n
'S =y + Yohy +..+ yih 4+ Y hy =hY yih
i=1 i=1

b ) ) (8.33)
J F(9dx~ 23 = hé (606 = %0).

®opmyna Ttpaneniii. dopmyna Tpamemiii 06a3yeTbcsi Ha TOMY, IO Ha
BIAPI3KY [Xg; Xo + ] myry kpuBoi y = f(X) 3aMiHIOFOTE XOpIOI0, IO CTATYE KiHII
i€l ayru, T00TO poOAATH JiHIWHY iHTepnosmito ¢pyHkuii Y= f(X). [Ipu nupomy
IUTONTY KPUBOJIIHIHHOT Tparemnii 3aMiHIo0Th mIoIero Tpamnemnii 3 ocHoBamu f (%) 1
f (X + h) Bucororo h (puc. 8.6), orxe:

+h
Xoj F(x)dx ~ 00 ; Co*h) (8.34)

X0

b
3BifcH, 00 BUYMCINTH j f (X)dx, po3i6’emo Bigpizok [&; b] Ha N piBHUX
a

o b-a i
JaCTKOBUX BlI[plSKlB, TaK II0 KpOK h=—. HpOBeIIeMO qepe3 TOYKHN O1IJICHHSA
n

OpJIMHATH 1 3aMIHMMO IO KPUBY JaMaHOIO, BIIPI3KH KO 3aMiHIOIOTH KiHII JBOX
cyciaHix opauHat. KpuBosniHiiiHa Tpamneliist npu 1[bOMy 3aMiHUTBCA Ha Pirypy, 1o
CKJIaZIa€ThCsl 3 N Tpamemid, BUCOTH sSKuUX N, a ocHOBM — opauHaTH
Y, =f(%),(=212,..,n) B Toukax mnoxmimy. [lmoma uiei ¢irypu (puc. 8.7)

BUpaXaeTbes (popMyJIoL0:

ZS— y1h+ +y.12>’.h+ Yot Yo zynh h(yozway,) (8.35)
=1
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a U1 OOYMCIICHHSI 1HTEerpaja MaeMo GopmyJy:

b n
If(x)dxzzs=h-[w Zf(mj (8.36)
a i=1

Ky Ha3UBalOTh (hOPMYJIOI0 TpameIliii.

F 1
!

L

Puc. 8.6. Cxema metony Tparneniit

1=Ii¥i

NN
AN
NNAY

i@ o= W X i, Y, T,

Puc. 8.7. 'eomeTprdHe peACTaBICHHS METOy Tparlellii

Ouinka nmoxm6ok ¢opmyJ NPAMOKYTHHKIB i Tpamemiii. HaGmmwxkenuit
pe3yabTaT Tpebda BUKOPHCTATH JIMINE TOMI, KOJIM BiJiloMa HOTro oIiHKa. 3 Teopil
HaOJIMKEHUX METO/IB OOYMCIIEHb BiJOMa OIIHKA abCONIOTHUX MOXUOOK (Qopmy
NPSIMOKYTHHKIB A, 1 Tpameniii A, ,

_(b-9° h?

M
w = a2 M, = - —2(b-a), (8.37)

A

.h
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_(b-a° h2|v|2
M, = b-a 8.38
mp — 12n2 2= ( ) ( )

ne M,=max|f"(x)|, a<x<b; f(x) — miginterpamsua ¢yukuis; [a; b

A

. _ . b-a
BiZpi30K iHTerpyBaHHs; h —kpok interpyBanus (h=——).
n

Takum ymHOM, sKIIO Ha [&; D] MoxHa 3HaliTH M,, TO mpu 3agaHomy N

(a6o h) 3a dopmymoro (8.37) abo (8.38) Bu3HAuaeMO aOCONIOTHY MOXHOKY
BIJIMOBITHUX HaOMMKeHUX pe3yibTaTiB. KpiMm Toro, skmo 3agaHo uucino &€ >0 —
TOYHICTh HEOOXIJHOI'O pe3ysbTary oOuucieHHs, To 3 dopmynu (8.37) ado (8.38)
MOJKHA BU3HAYUTH BEJIMYMHY KpOKy N (abo h), mpu sikomy oTprMaHO HaOJMKeHE
3HAYEHHS iHTerpaia i3 3amgaHor TouHictio. IIpote ominutu | f"(X)| He 3aBxkmn

3py4HO (TaKOX HE MOXKIIHMBO). Y Takiii CHTyallii /Ui OLIHKYA 3HAYCHHS iHTerpaia
S(h), orpumanoro 3 KpokoM h, MOBTOPIOIOTH OOYMCICHHS 3 Kpokom 2h

(Bm3Hauarote S(2h)). 30inbIIeHHsT TOXUOKH KPOKY B 2 pa3u B opmyinax (8.37) i
(8.38) mpu3BoaMTE 110 30iNMBIIEHHS TOXUOKH B 4 pas3u, TOOTO, SKIIO Aj,- TOXHOKa
sHaueHHs S(h), 1o A,,=4A,. Tomi |S(h)-S(2h)|<3A,. 3Bigcu, skmo B

pesyapTarax S(h) i S(2h) cniBnagaroTh 10 1eCATKOBUX 3HAKIB, TO BCI BOHU BIipHI,
ockinbku B boMy Bunaziky | S(h) — S(2h) < 3A,, < 107% i Ay, < %10"‘ :

Ha npakTuii 3a abcomoTHy moxuoKy A}, inTerpana S(h), mo orpumanwmii 3a

dbopmysaMu IPSIMOKYTHHKIB 200 Tpamerii, IpuiiMaroTh YUCIIO:

| S(h) - S(2h) |
2 .

Ah=

3a3Buuaii  cmouyatky oOuucmoTh S(2h), a moTiM  MOABOIIOTH i
obuncmorots S(h).

[MopisHtoroun hopmyiu (8.29) — (8.31) i (8.36) i popmynu moxubok (8.37) i
(8.38) mokHa 3pOoOMTH BHCHOBOK, IO BOHH OJHAKOBO TPYIOMICTKI 1 JarOTh

NPUGIIH3HO OHAKOBIil TOYHOCTI pesymbrar (moxubky mopsaky h?). Tomy Hi y
OJTHOTO 3 ITUX METO/IIB HEMAE MePEBary Mepe/l 1HIINM.
Sxmo ¢yukuis f(X) 3amana tabmunero, To y dpopmymax f’(x) (8.38) i

(8.38) MOKHA 3aMiHHTH Ha KiHueBY pisHuIo A%y .Toxi:

b-a 2 b-a 2
=—Zmax|A%y|, A, =——max|A%y]|.
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dopmyna tpaneniii (8.38) € xBagpaTypHOHO (OPMYJIOK 3aMKHYTOrO THILY,
BOHA € TOYHOIO JIJISl MHOTOYJICHIB TEPIOi CTETIeH.
TMoxuGka il nudeperuiiiosanoi pynxuii f (X) Ha [a; b] gopisrioe O(h?).

3

X
Ipukaan. BukoHatm dmcenbHE BH3HAYEHHS I1HTErpary J.—dX3a
Inx

dbopMynamMu JiBUX, TPaBUX 1 CEPENHIX MPSIMOKYTHHKIB Ta Tpamemi MUISIXOM
po30uTTs iHTepBaiy inTerpyBanHs Ha 10 piBHuX Binpiskis (N =10).
, _ b-a 3-2 ) .
Po3é si30k. Tlpu N=10; h=——=——=0/1; Bu3HauumMo TOYKH IOMILITY
n 10
BIJIpI3KY IHTErpyBaHHS Ha YaCTKOBI Ta 3HAYEHHS MIAIHTErpaibHOT (QYHKII B
TOYKax MoauTy. PesynpTaTtn oOunciaeHHs npeactasieHo B Tadmwmi 8.4.

Memoo nisux npAmMoKymHuKisa.

9 9
jz—dx s hz Vii $,=h>y, =01>y =01-27,623=2,7623;
Inx i3 =0 =0

5
Sn=>.5=2h-(Yg+ Yo+ Ys+ Ye+¥g) =0,2-13865=2,773.
i=1

Tabnuys 8.4. Po3paxyHKoBi 3HAYEHHS MiiHTerpaJbHOL

¢yHkuii B TOukax nmogiyty Biapizky iHTerpyBanHsi

i X = £(%) X+ f(5+2)
0 2,0 2,885 2,05 2,856
1 2,1 2,83 2,15 2,8
2 2,2 2,8 2,25 2,77
3 2,3 2,76 2,35 2,75
4 2,4 2,74 2,45 2,73
5 2,5 2,728 2,55 2,74
6 2,6 2,72 2,65 2,72
7 2,7 2,72 2,75 2,72
8 2,8 2,72 2,85 7,72
9 29 2.72 2.95 2,73
10 3,0 2,73

[Toxubka OOYHMCIIEHHS BHU3HAYEHOTO IHTErpajgy 3a METOAOM JIIBUX

MPSIMOKYTHHUKIB

_ ‘Sn - SZh‘ _[27623-2,773

A/m -
3

= 0,00357.
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Memoo npasux npamoKymHuKie.

10 10
I —dx ~ ZS hZ i S, =h>y =013y =01 27,468 = 2,747
i=

i=1

5
Sin=2.5=2-(Y+ Yo+ Yg+ Yg+ Y10) =02-1371=2,742.
i=1
[Toxubka oOuYMCIEHHS BHU3HAYEHOTO IHTErpajy 3a METOJIOM IIPaBUX

MPSIMOKYTHHUKIB

~ \Sq - SZh‘ [2,747-2,742

A,, = = = 0,00167.
3 3

Memoo cepednix npamMoKymHuKis.

J.anx~|1s hlzof(m) S, = 01|Zc>(y'+ Ny 012750 2,752

5
Sh=2.§=2n-(Y1+ Y3+ Y5+ V7 + o) = 0,2-13,796 = 2,7592.
i=1
[ToxuOka 0OYMCICHHS BHU3HAYEHOTO IHTETPAly 3a METOJOM CEpeaHiX

NPSIMOKYTHHKIB

~ ‘Sh - %h\ _[2,752-2,7592

Acn -
3

=0,0024.

Memoo mpaneuyiii.

3 x

ks _1203 —h ( f (%) +2 T (*0) +_§9: f (&)j = 0,1 (27,5455) = 2,75455,
=1 i=1

2

Szh—ZS oh. (Yot Y0) y10)+y2+y4+y6+y8) 0,2-13,7875 = 2,7575.
i=1

[Toxubka 0OUMCIEHHS BU3HAYEHOTO IHTETPATy 32 METOJIOM Tpamnerii

~ ‘Sn - S?h‘ _[2,75455 - 2,7575

mp = = 0,000983.
3 3

Bionosiob. OTpuMano HaOIM>KEHE 3HAUECHHS 1IHTErpaly 3a!
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3
X
— METOJIOM JIIBUX MPSIMOKYTHUKIB I— dx =~ 2,7623;

Inx
? x
— METOJOM IpaBUX MPSIMOKYTHHUKIB j— dx =~ 2,747,
Inx
2 x
— METOJIOM CEpEAHIX MPSIMOKYTHHKIB j— dx =~ 2,752,
Inx

— METOJIOM Tpamerlii IH dx =~ 2,75455.

®opmyaa Cimncona (kpuBosiHiiiHux Tpameniii). Crioci0 HaOIMKEHOTO
00YHCIIEHHS BU3HAYEHOTro 1HTerpaiy 3a gopmyinoro CimrcoHa 6a3yeTbcs Ha TOMY,
o0 Ha BIAPBBKY [X5;Xy+h] amyry xpusoi Y= f(X) 3amiHOIOTE myroro
KBaIPaTUYHOI napabouy, 10 MPOXOJIUTh qyepes TOYKH

A(X, T (X)), B(Xg+hy, F(Xg+h), C(xg+2hy), f(X+2h)), ToO6To BHKOHYIOTH
KBaJIpaTUuHy iHTeprnomsanito GyHkmii y= f(X), ne h = 2 Toni 3a HaOmmKeHe

3HAYEHHS TUIONII TPUIUMAIOTh TUTOITY MMapaboIivHOl Tparnellii, sika Ma€e Ty K OCHOBY
[Xo: X +2hy] 1 oOmexeHHst 3Bepxy ayroro mapabomu. s toro, mobd orpumMaTh
PIBHSIHHSA I1i€1 MapadoI, CKOPUCTAEMOCS TIEPIIOI0 1HTEPIOPIIAIIINHOK (POPMYIIOI0
Herotona. MHorouneH Jpyroi cTemeHli 3a TpbOMa BYy3JIaMH IHTEPIIOJISINI:
Xgs Xg + Ny, Xg + 2hy Mae Takuil Burnsz:

Ay,
T (X=Xg)(X— %)

[pencraBumo 1eit Bupa3 1o iHmomy. OCKiIbKH X = X + hy, TO

A
P,(X) = Yo +%

(X = X )(X%) = (XX )(XX) + ) = (X = X9 )? = (X— Xo )y,

A A?
Pz(x)z%Jr%(x_Xo)+2—ég((><—xo)2—(x_xo)'rh)-

[Tnomra nmapaGomniunoi Tpanerii (puc. 8.8) Mae Takuii BUTIIS;
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L 3

Puc. 8.8. Cxema MeTonmy KpuBOIiHIIHUX Tpareriii CiMricona

SIKI1o0 BBECTH MO3HAYEHHS Y = Y, — OpJIUHATA [I0YATKy BIAPI3KY, Yo =Y, —
OpAMHATa KIHUS BIAPI3KY 1 Y; =Y, — OPAMHATA CEPEAMHH BIAPI3KY, TO OTPUMaHA

dbopmyiia Habepe BUTIISIAY:

s _h

nmp :E(yH+4pr+yK)’ Ile xk_'xHZh’I.' (8'39)
[Moxinumo Temep BiApi3ok [@; D] Ha N pIBHUX YACTHH, MPUIOMY BBaXKAEMO,
) b-a b-a
o N —YucIo napue, T00To N=2m, toxi . hh=——= om
n m

Hexail Xy =a, X =Xg+y,....X, =X, +2 =b — Touku noxiny Bimpizka
[&; b] Ha N piBHUX wacTuH 3 kpokoM 2h; TIpoBeseMo OpaMHATH B IUX TOYKAX:
Yo=f(X0), Y1 =f(X)ses Yo = T(X5).
3’ eqHAEMO KIHII KOKHHUX TPbOX CYCIAHIX OpJIMHAT Ayramu mapadoi, TOOTo
3aMIHHUMO Ha BiApi3Kax [Xg, Xol, [X9, X4l,-s [Xn.2, X,] KpuBY myramum mnapaGod.

3acToCy€EMO 710 KOKHOTO 3 KX BiApi3KiB ¢popmyny (8.39). Toxui:
Sy = (Yo + A3+ 2) + L (Yo + A3+ 3) ot (g + g+ 1), (840
ab0 OTPUMAEMO

b m m-1
[ f(x)dx~S, = %(f (@) + f (b) + 4kz f (Xop_1) + 2kz f(Xy)).  (841)
a =1 =1

®opmyna (8.41) Ha3uBaeThcs MapabOIIYHOK (GOpMYIIOK ado MPOCTO
dopmynoro Cimricona. Ha pucynky 8.9 npuBeneHO reoMeTpHuHY iHTEpIpETAaIlito
MeToy KpuBoOJiHiiHUX Tpaneii (CiMrcona).
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A (x
» . f0)

Yo Sn (x)

"y

a=x, X, X, X3 Xy . X,; x,=b

Puc. 8.9. I'eomerpuune npezcrasieHHs merony CimMrcona

Ouinka moxuoku dopmyan Cimncona. ®opmymna Cimncona (8.41) 3a
CBOEID MPOCTOTOI0 HE TMOCTYMAETbCA OTPUMAHUM  paHime (opmyiaam
npssMokyTHHKIB (8.29) — (8.31) i Tpanertiii (8.36), ane mae OiabIll BHCOKY TOYHICTb.
3 Teopii 00YMCITIOBATBPHIX METO/IB BiJoMa OIliHKa a0CONOTHOI MOXHOKH (hopMyIIn
Cimmncona:

(b—a)°M, h*Mm,
= = b—a y 8.42
180n* 180 (b-a) (842)

ne M, =max| f Vi(x)], a<x<b; f(X) — miginterpanbna QyHkiis; [a;b] —

nap

BIZIpI30K 1iHTerpyBaHHs; h — Kpok iHTerpyBaHHs. [IpoTe KOpHUCTyBaTUCS
dopmynoro (7.42) He3pydHO, OCKIIBKH HEOOXiTHO BH3HAYUTH YETBEPTY MOXIIHY,
Ky HE 3aBXKJM MOKHA JIETKO 3HAWUTH.

Busnauenns moxuOku iHTerpyBaHHs 3a ¢opmMynoro CiMIICOHA BUKOHAEMO

HAa OCHOBI anamizy ¢opmynu (8.42). 3 uiei Qopmynu BuaHo, wWo A,,, Mae
.4 1, . : : ..
nopsitok manocti h™ (abo —;) i npu 30inbmeHHi Kpoky h yasiui moxuOka
n

30ubIIyeThCs B 16 pasziB: Ao, =16A,,. Tomy Ha npaxkTuili 11 OLIHKA OTPUMAHOIO

HaOmmkenns S(h) MoxxHa moBTOPUTH OOYKCICHHS 3a Tiew k ¢dopmynoro (8.41),
| S(h) - S(2h) |
15

HaOmmwkenns S(h) srimHo 3 merogom Pynre. Tpeba Big3HauuTH, 10 3a3BUYAi

ane 3 kpokoMm 2h. Yucino Ah= NPUIMAIOTh 3a OIIHKY MOXUOKU

crioyatky obOuucmoTs S(2h), a mortim mogBororoTe N i obuucmoTs  S(h)

(e rapanTy€e WMOBIpHICTh 3acTocyBaHHs (Gopmynu Cimrcona). Skmo (GyHKITisS
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f (X) 3amana tabmurero, To popmyia (8.42) Habepe BUTIIALY:

_(b—29) 4
rl2

SN X dX C ey .

IHpuxknan. Busnauntu Ie 3a (hOpMYJIOI0 KPUBOJIHIMHUX Tparerii
0
IMIICOHA) IJISIXOM ITOJIUTY IHTEPBATy IHTErPYBaHHS Ha 1BHUX YacTvH (N =10).
(Ci ) ity iHTEpBATTY IHTErPY 10pi (n=10)
T_0
Po3é azox. llpn n:10;h:b_a:2 zl, hlznzi;m:Zn:ZO.
n 10 20 2 40

BusHaunMo TOYKM TOMIMY IHTEpBay HA YaCTKOBI 1HTEpBAIM Ta 3HAUYCHHS
migiHTerpanbHoi (yHKIII B TOYKAaxX MOALTY. Pe3ynbratu OoOYMCIEHHS HaJaHO B
Tabnuii 8.5.

Tabnuys 8.5. Po3paxyHKoBi 3HAYEHHS MiTiHTerpaJbHOL

(yukuii B TOukax nojgisy intepsajy intrerpyBanas

i X . . h= f(>g-) Ll .
yopu i =0, i=20 Y, IIpH I-HenapHe Y, IpH |-n1apHe
0 0 1
1 7140 1,08162
2 7120 1,16933
3 37z /40 1.26294
4 7110 1,36209
5 zl8 1,466221
6 37120 1,57458
7 77140 1,68624
8 zl5 1,8
9 97140 1,91448
10 wl4 2,02811
11 117/40 2,13914
12 37z /40 2,2457
13 137 /40 2,34583
14 77120 2,43758
15 3718 2,51904
16 215 2,58844
17 177140 2,6442
18 97120 2,68502
19 1972 /40 2,70992
20 zl2 2,71828
Z Yo + Yoo = 3,71828 Zm: Yo, =19,76962 Zm: Y. =17,8907
k=1 k=1
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Toni
m
k=1
m-1
k=1
72 N 7140

[eMidx=3"S, = %(Vo # AV + ) = T (371828 +4-19,76062 +
0 i=1

+2-17,8907) = 310437
S, =310437,

Soh =%(f (o) + T (Xa0) + 4(T (%2) + T (%6) + T (¥10) + T (X14) + T (a8)) +
T

+2(F(Xg) + T(Xg)+ F(X)+ T (X)) = T4O -(1+2,71828+ 4(1,16933 +

1+ 157458+ 2,02811+ 2,43758 + 2,8502) + 2- (1,36209 + 18+ 2,2457 +
+2,58844)) = 310438.

[Toxubka oOuncIeHHSI BU3HAYEHOTO 1HTErpaly 3a METOJOM KPUBOIIHINHUX

Tpaneuiit — CiMrcona

h) — S(2h 10437 - 3104
an— S0~ S@N)| _[310437 - 31043 =6,67-107".
15 15
l2
Bionosiov: €3 dx~310438.
0
dopmy.ia Herworona—Koreca. PozrmsiayTi paHiie bopmynu

NPSIMOKYTHHUKIB, Tpamneuiid 1 CIMICOHA € OKPEMUMH BUIAJAKaMHU OUIbLI 3arajibHUX
dopmyn Hetorona—Koteca. Bonu oTrpumani B pe3ysbTaTi 3aMiHU MiTIHTETPATbHOT

¢ynkmii  f(X) iHTepmonsAmiiHMM MHOrOwieHoM P,(X) cremeni N, mnpuyomy

B1JIPI30K 1HTErpyBaHHS PO30OMBAETHCA HA N PIBHUX YaCTUH

b b
[ f()dx~ [ B, (x)dx.
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Ha mnpaktuiii 9acto BUKOPHCTOBYIOTh (DOpMYJIH, KOJM BiApi3ok [&; D]

po3omBaeTbes Ha | mimiaTepBaniB [X_4; %], 1=12,...,] moBxunoro H = bl_a i
Ha KO)KHOMY 13 HHUX 3aCTOCOBYIOTH opmyny Hetorona—Koreca:
Xi n+1
S = [f(X)dx=rh P,ym, (8.43)
Xi-1 m=1

ne h=-—— Bijgcranp Mik By3JaMu IHTEPHOJALIi HA YAaCTKOBOMY BIIPi3Ky; I —
n

MHOXHUK 1ipu N; Y, = f(X%_; +h(m—1))— 3Hadenus migiaterpaipHoi QyHKIii B
By3Jai 3 HOMepoM M. Jlusd BU3HA4YCHHS IHTErpaja Ha BChOMY BiIpi3ky [a&;Db]

b n
OTpPHMaHi Pe3yJIbTATH MiJICYMOBYIOTHCS I f(x)dx=~>'S.
a i=1

B Tabmumi 8.6 naBeneno koediuient B, ¢opmyn Herorona—Koreca Ta

MOXHOKH YHMCENBHOTO IHTETpyBaHHS (PYHKIIiH 32 JOMIOMOTOIO BIIMOBITHUX (DOPMYIL.

Tabnuysn 8.6. Koedinientu popmya Herorona—Koreca

Ta NOXHUOKH BUKOPUCTAHHSA IHX (popmy.I.

n r Pm m=1,2,..n+1 A
l 1 P]_: 1, P2: 1 h_3 f 2) (X)
2 (bopmyna Tparrerniii) 12 '
X < X< X +mh
2 1 P.=1, P=4, Ps=1 h_5 £ ()
3 (bopmyna CimriicoHa) 90
3 3 P=1, P,=3, Ps=3, P;=1 ﬁ £ (x)
8 (bopmyia TPbOX BOCEMHUX) 80
4 2 Pi=7, P,=32, P;=12, 8_h7 £O(x)
45 Ps=32, Ps=7 945
5 5 P,=19, P,=75, P3=50, 275h’ £ ()
288 P4: 50, P5: 75, P6: 19 12096
6 1 P,=41, P,=216, P;=27, 9_|’19 £0 ()
140 P,=272, Ps=27, Pc=216, 1400
P7: 41
7 7 P,=751, P,=3577, P;=1323, 8183n° £0(x)
17280 P,=2989, Ps=2989, Ps=1323, 518400
P,=3577, Pg=751
8 8 P,=989, P,=5888, P;=-928, 2368h* £09) ()
28350 P,=10496, Ps=-4540, 467775
Pe=10496, P;=-928,
Ps=5888, Ps=989
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KoHTpoJbHI 3anuTaHHS

1. B yomMy nossirae HeOOX1JHICTh YUCETBHOTO AU(epeHIitoBaHHS QYHKIIINA?

2. 1o mokJ1aieHo B OCHOBY YHCENBHOTO AU(EPEHIIIFOBaHHS (DYHKIIII?

3. Sk BUKOPHUCTOBYIOTbCS iHTepmoOJAliiHI Qopmynun HproToHa ms
BU3HAUYEHHSA MOX1THUX QYHKIIN?

4. SIx BU3HAYUTH TMOXHOKH YHUCENBHOTO AUQEpeHIitoBaHHa (YHKIINA 3a
JIOTIOMOT OO0 IHTepHOMAIHHUX popmyn HeroToHa?

5. Sk BuU3HAYMTH TOXIJHY (YHKII 3a JOMOMOIOK I1HTEPHOJIALIIHOTO
nosiiHoma Jlarpanxka?

6. SAxuii BUTIsAg MarOTh GopMyiu MOXiTHUX (YHKIIIN B By37axX 1HTEPIIOJSAII?

7. @opmynu g OOYMCICHHS TOXiAHUX GYHKIIA 1151 Oyab-sIKOTO
BHYTPILIHBOTO By3Ja IHTEPIOJIALI].

8. ®opmynu anst 00UHCICHHS MOXITHUX (DYHKIIIHM, BUKOPUCTOBYIOUH JIBa Ta
TPH By3J1a IHTEPIOIAILI.

9. SIk oUiHUTH TOXUOKY YHCENHHOTO AudepeHIlitoBaHHS QYHKITINA?

10. o mnoknageHO B OCHOBY YHCEIBHOTO OOYHCICHHS BHU3HAYCHUX
1HTEerpatiB?

11. ®opmynu NpSIMOKYTHHUKIB it OOYMCIICHHS 1HTETPAIiB, iX TEOMETPUYHE
PO3yMiHHS.

12. Sxuit BUrnsin MaroTh POpMYJIM NPSIMOKYTHHUKIB ITPU HEPIBHO BiJJAIEHUX
By3JIax?

13. dopmynu 18 BHU3HAYCHHS TOXMOOK YHCEIBHOTO OOYHMCIICHHS
BHU3HAYCHUX 1HTETPaAJIiB METOJaMU MPSIMOKYTHHUKIB.

14. ®opmynu Tpamneliiii Ta ix reoMeTpUYHE IPEICTABICHHS.

15. dopmynu ana  BU3HAYCHHS TOXMOOK YHCEIBHOTO OOYHMCIICHHS
BU3HAYCHUX IHTETPATIB METOJaMH TpaIlellii.

16. OGuuciieHHs MOXUOOK YUCENIbHOIO 1HTErpyBaHHs (DYHKIIA 32 METOIOM
Pynre.

17. CyTh MeTOly KpUBOJiHIHHUX Tpanenii (popmyna CimMricoHa).

18. V yomy reomerpuune npezacrapieHHs meroay Cimmncona?

19. Sk Bu3HAYNTH MOXUOKHU YUCETHHOTO 1HTErpyBaHHS (PyHKIIH HopmMynor0
Cimricona?

20. fka cyTHicTh popmynu Herotona—Koteca?

21. Sk mow’si3aHi ¢dopMynu NPSAMOKYTHHKIB, Tpameuid i Cimrcona 3
dbopmynoro Herorona—Koreca?

22. Sxi moxubku MmaioTh ¢Gopmynu Herotona—Koteca mpu uwncerbHOMY

iHTerpyBaHH1 QYHKIIINA?
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3azayi AJ9 CaMOKOHTPO.JIIO

1. Buznauntu mepury i apyry moximHi ¢ynkiii f(X), mo 3amaHa cBoiMu
3HaueHHsMu Yy = 0,6044, vy, =0,6351; y, =0,6640; y,=0,6911; y,=0,7163;
Y5 =0,7398; yg =0,7616; y, =0,7932 3 xpoxom h= 0,05 na intepsani [0,7;1,09],
B Touti X = 0,83, BUKOpHUCTOBYIOUHM 1HTEpIIOIIALINHY (opmyy HetoToHa.

2. BusHauutu niepmy i apyry mnoximni ¢yskmii f(X), mo 3agana coimu
3HaueHHAMU Y, =11052; vy, =11618; vy, =12214; y;=1,2840; vy, =13499;
Y5 =1,4191; yg =1,4918; y; =1,5282 3 xpoxom h=0,05 Ha inTepBaii [0,1; 0,45],
B Toulli X = 0,31, BUKOpUCTOBYIOUHM IHTEPHOJALINHY popmyiny HeioToHa.

3. Busnauutu nepmry i apyry moximni ¢yskmii f(X), mo 3agana cBoimu
3HaueHHsIMU Vo = 0,1511; y; = 0,2027; y, = 0,2553; y3 = 0,3093; y, = 0,3650;
vs = 0,4228; ys = 0,4830; y; = 0,5264 3 kpoxom h=0,05 Ha inTepsani [0,15; 0,50],
B Toulli X = 0,32, BUKOPUCTOBYIOUH iHTEpHIOIAIiHHY Gopmyny HeroToHa.

4. Busnaunti mepury 1 apyry noxigui ¢yskiii f(X), mo 3amaHa cBoimu
3HaYeHHsIMH Yo = 27113; vy, =2785; Yy, =27,660; y;=27938; y,=28219;
Y5 = 28,219, ys = 28,621; y; = 28,961 3 xpokom h=0,1 na inrepBani [3,30; 3,37],
B Toulll X = 3,3292, BUKOPUCTOBYIOUM 1IHTEpHOJIALIIHY popmyiy HeioToHa.

5. Busnauutu nepmry i apyry mnoxigni ¢yskmii f(X), mo 3agaHa cBoimu
3HaueHHAMH Y, = /,8850; Yy, =8,2316; Yy, =85142; y;=388425; y, =91423;
Ys =9,4563; yg =9,7758; y; =9,9832 3 xpokom h=0]1 nHa inrepBami [2,5 3,2] B
TOUIll X = 2,834 BUKOPUCTOBYIOUH IHTEPHOJIALiNHY popmyny HeioToHa.

6. Busnauutu nepury i apyry noximni ¢yskmii f(X), mo 3amana cBoiMu
3HaueHHAMH Y, =17674; y, =2,0112; vy, =2,2745; y,=2,6511; Yy, =2,8363;
Y5 =31428; yg =3,4646; y; =3,7932 3 xpokom h=0,1 Ha inrepBani [15;2]1], B
Toulli X =1,83 BUKOPUCTOBYIOUM 1HTEPNOALINHY popmyny HbroToHa.

7. BuzHauutu niepiry i apyry nmoxigHi B Touni X =158 ¢dynknii f(X), mo

3aJaHa CBOIMM 3HAYCHHSIMHU B TOYKAX:

X 2,2 2,1 2,0 1,9 1,7 1,6 1,5 1,4

y 1,3 1,7 19 2,5 3,7 41 58 7,5

Jns nudepeHuitoBaHHS BHUKOPUCTOBYBATH IHTEPHOJNALINHY (opmymy

Hrrotona.
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8. BuznauuTu nepury i apyry moximHi B tourti X =1,33 ¢ynkuii f(X), mo

3aJaHa CBOIMHM 3HAYCHHSIMH B TOUKAX:

X 1,2 14 1,7 1,8 2.0 2,1 2,2 2,4

y 1,61 1,32 1,05 1,27 1,48 1,55 1,64 1,82

Jns nudepeHuitoBaHHS BUKOPUCTOBYBATH IHTEPHOJALINHY (opmymy
HeroTona.
9. BusnauuTn nepury i apyry noximai B Toumi X =393 dynkmii f(X), mo

3aJaHa CBOIMH 3HAYCHHSIMH B TOUYKaX.

X 4,3 4,2 4,1 4,0 3,8 3,7 3,6 34

y 0,26 0,34 0,58 0,83 1,25 1,04 0,75 051

Jns  nudepeniitoBaHHS BUKOPUCTOBYBATH IHTEPHOJNALINHY (hopmymy
HeroToHa.
10. BusHauutu nepiry i Apyry noxifaHi B Toumi X =1,83 ¢yskuii f (X), mo

3aJaHa CBOIMM 3HAYCHHSIMHU B TOYKAX:

X 2,2 2,1 2,0 1,9 17 1,6 15 14

y 13 1,7 19 2,5 3,7 4,1 58 7,5

Jns nudepeHuitoBaHHS BUKOPUCTOBYBATH IHTEPHOJALINHY (opmymy
Jlarpanxa.
11. Buznauutu nepiry i apyry noxigai B Touni X =157 ¢yukuii f(X), mo

3aJaHa CBOIMH 3HAYCHHSIMH B TOUYKaX.

X 2,2 2,1 2,0 1,9 1,7 1,6 15 14

v 33 31 29 3,5 4,0 4,1 4,3 4,5

Jns  nudepeniitoBaHHS BUKOPUCTOBYBATH IHTEPMHOJALIMHY (hopmymy
Jlarpanxa.
12. BusHauutu niepury i apyry noxigHi B Touri X = 3,63 ¢yukuii f (X), mo

3aJaHa CBOIMM 3HAYCHHSIMHU B TOYKAX:

X 4,3 4,2 4,1 4,0 3,8 3,7 3,6 34

y 0,26 0,34 0,58 0,83 1,25 1,04 0,75 0,51

s mudepenititoBanns Bukopuc f (X) ToByBaTu iHTepnosiiiiny hopmyiry
Jlarpanxa.

13. BusHauutu nepiry i apyry noxigHi ¢yukmii f(X), mo 3amaHa cBoimMu
3HaueHHAMH Y, =1,0296; y; =15574; y, =25722; y,=36021; y, =4,8363 3
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kpokoM h=0,2 na inTepBani [0,8,1,6], B Toumi X=115, BUKOpHCTOBYIOUH
KyOl4HI CIITaitH-QyHKITI.

14. Busnauutyu nepiry i apyry noxigaai ¢pyukmii f(X), mo 3amaHa cBoiMu
3HaueHHAMU Y, =17674; y, =2,2712; y, =31445; y;=34641; y, =4,8363 3
kpokoM h=0,2 na inrepsam [15;2,3], B Toum X=193, BHKOpPHCTOBYIOUH
KyOl14H1 CIiIaiH-(QyHKIII.

15. Buznauurtu nepiry i apyry noxigai B Toumi X =163 ¢yukuii f(X), mo

3a/laHa CBOIMU 3HAYEHHSMU B TOUKaX:
X 11 13 15 18 2,1
y 0,5471 0,6975 | 0,8533 1,5020 1,0086

st po3B'si3aHHs 3a/1a41l BUKOPUCTOBYBATH KyO14H1 CIuiaitH-(yHKIIII.

16. Buznauurtu nepury i apyry noxinai B Touti X =163 ¢yukuii f(X), mo
3aJlaHa CBOIMH 3HAUEHHSIMH B TOUKaX:
X 13 1,0 0,8 0,5 0,3
y 5,7804 5,0992 | 4,5331 6,8475 5,3984

s nudepeHItitoBaHHs BAKOPUCTOBYBATH KyOiuHi CIUTaiH-QyHKIIII.
17. Buznauutu nepity Ta aApyry noxiasi B toumi X=1,74 ¢ynkuii

X2

M= 02s0x
aHAJIITUYHO Ta 3a JOMOMOTOI0 1HTepnosiitHoi popmynu HeioToHa Ha iHTEpBami
[11; 3] 3 xpokom h=0,2. BusHauuTu moxuOKy YHCEIBHOTO AMQEPEHITIFOBAHHS
GbyHKIIII.
18. Buznauutu nepiry Ta aApyry noxiasi B touni X = 0,63 gyHkii
X3+ 2x

0 e
+

aHAJIITUYHO Ta 3a JIOMIOMOIOI0 1HTepnoALiiHOi Gopmynn HeioToHa Ha iHTEepBail

[-0,2;0,8] 3 kpoxom 0,1. BuzHauuTu MOXMOKY YHCEIBHOTO TU(PEPCHIIIFOBAHHS

byHKIIII.
19. Busnauutu nepiry Ta Apyry moxiaHi B Todmi X =416 ¢yHKIii
X

2
f(x):“—e

V3x% +1
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aHATITUYHO Ta 3a JIOMOMOTOI0 IHTEPIOJISIINHOT (opMyiu Jlarpamka Ha 1HTEpBaIl
[3; 5] 3 kpoxom 0,2. BusHauntu moxuOKy 4nuceIbHOro AudepeHItitoBaHHs QyHKIIII.

2 X
20. BukoHatu OOYMCIIEHHS BU3HAYEHOTO 1HTErpaty I—dX 3 kpokom 0,1
1 X
METOJIOM JIBUX MNPSAMOKYTHHKIB. Bu3HaunTu moxuOKy OOUYMCIEHHS I1HTerpanty

JTAaHUM METOJIOM.

3
: X
21. BukoHatu OOYMCIIEHHS BU3HAYEHOTO 1HTETpary j I—dX 3 kpokom 0,1
2

METOJIOM MpaBUX MNPSAMOKYTHUKIB. BuzHauuTu moxuOKy OOYMCIEHHS 1HTErpaity

BKa3zaHUM MCTOAOM.

. SIS
22. BuKOHATH OQUHCICHHS BH3HAYCHOTO iHTerpany [—————dX 3

2J(x? +9)3
kpokom 0,1 MeTomoM mpaBuX MPAMOKYTHUKIB. Bu3HaunTH MOXHOKY OOYHCIECHHS

1HTErpasy JaHUM METOJIOM.

2
. 1
23. Bukonatu 0OYHCIIEHHS BHW3HAYCHOTO IHTETPaIy I T 3dx 3
1 X% (X + 4)

kpokom 0,1 MmeTosoM cepeaHiX NPAMOKYTHUKIB. BU3HaUUTH MOXUOKY OOUHMCICHHS

IHTerpally JaHUM METOOM.

. T Ux
24. BuKoHAaTH OOYMCIICHHS BH3HAYCHOT'O 1HTETpaly I —de 3
1V125-X

kpokom 0,3 Meromom Tpaneniii. BuzHauuTH MOXMOKY OOYHCIEHHS iHTETpary

BKa3aHUM MCTOAOM.

2
25. BukoHatu OOYMCICHHs BU3HadYeHoro interpamy [~1+Inxdx 3
1

kpokom 0,1 merogom Cimmnicona. BusHaunte moxuOKy OO4YMCICHHS iHTETpary

JTAHUM METOJIOM.
0 2
26. BukoHaTu 0OYHMCIICHHS BH3HAYEHOTO 1HTErpaiy J e dx 3 kpoxom 0,1
-1
3a pomomoror ¢opmymu Heiorona—Koreca mpu nN=2. BusHauntén mnoxuoOKy

OOYMCIIEHHS IHTErpaly TaHUM METOJIOM.
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9. YUCEJIbHE PO3B’A3AHHA
ANDOEPEHIIAJIBHUX PIBHAHD

9.1. IlocranoBka 3amgaui

JudepenuianbHi piBHAHHS MOKJIAJAEHO B OCHOBY 0ararboX MaTeMaTUYHUX
MOJICJICH, 1110 OMUCYIOTh 3aKOHH MPUPoIu. HeoOXiTHICTh YUCETLHOTO PO3B’ I3aHHS
muepeHIllaIbHUX PIBHSIHb MOJIATAE B TOMY, HIO0 KJIACHYHI METOJIM HEMOXJIHBO
peayii3yBaTH Ha KOMII IOTEpl 1 B TOM K€ Yac BaXKKO BHUPIIIUTH AU(PEpEHIIATbHI
PIBHSIHHS B €JIEMEHTAPHUX (QYHKIIISX.

UucenpbHi METOIM JIO3BOJIIIOTH 32 JIOTIOMOTOK) KOMIT IOTE€pa  OJIepyKaTH
PO3B’ A3aHHS IU(epeHIIAIEHOTO PIBHAHHS Oy/1b-sIKOi (PYHKIIIi B HEOOX1THMX TOUKAaX.

Posrasinemo uncenbHe AudepeHIIIOBaHHS MEPIIOTO MOPSIAKY BUIY:
y = f(XxY). (9.0

3araJpbHUM pO3B’A3aHHSAM JIaHOTO JHU(epeHLlaTbHOr0 pIBHAHHS Oyne

cimeiictBo yHKIIiH Y = @(X,C), 1m0 3anexaTh BiJ AesIKOI KOHCTaHTH C. [l TorO,

100 BU3HAYMUTHU 3HAUYCHHS QYHKINT B SAKIMCh KOHKPETHIN Toulll X, Tpeba BUALIUTH

3 HOTO CIMEWCTBA YaCTKOBE PIllIEHHS 32 JIOMIOMOTOIO [TOYATKOBOT YMOBH:
Y|X:X0 = Yo- (9:2)

3HaXO/KCHHS  pilieHHs  audepeHmiaibHoro  piBasHHs  (9.1), 1m0
3a/10B0oJIbHSE YMOBI (9.2), HazuBaeThes 3adauero Kouwii.

OckUTbKM TOYHE PO3B’s3aHHA 3aaadi Kol MOXKJIMBE JHIIEe B BUHSITKOBHX
BUMAQJKAX, TO [UIsI 3HAXO/DKCHHS YaCTKOBOTO pIIEHHS B OCHOBHOMY
BUKOPHUCTOBYIOTh uHcCeNbHI MeToau. B obmacti D Ha BuOpaHiil mociigoBHOCTI
TOUOK Xg, X, Xo, -es Xy %4 € [Xo3 %o + N 3i 3MiHHMM B 3aransHOMY BHIAIKy KPOKOM
h BusHawaroThCst HaOMWOKEHI 3HAYEHHA Yo, Y1, Yo, ..., Y,, IIYKaHOTO O3B’ sA3aHHA
3agaui Komri.

Takum dYWHOM, 3aJa4ya YHUCEIBHOTO PO3B S3aHHS JAUQPEPEHINIATLHOTO

PIBHSHHS TIOJIATA€ y BHM3HAYEHHI TaOMWIl 3HA4YeHb QYHKmIT Y=¢@(X), 10

3anoBosibHsIE€ piBHAHHIO (9.1) Ta ymoBi (9.2) B Toukax i3 KpoKOM h Ha Biipi3Ky

[a; b]. IIpu nboMy BBa)karoTh, 1110

X=8, =X +h, X, =x+h=x+2h,..., b=X,=X,+nh
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bibmiicTh 4MCENbHUX METOMIB MOKHA MPEACTABUTU B BUTJISII 3aJICKHOCTI
Yiaa= (D(yi—r s Yicrtaea Yio Yistreo yi+s) .
OyHKISA ¢(X), BU3HAYAE OOYMCTIOBANIbHY cxemy meroay. Skmo =0 i

0<<s<1, To yncCenbHUN METOJA € OJHOKPOKOBHMM, a skmo I >1 a6o S>1, To

0araToKpoOKOBHMH, TOOTO METOIaMH 3 3a0iraHHSIM BIIEpe.

9.2. Metop Eiinepa

Meton Eiinepa (abo meroa jJoMaHWX) HAHOUIBII MPOCTUH OJHOKPOKOBHIMA
MeTon po3B’s3aHHSA 3amaudi Komri. BiH BHKOpUCTOBYeThCS n7si MPUOIM3HHUX
pPO3paxyHKIB, ajie 1/1es, 0 3aKIaJeHa B HbOMY, € BUXIJTHOIO JIJISl IIUPOKOIO KJIacy
YHCEJIbHUX METO/IB PO3B’ 13aHHA JU(EPEHIIAIbHUX PIBHSIHb.

[le#t meTon GazyeThCs Ha 3aMiHi IIyKaHO! (GYHKIIT MHOTOUYJICHOM IEPIIOro
HNOPAJKY, TOOTO Ha JIHINHIN 1 1HTepIoJIALii, TOYHINIE EKCTPANoAlii, TOMy IO
3HAaXOJATbCS 3HAU€HHS (DYHKIII] B HACTYITHUX BY3J1aX, a HE MI)K HUMU.

Bubepemo nesikmii kpok h, mo € iHTepBaJoM, Ha SIKHiA pPO30HMBAETHCA

Biapi3ok [a; b]. Hexait kpok h mocratHbo manuii, Takuii 10 3HaYCHHS (YHKIT
y=f(X) Ha gacTkoBOMY BiIpi3Ky [Xg,Xo,n| Mamo Bimpi3HseThcs Bix miHiitHOI

¢yukiii. Toal Ha BkazaHOMY 1HTEpBAJi:

Y= Yo+ (X=%)Y¥o= Yo+ (X=%) f (X.Yo).
ne Yo = (X, Yo) — 3Hauenns moximHoi Y B Touli X=X;. TakuM YHHOM KpuBa
Ha IIbOMY BIJIPi3Ky 3aMIHIOETHCS BIAPI3KOM MPsIMOi (JOTHYHOIO JO KPHBOi Ha

HOYaTKy BiApi3Ky). st ToukM X = Xy + h orpumaemo:
_ _ !
Yxex, = 1= Yo+h-Yo.
JIi1st TOUKU X, = X + N MoxxHa 3amucaTu:

Yo=Y1+h-yi=yi+h-f(x,y).

[TpogoBxyrour TaKUM CIIOCOOOM OTPUMYBATH MOJAJbINI 3HAYCHHS (QYHKIIIT,
BCTAaHOBJIEHO, 110 MeToA Eiliepa MokHa MpEeACTaBUTH B BUIJISIAL MOCIIAOBHOIO

BUKOPHUCTaHHS (POPMYII:

Ay, =h-y =h- (X, Vi)

(9.3)
Yir1= Y + A%, k=0,1,2,... k-1
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Tobto, po3nounHatoun 3 TOuku (X, Yg), BU3HAYAEMO HACTYIHY TOUKY SIK:

X =X +h; Y1= Yo+ f(Xo.¥Yo)h
Xo=Xx+h Y=y + f(xqy)h

X1 =X + 1 Yirr = Yk + F (Yo

X=X+, Yn=Ynat FaYndh;
Xp=a X,=b
TakuM YHWHOM OTPUMAEMO YHCENIbHE pO3B’A3aHHSA JU(epeHIIaIbHOIO

piBHsHHSA 32 MeToAoM Efinepa, sike 3pydHO NpecTaBUTH B BUTIIAAI Tabmui 9.1:

Tabnuys 9.1 Pe3yabTaTi po3B’ i3aHHA

AudepeHiaIbHOTO PiBHSIHHS

Xo X1 X2 X3 "y Xn
Yo Y1 Y2 Y3 . Yn

['eomerpuune po3B s3anHsa 3amadi Komn 3a meromom Elnepa mokazaHo

pucynky 9.1:

Puc.9.1. 'eomerpuuna inTepnperaiist Mmetony Eiinepa

TyT 1HTerpasbHa KpUBa 3aMIHIOETbCA JIAMAHOWO, JIAHKM SIKOI MAaloTh
ropu3oHTanbHy mnpoekmiro h. Ilepma manka aMaHOi JOTHKAETHCS IIYKAHOI
iHTerpanpHOi KpUBOi B Toulli (Xg,Yp). Jlamana Eitnepa — mie xyckoBo-poszinena
byHKIiA, KA € HAOIMKEHUM PO3B’ SI3aHHAM 3a]1a4l Ha BIAPI3KY.

3MEHIIIEHHS KpPOKY IHTeTpyBaHHS € €()EeKTUBHUM METOJIOM IIiABUILCHHS
TOYHOCTI. TakKUM YMHOM, MOXKHA OTPUMATHU JTOCUTH JOOPY TOYHICTh. AJIE ICHYIOTh

OUIBII TOYHI METO/IH.
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Bemnunny h wacto HaszuBaroTh KpOKOM iHTErpyBaHHs (200 MPOCTO KPOKOM).

HaGnmxeni 3HaueHHs 1rykanol QyHKIii Y = ¢(X) BU3HAYAIOTHCS B TOUKAX MO

X=X +h X=x+h ., x=%_4+h
B Tteopii mudepenmianpbHOrO 4YHCICHHS MOBEACHO, IO SKIIO (YHKITiS
f (X, y), TobTto mpaBa uyactuHa piBHsHHA (9.1) 3am0BonbHSIE ymoBam Koiii, TO

MOCIIIOBHICTh JJamanux Eitnepa mpu HeoOMexeHOMY 301IbIIIEHH] KUTBKOCTI BY371iB

(mpu N—> o, a h— 0) HabnmxkaeThcst 10 BU3HAYEHOI rpanuii Y= @(X), sKka €

eTMHUM po3B’ si3aHHsM 3a1a4i Ko (9.1), (9.2).

[ToxuOka 3aminm Y(X) namanoro Eiinepa, mo BU3HAYa€ThCA B TOUI X, Ma€

NEePIINA TOPSAA0K TOYHOCTI BimHOCHO h. ToMy yuMm MeHIIe KpOK iHTETpyBaHHS,
TUM Kpaile HaOIMKeHe pIIICHHS MPEJCTaBise HOoro TOYHE 3HAYECHHS. 3a3BHYal

JUI OLIHKMA TOYHOCTI HAOJM)KEHOTo pIUIeHHA Y, B TOYIi X,, IO OTPUMaHe C

KPOKOM N, TIOBTOPIOIOTH OOYHMCIECHHS C MOJBOEHUM KpokoM 2h i aGconroTHy

noxn6ky A(Y,) BH3HAYaIOTH 32 HOPMYJIOIO:

A(Yn) = |yn - yn|’
ne Y, —HaOIKeHe pillieHHs B TO4Ili X, 3 Kpokom 2h.
IMpuknan. Po3s’ si3aT qudepeHiianbae piBHAHHS Y = y2 + X Ha 1HTEepBai
[0;1] npu mouarkosiii ymoBi Y(0) =1 meromom Einepa npu moaini iHTEepBay
po3paxyskiB Ha 10 piBaux yactun (n=10).
Po36’ si30xk. OOUUCIICHHS BUKOHYIOThCS 3rijiHO 3 hopmynamu Efinepa (9.3):

Ay =h-ye=h- (%, ¥i) k=0.1.9 h-P-2_(01-0)

=0,01.
Yk+1 = Yk T AYk- 10 10

PesynpTatit po3B’si3aHHA AUQPEPEHIIATBFHOTO PIBHAHHS MPEICTABICHO B
BUTIAA TaOmuI 9.2.

JIJis OIIHKK TOYHOCTI HAOJMIKEHOTO PIllICHHS, 0 OTPUMaHe 3 KpokoM h,
MOBTOPUMO oOOuucieHHs 3 kpokoMm 2h. PesynbTatu po3paxyHKiB HaJaHO B

Tabu 9.3.
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Tabauys 9.2. Pe3yjibTaTH Po3B’ si3aHHA AU (pepeHliaIbHOIro

piBusinust metoaoM Eiisiepa 3 kpoxom 0,01

k X Yi
0 0 Yo=1
Y= Yo+ 05 +Yo)h
1 0,01 s
y, =1+(0°+1%)-0,01=101
> 0.02 y2:y1+(X12+y12)h
’ y, =1,01+ (0,022 +1,01%) - 0,01=1,0202
3 0.03 y3=y2+(x§+y22)h
’ y, =1,0202 + (0,02° +1,0202%) - 0,01=1,0306
4 0.04 y4:y3+(X§+y§)h
’ y, =1,0306 + (0,03 +1,0306%) - 0,01=1,0412
5 005 Ys = Ya+ (X + Y)h
’ Y, =10412+ (0,04° +1,0412%) - 0,01= 1,052
6 0.06 ye=y5+(X52+y§)h
' Y, =1,052+ (0,05 +1,052°) - 0,01=1,0631
. 007 Yr = Yo + (% + Ye)h
’ y, =1,0631+ (0,06 +1,0631%) - 0,01=1,0744
8 0.08 y8:y7+(X$+y72)h
’ Y, =1,0744 + (0,07° +1,0744%) - 0,01= 1,086
9 0.09 y9=y8+(xs+y§)h
’ Y, =1,086 + (0,08 +1,0867) - 0,01=1,0979
10 01 y10=y9+(X§+y§)h
’ Yy =1,0979+ (0,09% +1,0979%)-0,01=111
Tabauys 9.3. Pe3yabTaTH po3B’ si3aHHs qudepeHiaTbHOro
piBusinust MeToaoM Eiisiepa 3 kpoxom 0,02
k % Yi
0 0 Yo=1
Yo=Y+ (% +Y5) 2h
1 0,02 s
y, =1+ (0°+1%)-0,02=1,02
2 0,04 y2=y1+(X12+Y12)'2h

y, =102+ (0,02° +1,02%) - 0,02 = 1,04082
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Saxinuenns maba. 9.3.

k X Y«
3 0.06 Ys=Y,+(% +y3)-2h

' y, =1,04082 + (0,04° +1,040822) - 0,02 = 1,06252
4 0.08 y4:y3+(X§+y32)'2h

' y, =1,06252 + (0,062 +1,062522) - 0,02 = 1,08517
5 01 y5=y4+(xf+yf)-2h

Y =1,08517 + (0,08% +1,085177) - 0,02 = 1,10885

BukonaeMo OIlIHKY TOXUOKM OOYHMCIEHHS, IO J0CSIrae HaWOIIBIIOro

3HayeHHs B Touri X =0,1.

Toxi A =|Yiop — Y5 n =[111-1,10885 = 0,00115.

9.3. Posp’ga3anns cucremu audepeHiiadbHUX
PIBHSIHb NIEPUIOTO NMOPAAKY

Hexait HeoOx1aHO po3B’ sa3atu 3agauy Ko as cucreMu nudepeHiiaibHuxX

PIBHSHB MEPIIOTO MOPAJIKY:

ey,
Y (9.4)
a2
IMpH IMMOYaTKOBUX YMOBaX:
X(to) = %o, Y(to) = Yo- (9.9)

Busnauennst ¢pynkmin X = X(t) 1 y=y(t), mo € po3s’s3kom cuctemu (9.4)
npu ymoBax (9.5), mokakeMo Ha TPUKJIIA/Il 3aCTOCYBaHHs MeToay Eiinepa.

st 3HAXOpKEHHST 11 HAaONMKEHOTO YHCEIBHOTO pO3B’SI3aHHS CHCTEMHU
piBHAHBb Ha BiApi3Ky [a=ty, b=t,] 3a meromom Eiinepa peamizyerbcsi Takuii
aNTOPUTM OOYHUCIICHHS.

— 3a 3amaHuM N (KUTBKOCTI TOYOK MOJUTY BiJpi3Ky) BH3HAYalOTh Kpok h,
BBQ)KAIOUH BIIOMUMH Xy, Yo, tg Ta K=0;

— 32 BIIOMUMHU X, Y|, 1, 1, HIACTaBISAIOYM iX 3HAYEHHS B MPaBy YacCTUHY

piBusiHb cuctemu (9.4), orpumytots f1(X, Vi, t)1 fo (X, Vi, ty) T2 BU3HAa4Ya0TH
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Xeyr =%+ f]_(tk,Xk, yk) : h,
yk+l = yk + fZ(tklxkl yk) : h;
tk+l = tk + h
Bxkazani fii MOBTOPIOIOTH, 301IBIIYIOYM HOMEpP TOYKH TOJITY BiApi3Ka Ha

OZMHUIIIO, 10 THX Mip, Toku K +1 He crane nopiBHIOBaTH N, T00TO 1), 1 =1, +h.

Takum duMHOM, Ui 3HAXOJDKEHHS pO3B 53Ky 1€l CHCTEMH MOXKHA
BUKOpUCTOBYBaTH MeTo/ Eliniepa Ta 1 iHII METOAH, IO 1 7Sl PO3B’ I3aHHS OJTHOTO
T epeHIIaIbHOTO PIBHSHHS.

TakuM 4YMHOM, pO3B’s3aHHS CHUCTEMHU JU]EepeHLIaJbHUX PIBHSAHB

MPEACTABIAETLCS B BUTIIAII TaOuIl 9.4.

Tabnuyi 9.4. Pe3yabTaTu po3B’ I3aHHS CHCTEMH

audepeHiaIbHUX PiBHAHD

t t ty t, .. t,
X Xo X1 X2 ar Xn
Yi Yo Y1 Y2 o Yn
Ipuxaan. Po3p’a3atu cucreMy audepeHiiaabHUX PiBHIHD
dx y-1
da oy’
dy 1.
dt x—t’

npu nouyatkoBiii ymoBi X(0)=-1 y(0)=1 na intepBani te[0;0,5]; 3 kpokom
h=0,1.

Po3é’ a30xk. B paniii  cuctemi  AuQepeHLIaNbHUX  PIBHAIHbB  Ma€eMO

fi(t,x,y) = y-1 ; BL(txy) = it 1 uig 11 po3B’si3aHHI PU MOYATKOBI YMOBI

X(0) = -1, y(0) =1 BUKOPHCTOBYEMO pO3paxyHKOBi (hopMysin MeTozoM Eiinepa:

X1 =% + ot X, Vi) - h,
Yie1 = Yk + Falte: X Vi) - h,
t =t +h
ne k=0,1, 2,3 4.
Bionosiob. Pe3ynbratu po3B’si3aHHS CHUCTEMM Ju(epeHllaIbHUX PIBHSHb

meTtonioM Eiinepa HaBeneno B Tabmuiri 9.5.
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Tabnuya 9.5. Pe3yJbTaTH PO3B’ I3AHHS CHCTEMH

audepeHniaJbHUX PiBHAHB 3a MeToAoM Eiisepa

Kk 0 1 2 3 4 5

tn 0 0,1 0,2 0,3 0,4 0,5
Xn -1 -1 -1,0111 -1,0347 -1,0723 | -1,1258
Yn 1 0,9 0,8091 0,7265 0,6516 0,5837

9.4. Po3sp’sa3anns audepeHiiaibHUX
PIBHSIHb BUIIUX NMOPSAAKIB

Hexait HeoOXi1HO po3B’ sa3aTh AudepeHIliaibHe PIBHSIHHS IPYTOro HOPSAKY:
y'=1t(xy.Y), (9.6)

HpI/I ITIOYaTKOBUX YMOBaXZ
Y(X) = Yo, Y(X) = Yo. (9.7)

[InsxoM 3amiHU 3MIHHOI Z= y1 B piBHsHHI (9.6) oTpuMaemMo BUTIIAAIL

CUCTEMY JBOX PIBHSHB MEPIIOTO MOPSIKY:

y =2
{Z’ =f(xVy,2) (08)

Je moyatkoBi yMoBH (9.7) mepexoasiTh B yMOBH:
Y(%0) = Yoi £(%0) = Zo. (9.9)

TakuM 9rHOM PO3B’si3aHHA TU(GEPEHIIIATBHOTO PIBHSAHHS JPYTOro MOPSAKY
(9.6), (9.7) 3Beneno mo cucremu nUEpEHINATBHUX PIBHSIHb MEPIIOrO MOPSIKY
TOOTO 10 po3B’s3anHs 3amadi (9.8), (9.9) mpu f,=Z, f,=1f(Xy,Z) Oyne 3a
paHIll OMUCAaHUM AJITOPUTMOM.

Po3B’si3aHHs maHOi 3a7a4i BUKOHYETHCS OyIb-SIKHM 13 BIIOMHX METO/IIB,
Harnpukiazn, metogoM Eiinepa, mo OyB onucanuil paHiiie.

TakuM 4YuHOM, PO3B’si3aHHS AUDEPEHIIATILHUX PIBHSHb BHUIIUX MOPSIIKIB
BUKOHYETHCS  IUIAXOM  iXHBOTO  TIPEICTABICHHS

(3amiHM)  cUCTEMOIO

nudepeHIiaIbHIX PIBHSIHb.
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9.5. MoaudikoBauuii metosa Eitnepa

MonudikoBanuii MeTon MpU MPAKTUYHO TOMY K€ 00’ eMi OOYHCIIeHb

J03BOJISIE OTPUMATH MOXUOKY MOPSIIKY h? B MOPIBHSAHHI 3 TOYHICTIO IOPAAKY h B
3BudaitHoMy Metoni Eitnepa. e mocsraeTbcss BUKOPHCTaHHSM yTOYHEHOTO KyTa
HaxXWIy JaMaHO1 Ha BIJIPI3KY JAOCIIKEHHS.

CyThb MeTOAy TMoOJIATa€ B TOMY, II0 HAa MajoMy Biapi3ky [X; X+ h]
iHTerpaibHa KpuBa Y = Y(X) piBHstHHA (9.1) 3aMiHIOETBCS BiIPi3KOM MPSIMOT JTiHii,
0 TPOXOAHUTh dYepe3 Touky (X, Y(X)), aige 3 KyToBUM KOe(]IIiEHTOM, IO
BU3HAYAETHCS JENI0 1HaKIIe, Hik B MeToAl Eitnepa.

... ) : ) b-a
Hexaii Bimpi3zok [a&;b] mozineHo Ha N piBHUX YacTUH 3 KPpokoM h=——

TOYKAMHU Xy, Xq, ..., X, 1 BU3HAYEHO B TOYKAX Xg, X, ..., X, HAOIMKEHI 3HaYCHHS
IHTeTrpaJIbHOI KPUBOI Vg, Yy, ---y Yk - PO3TISIHEMO YaCTKOBUH BIAPI3OK [X; X 4] 1
JUTsl BA3HAYCHHS 3aCTOCOBAHO Y} ,q BUKOPUCTAHO TaKi FTeOMETPUYHI TTOOYI0BH.
[MpoBenemo B Touri M (X, Yx) HOOTHYHY IO iHTErpasbHOi KpWBOi, IO
.. .. 1 .
POXOIUTh Yepe3 ToUKy M, , To0To mpsimy miniro (Biapizok MM ki1), piBHSIHHS

kol Y — Y = T (X, Vi )(X— %) . BusHaunmo koopauHaTy Toukd N, , IO € TOYKOO

HNEepeTUHY L€l NpsAMOT 1 IpSIMOi X = X, + 3 Toni:

XNk_Xk+§—Xk+%'yNk—yk+ (Xk1Yk)'§—yk+%-
KyT Haxwiy JOTUYHOI [0 iHTErpaibHOi KPHBOI B il TOYIi Ma€ 3HAYEHHS
y'(xk%) = f(XkJ%, yk%) =ay. IlpoBenemo 3 Touku M, (X,V,) mpsmy 3

OTPUMAHUM KyTOBHM KOE(DII[IEHTOM ) , TOOTO Y — Vi = o (X— X ) .
HacTtynHum 3HayeHHSM Y, ., € KoopAMHATa TOYku M, 10 po3TaiioBaHa

Ha epeTUHY MPSIMOI 3 KyTOM Haxmiy ¢ i1psaMoi X = X+ h, To0To
Y1 = Y Ty X =% +h,

ac

h h
ak:f(xk‘FE,yk‘Ff(Xk,yk)'E). (910)
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Takum 4uHOM, ITepalliiHa ¢dopmysia po3B si3aHHSA AUPEPEHIIATBLHOTO
piBusHHA (9.1), (9.2) 3a MmonudikoBanuM MetoaoM Elinepa Mae BUTIISAN:
Yks1 = Yk + Dy X1 =X +h.
Anroputm MOAM(IKOBAHOTO METOAY Eitnepa O3B’ sI3aHHS
mudepennianpHoro piBHsAHHA Y = f(X,y) npu mouarkoBiii ymoBi Y(X) =Y, Ha
Binpi3Ky [&; b] BKirouae eramnu:

— 33JIa€ThCS KUTBKICTh N TOYOK MOMUTY BiIpi3Ky [@; D] 1 BU3HAYaeThCS KPOK

. a .
iHTEerpyBaHHs h = ——, pO3MOYMHAIOYH 3 MIEPIIOTO Bifpi3Ka [ Xy, %], T06T0 K =0;
n

— MiZICTABJISIFOYM BiIOMi 3HaYeHHS Xy 1 Y . B IpaBy yactuHy piBHsHHSA (9.1),
BU3HA4atoTh f (X, Y, ) Ta OOUMCITIOIOTH HACTYIHE 3HAYCHHS Y, 1 32 GOpMyIaMu
(9.10);

B)  TICPCBIPSAETHCS ~ yMOBAa  3aBEpIICHHS  TPOIECY  PO3B’ SI3aHHS
naugepeHItiaTbHOro piBHIHHS. K0 K < N, TO 00YHUCIICHHS TTOBTOPIOIOTHCS MUIIXOM
Hepexoy J0 MOMEPeAHbOro eTaly BU3HAYEHHS Y, .1, IHAKIIEe MpOoLEC PO3B’ A3aHHA
Iu(epeHIianbHOrO PpIBHAHHS 3aBeplueHo. Yucna Yo, Vq,.Y3,.., Y, HIpUOIU3HO
HPE/CTAaBISIIOTh 3HAUCHHSI ITyKaHOTo piBHAHHA (9.1) B TOUKAX MOIUTY Xg, X, -y Xy -

['eomeTpuuna 1OOy/I0Ba pPO3B’s3aHHA JU(PEPEHIIATBLHOTO PIBHSHHS 3a

MoaudikoBanuM MeToioM Eitnepa HaBeneHa Ha pucyHKy 9.2.

T Lyt d Ty Ly

Puc. 9.2. 'eomeTprdHa iHTEpIpeTaLlis METOY

MoaudikoBaHoro Mmetoay Elnepa

HabGmmxene po3p’sizanHs audepeHiianbHoro piBHsHHS  (9.1) mpu
noyaTkoBiii ymoBi (9.2) momudikoBanum Meronom Eiinepa Ha KOXXKHOMY KpOITi
BUKOHYE yYTOYHEHHS KYTOBUX KOe(IIlI€EHTIB JIAHOK JIAMaHOI JIiHii, IO J03BOJISE

OTpUMATH OUTBII TOUHE PO3B’ A3aHHA, HK MeTo10M Eilnepa.
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I3 Teopii HAOMMIKEHMX METOMIB BiJIOMO, IO PI3HUI MK HaOIMKCHUM

3HAYCHHSM Yj B TOYIl X, UM TOYHHM 3HaueHHSAM Y(X ) OILHIOETHCS HEPIBHICTIO:

| Vi — V(%) K C-h°.

1 :
, TO IIs1 TOXHUOKa Ma€ MOPSIIOK — Ha KOXHOMY KpOLi

Ockuibku h=
h3

(To6TO0 mepexomi Bim Y, 0 VYi,1). Ale 3 KOXXHUM KpPOKOM 3iHCHIOETHCS

HAKOITMYEHHS MOXUOKH 1 B ToUlli X, =D 15 moxubka Bxke Oy/e MaTh MOPSIIOK —
h

: . — 1
(o Bce x Oyne TouHilIe, Hixk B MeToai Einepa, e moxuOka mopsiaky P ).

JInst OIiHKY TOXMOKHM HAOMMKEHOTO PO3B’si3aHHA Y, B Todulll X, =D, mpo

oTpuMaHe 3 KpokoM h, moBToproloTh oOuucieHHs ¢ kpokoMm 2h, u abCcomroTHY
noxu6ky A(Y,) BBaXarOTh TaKOI0, 1[0 JOPIBHIOE:

1,
A(Yn) =§|yn ~ Ynl:

Ie Y, — HaOmmKeHe pO3B'S3aHHA B TOYLl X, IPU BHUKOHAHHI OOYHUCIECHb 3
KpokoMm 2h.

11 moxnOKa € OIIHKOI0 METOIB, BOHA HE BPaXOBY€E IMOXUOKY, 110 OTpUMaHa
3a paXyHOK OKpPYTJICHHS PU OOYMCIICHHSX.

) : : ! 2 2

Mpuxaaxn. Po3p’'s3atu  audepeHiianbHe piBHIHHS Y =Y+ X", 110
3anoBosibHsie ToyaTkoBuM ymoBaM Y(0) =0, wa Bigpisky [0;01] 3 xpokom
h = 0,01 moaudikosanum Metoaom Eiinepa.

Po36’ 130k O0GuuCieHHs BUKOHYIOThCS MpU MoAim Biapizky Ha 10 piBHUX
gactuH (N=10) 3a HacTynmHUMU HOpMYTIaMU:

h h
Xer1 =X+ oy = (X +§’Yk+ f(Xk’Yk)E, Vi1 = Yk tayx-h.,
k=0,1,2,...,n-1.

Pesynbrat po3B’'sizaHHS JAudEpEHIIAIbHOTO PIBHAHHSI MOAM(IKOBAaHUM
meroaom Eiinepa nagano B Tabmuii 9.6.

Jlns BU3HAUYeHHS TOXWUOKM PO3B si3aHHS AuU(epeHIiaJbHOr0 PIBHAHHI 32
moaudikoBanuM mMetogoM Eilinepa BUkoHaEMO OOYUCIICHHS 3 MOABIHHUM KPOKOM,
T00TO KpokoM 2h. Pesymbratu po3B’si3aHHsS IU(EPEHIIATBHOTO PIBHSIHHS
moaudikoBanuM metosioM Eitnepa npeacrasieno B Tabmui 9.7.
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Tabauys 9.6. Pe3yjibTaTH po3B’ si3aHHs AU (pepeHliaIbHOIro

piBHsiHHA MoupikoBanuM MeToaoM Eiinepa 3 kpokom 0,01

K| X e Yk
1] 2 3
0 0 Yo=1
2 2
h 2 o h Yi=Yot+a,-h=
ag=|X+=| +| Yo+ (X§+VY5) =
1l001| ° [XO 2} (yo (% +0) 2] —1+1,01005.0,01=
0p = (0+0,005)? + (1+ (0% +1%) -0,005)2 =1,01005 =1,0101
B h 2 ) 5 E 2
=t ] H N OE ) S Y,=Y,+a,-h=
2 | 0,02 ) =1,0101+1,03086- 0,01 =
o = (0,01+0,005)2 + (1,0101+ _ 1004
+(0,01% +1,0101%) - 0,005)? = 1,03086
2 2
h h
0t2=£X2+§j +(yz+(><§+y§)-§j Yo=Y, +a,-h=
3 |003 ) =1,0204+1,0525-0,01 =
o, = (0,02+0,005)2 + (1,0204 + _ 10309
+(0,022 +1,0204%) -0,005)? = 1,0525
B E 2 ) ) E 2
og= x3+2 + y3+(x3+y3)~2 Y,=Ys+as-h=
4 | 004 ) =1,0309+1,075-0,01=
o3 = (0,03+0,005)? + (1,0309+ 104165
+(0,03% +1,0309%) - 0,005) =1,075
h 2 5 ) h 2
0€4=(X4+E] +(Y4+(X4+y4)EJ Ys=Ys+ta,-h=
5 | 0,05 ) =1,04165+ +1,0984-0,01 =
o4 = (0,04+0,005) + (1,04165+ 105263
+(0,042 +1,041657) - 0,005)? = 1,0984
N L 2, 2.0 _ _
5~ X5+2 + y5+(x5+y5)-2 ys—y5+a5'h—
6 | 0,06 X =1,05263+1,12278-0,01=
a5 = (0,05+0,005) + (1,05263+ _ 10635
+(0,05% +1,05263%) - 0,005)° =1,12278
o x4 DY 2,20 _ _
6=| X%+ | +| Yo+ (X6 +¥5) 5 Y7 =Ys+ae-h=
7 | 0,07 X =1,06386+1,14813-0,01 =
ag = (0,06+0,005)2 + (1,06386 + _ 107534
+(0,062 +1,063862) -0,005)% =1,148813
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Saxinuenns mabn. 9.6

2 3 4
h 2 5 5 h 2
ar=|XgHo )+ y7+(X7+y7)E Ys =Y, +a;-h=
0,08 0.07+.0.008) 1 (107554 =1,07534+11745-0,01=
o7 = (0,070,009 + (1, 07534+ ~1,08709
+(0,072 +1,07534%) -0,005)% =1,1745
h 2 ) 5 h 2
ag=( Xt + YS""(XB"'YB)'E Yo=VYegtag-h=
0,09 5 =1,08709+1,20194-0,01 =
ag = (0,08+0,005)2 + (1,08709 + _ 10901
+(0,08? +1,08709%) - 0,005)? = 1,20194
h 2 5 ) h 2
Ao =| X+ | +| Yo+ (G +Y5) - Yio = Yo+ h=
0,1 0.004.0.0057+ (1 0561 =1,0991+1,23045-0,01 =
(X.g—(, + 1 ) +(1| + :1,1114
+(0,09? +1,09912) -0,005)? =1,23045

Tabauys 9.7. Pe3yabTaTH po3B’ si3aHHs JUpepeHliaabHOro

piBHsiHHS MoaudikoBanuM metonoMm Eiisiepa 3 kpokom 0,02

X e Yk
0 v =1
0°0=[X0+2—hj2+(YO+(X§+yg)'2—hj2 =Yy + 20
0,02 2 2 =1+1,0202-0,02=
ag = (0+0,00)2+ (1+ (0% +12)-0,01)2 =1,0202 =10204
2h\? 5 o 2h 2 Y=Vt -2h=
“1:(’(“7) +(y1+(xl +y1)'7j —1,0204 +1,0635. 0,02 =
0.04 aq = (0,02+0,01) + (1,02041+ =1,04167
+(0,022 +1,0204%)-0,01) =1,0635
az=(X2+2—h]2+[y2+(><§+yg)'2—hj2 i/3=y2+a2-2h= _
2 > =111033+1,11033-0,02 =
0.0 0y = (0,04+0,00)% + (1, 04167+ =106388
+(0,022 +1,04167%)-0,01)% =1,11033
2h)? 5 o 2h) Y,=Ys+ag-2h=
= (X?’ +7J +(y3 FOE+Y5) '7] —1,06388+116103-0,02 =
0.08 o3 = (0,06+0,01)2 + (1, 06388+ =1,0871
+(0,062 +1,063882%) -0,01) =1,16103
a4=(x4+ﬂjz+(y4+(><§+yi)‘ﬂjz e o007
2 > =1,0871+1,21586-0,02 =
ot oy = (0,08+0,00)2 + (1,0871+ =111417
+(0,08?% +1,0871%) -0,01)? =1,21586
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O6unciuMo  aOCOIOTHY MOXMOKY  pPO3B’si3aHHSA  JU(EpeHIiaTbHOTO

piBHAHHA MoAu(ikoBaHUM MeTo0M Eitnepa.

1, .
A(Yn) =§|yn = ¥l

Ay = %“ylo’ " Vs, 20|~ :_13!1,1 114-1111417/=567-10°®

9.6. Metoa Eitnepa—Komri

CyTp MeTOAy moOJsirac B TOMY, IIO JUIS PO3B s3aHHS AU(DEpEeHIIATbHOTO
piBasiHHS (9.1) mpu modatkoBid ymoBi (9.2) Ha iHTepBai JOCTIDKEHHS [&; D]
obuncienns Ha (i+1) — ToMy KpoIlli CHOYaTKy BHKOHYIOTH SIK i B 3BHYAWHOMY
meroni Einepa yi* =Y +hf(X,y) Ta B HalineHiii TOYIi BH3HAYAIOTH HATIPSIMOK
3MmiHM iHTerpanbHOi QyHKUIl f (X4, yi*+1), a gam - OOYMCIIEHHS BUKOHYIOTH 3a
dhopmysior0:

f O W)+ F (%, Yind) (9.11)
. .

Yia=Y+h

Tomi po3B'si3anHs  OU@EpeHLIATPHOTO  PIBHAHHSA  JaHUM  METOJIOM
BUKOHYIOTb 332 TAaKHM aJITOPUTMOM:
— IHTepBaJl JOCIIHKEHHS MOAUIAIOTh HA N PIBHUX BIJPI3KIB Ta BU3HAUYAIOTH
. b-a
Kpok iHTerpyBanus h=——, k=0;
n

— BH3HAYAIOTh KYT HaxWwly JOTUYHOI B IOYaTKOBIM Toumi M, 3

KoopauHaTtamMu (X, V) :
= T (X Vi)
— BU3HAYaIOTh TOYKY MIEPETUHY JOTHYHOI B Touli M 3 mpsmoro X, + h
Vi = Y + Ty,

1 .
orpumyoun T0uKky M1 (X, Yia1)

— BU3HAYaIoTh ), y Touli M &:1, ne

ayz = f (Xk+1’Yi:11)v Xga1 =X, +h;
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— 3HaXOMSTh CEpeIHIN KYT HaXMITy JaMaHoi JiHIT

o +a
o =K %e

2
— BU3HAYAIOTh TOUka M, 3 kKoopauHatamMu X1 = X + N, Y1 = Vi + o h;

— OOYHCIIIOIOTh KOOPJMHATY TOYKH Ha HACTYITHOMY YacCTKOBOMY IHTEpBali,
k = k + 1. HaBeneHuil IUKITIYHMIA TIPOIIEC TPOJOBKYIOTHCS 10 BHKOHAHHS YMOBH
k>n.

Takum ymHom, Mmerona Einepa—Komri ans po3s’sizaHHa audepeHIianbHOTO
PIBHSIHHSI BUKOPHCTOBYE TaKi peKypeHTHI (HopMysid OOUYMCICHHS TOYOK JIaMaHO1,

10 € HAOJIM)KEHUM MPEICTaBICHHSIM IHTETpaJIbHOT KPUBOT:

f (X Vi) + F (s YE2)
_ kr Yk ; k+1 k+1iYk+1=)’k+05k'h,

k=0,12,...,n-1.

y|£1+)1= Y + (X Vi) - s ay

['eomerpuuna inTepnpeTtaris meroay Einepa—Kor HaBenena Ha pucyHky 9.3.

=) w

Puc. 9.3. 'eomerpuyna inTepnpertauis meroay Eitnepa—Komri

Jns owiHKA TMOXUOKKM HaOIMKEHOro po3B si3aHHS  AUGEpeHI1aTIbHOTrO

piBEsiHHS MetonoM Einepa—Kommn Yy, B Toumi X,, o orpuMaHe 3 Kpokom h,
HOBTOPIOIOTh oOumcieHHs ¢ Kpokom 2h i aGcomotHy moxubky A(Y,)

BH3HAYAIOTh, K 1 B MogudikoBaHoMy MeTo i Einepa, 3a hopmyiioro:

1 -
A(Yn) = é‘yn - yn"

ne Y, — HaOmmKeHe po3B si3aHHS B TOYLl X, MPH BHUKOHAHHI OOYHUCIEHb 3

KpokoMm 2h.
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Mpuxknan. Posp’sBatu  audepeHmianbHe PiBHIHHA

yr:y2+x2’ 110

3agoBosibHse ToyaTkoBuM ymoBaM Y(0) =0, wna Bigpisky [0;01] 3 xpokom

h= 0,01 meronom Eitnepa—Koui.

Po36 sizox Il po3B’si3anHs jgaHoi 3amadi 3 kpokom h=0,01 Bimpi3ok

[0; 0] noxinsiersest Ha 10 piBHUX YacTuH. OOYUCICHHS BUKOHYIOTHCS 3TiIHO 3a

dopmynamu Eiinepa—Kormri (9.11) Ta HagaHUM aJrOpUTMOM METOAY:

ay = F (X Vi) ag = F((% +h), y+aq-h);

yk+1:yk+M2“2k.h; X1=% +h, k=0,1,2,...,n-1.

Pe3ynbpTaTl po3paxyHKiB NpeACTaBIAIOTHCS B Tabmui 9.8.

Jns Bu3Hauenns noxubOku merony Einnepa—Korn BukoHaemMo oOuncieHHS 3

nojBiiHUM KpokoMm 2h. PesynbTaTe po3B’s3aHHS AUQEPEHINIAIBHOTO PIBHSHHS

metoioM Einepa—Komri 3 kpokom 2h. Hamano B Tabuii 9.9.

Tabauys 9.8. Pe3yjibTaTH po3B’ si3aHHA AN (epeHniaIbHOIro

piBusinust metoaoM Eiinepa—Komi 3 kpoxom 0,01

X Oy Ol Yk
2 3 4 4
0 0 Yo=1
ay = T(X5 Yo) = oy = (% + )2 + (Y, + ayph)* 5 Y, =Y, + %0 %
L oot =X +Ys=0"  |=(0+0,01)%+(1+1.0,01)? = 1410202
41221 =1,0202 _ 14 > .0,01=1,0101
alllez—i-ylz: a212(X1+h)2+(y1+allh)2= y2=y1+a11+a21.h:
=0,01* +1,0101* |=(0,01+0,01)? + (1,0101+
210021 _ 10204 1,0204-0,01)? = 1,04142 — 101014 10204+ 104142
-0,01=1,0204
a12 = X; + y22 = azz = (X2 +h)2 +(y2 +a12h)2 = y3 — y2 +M.h:
= 0,022 +1,0204% |=(0,02+ 0,01)? + (1,0204 + 042162 0635
3 |0,03|=1,04162 1,04162-0,01)* =1,0635 =10204 + L +L :
.0,01=1,03093
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Saxinuenns mabn. 9.8

1] 2 3 4 4
Uy =X+ Y5 = |y = (% +0)? +(y; +ah)? = y4=y3+M.h:
2 oo l? 0,032 +1,03093 = (0,03+ 0,01)? + (1,03093 + ],026372+:LO8646
" |=1,06372 1,06312-0,01)2 = 1,08646 =1,03093+
.0,01=1,04168
a14=xf+yf = 0!24=(X4+h)2+(y4+0(14h)2= y5=y4+a—14+a24.h=
¢ |oos|™ 0,04% +1,04168] = (0,04 + 0,01)? + (104168 + 1,02867+J,11036
" |=1,0867 1,0867-0,01)2 =1,11036 =1,04168+ :
.0,01=1,05267
U =Xe + Yo = | @y = (% +h)* +(ys +ah)* = y6=y5+m.h=
6 loos|™ 0,057 +1,05267{ = (0,05+0,01)? + (105267 + l121061+113522
" |=111061 1,11061-0,01)2 =113522 =105267+ :
-0,01=1,0639
a16:X§+y§: azsz(xe+h)2+(ye+a16h)2: y7=ye+m.h=
N 0,06% +1,06392 | = (0,06 + 0,01) + (10639 + 1,13%4 4 116107
" |=113548 1,13548-0,01)? = 116107 =1,0639+ :
.0,01=1,07538
a, =X+ yi= |, = (X +h)?+(y, +a,,h)? = Vo=V, + Uty
= 0,07% +1,07538{ = (0,07 + 0,01)? + (1L,07538+
° %% 116134 116134.0,01)? = 118795 107538 10134+ 118795
.0,01=1,08713
a18:x82+y82: a28:(x8+h)2+(y8+al8h)2: y9:y8+a18_+a28.h:
=0,08% +1,08713{= (0,08+ 0,01)* + (1,08713+
9 1009\ _11oone 118825. 0,01)° - 121503 108713 118825+1,21503
-0,01=1,09915
0!19=X§+ys= azgz(x9+h)2+(yg+a19h)2: Y1o:y9+M'h:
= 0,09% +1,09915{ = (0,09 + 0,01)% + (1,09915 + 2
10 | 01 |1 51609 1.21623.0,01)? — 124502 100915 4 b21623+1,24502

-0,01=111146
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Tabauys 9.9. Pe3yabTaTH po3B’ si3aHHs JU(epeHliaTbHOro

piBHsiHHA MeToi0oM Eiinepa—Komi 3 kpokom 0,02

K| % oy, A Y
0 0 Yo=1
ag0 = f(Xo: Yo) = azo:(xo+2h)2+(y0+oc102h)2= y1:y0+w-2h=
2 2 2
1] 002 |=x+Y6=0"+ |_(0+0,02)%+(1+1-0,02)? = 1+1,0408
ag =X +Yf = o = (4 +2h)% + (y; + ag32h)? = yp =y + AT %2 o
5 | 004 |=0022+1,02042 = |=(0,02+0,02)2 + (1,0204+ 1,04162+1,08576
" |—104162 2 L0 |
=1, +1,04162-0,02)~ =1,08576
0,02=1,04167
A =X5+y5 = agp = (Xp +20)% + (yo + a1 2h)° = Yoz yp+ 127022 op
2| 006 |70 042 +1,04167% | =(0,04+0,02)2 + (1,04167 + 1,08668+1,13443
=1,08668 +1,08668-0,02)% =1,13443 t "
.0,02=1,06388
22 _ 2h)2 2h)2 = 0q3+023
oMz =X3+Y3 a3 = (X3 +2h)” + (Y3 +ay32h) Yp=Y3+——=-2h=
4l 0os |70 06%+1,06388” | =(0,06+0,02)” +(1,06388+ 1,13544+1,18708
.0,02=1,08711
a14:)(£+y§: (124:(X4+2h)2+()/4+(1142h)2: y5:y4+w.2h:
5| 01 |-0.08°+108712% |=(0,08+0,02)° + (L08711+ 1,18821+1, 24404
: =1,08711 :
~118821 +118821-0,02)2 — 1, 24404 LOs7LLY
.0,02=1,111433

A3HAYNM JIIOTHY OXHOK B a3aHHA qudepeHIaIbHOr0 PIBHIHHS
BuznaunMo aGcomroTHY OXHOKY po3

3a metosioMm Eitnepa—Kormri.

1
A(yn) :é‘yn

_S\/n‘

Ay = %‘ylo, h = Y5, 2n|= %\111146 ~1111433=9-10"°,
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9.7. Metoa Pyure—KyTtra

[le HalOLIBIIE YACTO BUKOPUCTOBYBAaHWUH METOA TMPH YHCEIBHOMY
po3B’ si3aHH1 3a1a41 Komri, ToMy 1110 103BOJIsIE OJIep>KaTh HAOIMKEHE PO3B’ I3aHHS 3
BEJIMKOIO TOUHICTIO.

['eomerpuuno 1Ieit MeTon At po3B s3aHHs 3amadi (9.1), (9.2) momsrae B
TOMY, III0 Ha MaJloMy Bipi3ky [X; X+ h] iHTerpanpHa kxpuBa Y = Y(X) piBHSIHHS
(9.1) 3aMiHIOETBCS IPSIMOIO JIIHIEKO , sIKA MPOXOIUTh Yepe3 Touky (X, Y(X)). Arne B

OCHOBY METOAY TOKIQJCHO OUIBII TOYHMHA, HIX a MeTomax Eimepa, miaxin
BHU3HAUCHHS HAIpPsMY LIBOTO BiJIpi3Ka MPSMOi.

Jlns peanmizanii Mmerony Pynre—Kyrra Bigpi3ok posBsizaHHs 3amadi [a; b]

HOJUISIFOTh HAa N PIBHUX YacTUH 3 KpokoM h= TOUKAMU  Xg, Xq,..-y Xy 1

BU3HAYAIOTh Yi, Yo, ..., Y — HAONMXKEHI 3HAYEHHS B TOUKAX Xg, Xq,..., X . Ilicas
IIHOTO MEPEXOJATh JO HACTYIIHOTO BIAPI3KY [Xy, Xcy1] 1 OTPUMYIOTH VY .1,

BU3HAUalOTh « = f(X,Yx) — HaOpsAMOK NOTHYHOI 1O iHTErpaJbHOI KPUBOi B

touri M (X, Yy) 1 ToUky mepetuHy mpsmMuX Y—VY, = (X—X) 1 X=X +g,
, h h
T00TO TOUKy Ny (X, + E; Vi + E) :
Bu3HaualoTh HapsIMOK JOTHYHOI B TouIi Ny
a —f(Xn+h Yo+ h)
2k 2’ n 1k 2
1 13 Toukn M, TpoBOIATH TMpSIMy 3 KYTOBUM KOE(QIIIEHTOM o :

Y=V =y (X—X%) mo mepetMHy 3 TMpIMOI X=X, + 2 TakuM YuHOM
" h h
orpumytoth Touky Ny (X + > Yi + Aoy E) :
BusHayaroTh HanmpssMOK JOTHYHOT B Touri Ny :
ag = T (X, +D’ Yn T a2 D)
2 2

113 Toukn M IPOBOIATH MPSIMY 3 KYTOBHM KOe(IliEHTOM gy & Y — Vi = ag (X— X )

JI0 TepeTHHY 3 TpsAMOI X=X +h. TakuM YHHOM OTPHUMYIOTH TOYKY
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M1 (X +h; Yy + g - D) . Hanani BusHauarots HanpssMok J0THYHOI B To4Il My 4
ag = TG +h Y, +ag-h).

VY3araipHEHUI HANPSIMOK JIaMaHOi Ha BIAPI3KY [X; X,1], IO TpEICTaBIISIE

HaOIKeHe po3B’ I3aHHS 3a71a4l, BU3HAYAIOTH SIK:
1
oy = g(alk + 20+ 2003 + )

i mpoBoATh i3 Toukn M, mpsamy Y-V, = (X—X,) 10 NEPETHHY 3 MPAMOIO
X=X +h B 1oumi My 1(Xi1) Yesr) A€ Yes1 = Yk + & -h. Busunauarors

HaOJIIDKEeHe 3HAUSHHS B TOUI Xy ,q = X + N.

Anroputm Metony po3B’s3anns 3amadi (9.1), (9.2) meromom Pynre—Kyrra
Ha BIIAPI3Ky [&; D] ckilagaeThes 3 TaKKX €TaIiB:

a) 3aal0Th KiIJBKICTH N TOYOK MOMLTY Bifpiska [&;D] i BU3HAYAIOTH KPOK

) b-a . ) _
iHTerpyBanns h=——. Hexaii K= 0. 3HaueHHs Xy, Yy BBaXKaIOTh BiJOMUMU,
n

0) BU3HAYAIOTh HACTYITHE 3HAYCHHS X, Y| 3a hopMysiamu:
age = (4 i),

h);

h
agy = (% +§), Yt o

ag = T (% +E), Yi + oo 'D)i
2 2 (9.12)
am = (% +h), y+ag-h)
1
oy = g(alk + 20, + 2003 + gy );
Xer1 =%+ Y=Y ta - h,
k=0,12,...,n-1.

B) TIEPEBIPAIOTh YMOBA 3aBEPIICHHS ITEPAIIHOTO TPOIECY PO3B’ sI3aHHS
mudepeHmianbHoro piBHAHHA. Jkmo K+1=n, todro X,=Db, npouec oduncieHp
3aBepiieHo. Yucna Y, Y,...Y,, TPEACTABIAIOTh HAOIIMKEHE 3HAYCHHS ITyKaHOTO
pO3B’sI3aHHSA B TOYKax Xg,Xq,...X,. IHakme K=K+1 i 3xilicHIOIOTH mepexin a0

HOIEPEAHBOT0 MYHKTY 0), BBXKAIOUN MOYATKOBUMHU Xj_1, Yic_1-
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['eomerpuuna iHTepnperauis Merony Pynre—Kyrra HaBegena Ha

pucysky 9.4.

0 X I xk-;-h/Z X AI v

Puc. 9.4. 'eomerpuuna inTeprperaiis Merony Pyare—Kyrra

OOGuucnenns 3a meronoM Pynre—KyTra 3HauHO yCKiIaHEHO B MOPIBHSHHI 3
meronamu Elinepa. Ane 3a paXxyHOK IOJaTKOBUX OOYMCIICHb METOJ Ma€ MEHIY
HoXHOKy mpu 3aMiHi TouHoro po3B'sanHs Y(X), (k=123 ..,n) iioro

HAOIMKEHUM Y, .

I3 Teopii HAOIMKEHUX METOIB BiZIOMO, IO TP KPOIll IHTETpyBaHHS h Mae
MICIIE€ TaKa OI[IHKA MOXUOKH OOUMCIICHHS:

| Vi = V(%) K C-h°.

TakuM 4rHOM TOXHMOKA OJHOTO KPOKY OOYHCIeHb (BH3HAYCHHS Y, ,.q NPH

, 1 :
BIZIOMOMY Y, ) Ma€ MopsiJoK h° (a6o —5) Cymapna moxu0ka 3a N KPoKiB, TOOTO
n

: : 1
noxuOKa HaOIMKEHOTO PIlIeHHs Y, B TOUIl X, OyJe MaTu mopsaok h* (a6o —7 )
n

3BifcH, SKIIO 30UIBIIUTH KUTBKICTh N TOYOK TOJITY BiApi3ka B 2 pa3u, MOXHUOKa
3MeHIIuTbeA B 16 pasiB. ToMy [UIsl OI[IHKM HaOJIM>KEHOrO PO3B’s3aHHS Y, 110

OTpMMaHe 3 KPOKOM h, BUKOHYIOTH OOYHCICHHS 3 KpokoM 2h i 3a aOCOMOTHY
MOXUOKY A(yn) MPUIMAIOTh TOXUOKY:

1 _
A(Yn) =Elyn ~ Yl (9.13)

ae Y, —HaOIKeHe PIllleHHs B TOUIl X, 3 KpokoM 2h.

[lepeBipky TOYHOCTI OOYHMCIIEHb IUIAXOM MOABIHHOIO IMepepaxyBaHHS 3
MOJIBOEHUM KPOKOM JIOCTaTHBO 4Yepe3 4 — 5 KpoKiB. 32 yMOBOIO

1 _
A(yn)=l—5|yn—yn|<8
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B SIKOCTI KpUTEpit0 BHOOpPY KpokKy h st oTpumanHS po3B’si3aHHS 3amadi 3
3a[]aHOI0 TOYHICTIO & MOXXHa po3B’s3aTH 3amauy Komi meronom Pynre—Kyrra 3
aBTOMATUYHUM BUOOPOM KPOKY.

[l omiHKa € OLIHKOI METOMy 1 HE BPaxoOBYy€ MOXHUOKY, II0 OTPUMaHA MpU
OKPYTJICHHI.

IMpukaan. Pos3s’s3ati  audepeHiiaibHe piBHAHHS Y = y2 +X%,  wo
3anoBosibHsie ToyaTkoBuM ymoBaM Y(0) =0, ma Bimpizky [0;0]] 3 xpokom
h=0,01 meronom Pynre—Kyrra.

Po3é’ siz30xk.  UucenbHe  po3B’s3aHHA  3agadi Komm g gaHOTO
muepeHIIaIbHOTO PIBHSIHHS Ha 3aJaHOMY IHTEpBajl Ta BKa3aHIM MOYATKOBIN
YMOBI BUKOHY€EMO 3T1JTHO 3 PaHilll HAaBSJICHUM aJIrOpUTMOM Ta (hopmyniamu (9.12):

Hasenemo pesynbpratu odumcnens Y,, K=0,2,3,...,9 mo noBroproroThcs

3 kpokom h=0,01.

k=0
Yo=L % =0
k=1,
oc10=x§+yg:02+12 1
h)? h)?
Qog = (XO + Ej +(y0 +010 Ej = (0+ 0,005)2 + (1+ 1. 0,005)2 =1,01005;
h)? h)?
oz = (xo T Ej +(yo + a0 -5) = (0+0,005)2 + (1+1,01005- 0,005) % =1,01015;

aq0 = (Xo +h)? +(yg + oigg - h)? = (0+0,01)2 + (1+1,01015- 0,01)2 =1,02041;

0o = %(0010 +20190 + 20130 + 0Lg0) = %(1+ 2-1,01005+ 2-1,01015+1,02041) = 1,010135,
Y1 = Yo + aph =1+1,010135- 0,01 = 1,01010135;

X1 =Xg+h;

k=2,
X, =% +h;
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agq = X2 + yZ =001 +1,01010135 =1,0204

2 2
ooy = (xl + gj + (yl +0p - gj = (0,01+ 0,005)2 + (1,01010135+ 1,0204- 0,005)2 =1,03086

2 2
g1 = (xl + gj + (yl +0ipg - gj = (0,01+0,005)2 + (1,01010135+1,03086- 0,005) 2 =1,03097;

agy = (% +h)? +(yy +agz; - h)? = (0,01+0,01)? + (1,01010135+ 1,03097- 0,01) % = 1,04164,
oy = % (0tg1 + 20101 + 2031 + 0Lgg) = %(10204+ 2.1,03086+ 2-1,03097+1,04164) = 1,03095
Y, = Y, +a;h =1,01010135 + 1,03095.- 0,01 = 1,0204109;

k=3,
X=X +h;

a1 = X5 + Y5 =0,02% +1,0204109” =1,04164

2 2
gy = (xz + gj + (yz +ag - g} = (0,02+0,005)2 + (1,0204109+1,04164- 0,005)? =1,05252

2 2
g = [xz + gj + (yz + 0o gj = (0,02+0,005) + (1,0204109+1,05252- 0,005)? = 1,05263

agp = (Xo +h)? +(yp +agy - h)? = (0,02+0,01)? + (1,0204109+1,05263- 0,01)2 =1,06373
g = %(0(,12 + 20(22 + 2(132 + 0(42) = %(1,04164+ 2- l05252+ 2 1,05263+ 106373) = 1,05261
Y3 = Yo + a.oh =1,0204109+1,05261- 0,01 = 1,030937;

k=4;
X, =X%+h;

ag3 = X5 + y5 = 0,032 +1,0309372 = 1,06373

2 2
Olpg = (xS + gj + (y3 + o3 gj = (0,03+ 0,005)? + (1,030937 + 1,06373- 0,005)? =1,07505;

2
043 = (3 + h)? +(y3 + az3 - h)? = (0,03+0,01) + (1,030937 +1,07517- 0,01) % =1,08672;

2 2
agg = (X3 + E) + (y3 + g3 2) = (0,03+0,005)2 + (1,030937 +1,07507 - 0,005)? =1,07517;

ag = %(alg + 20153 + 20133 + Ol g3) = %(l06373+ 2.1,07505+ 2-1,07517 +1,08672) = 1,07515;
Y, = Y, +ash =1,030937 +1,07515- 0,01 = 1,041689;

k=5,
X =X, +h;
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a14 = X2 +y2 =0,04% +1,0416897 =1,08672,

2 2
Olpg = [x4 + 2) + (y4 +0igg gj = (0,04 + 0,005) + (1,041689 + 1,08672- 0,005)2 =1,09849;

2 2
Olgg = (x4 + 2) + [y4 +oiog gj = (0,04+ 0,005)2 + (1,041689-+1,09849- 0,005) > = 1,09861;

otgq = (%g + ) +(yg + agg -h)? = (0,04+0,01)2 + (1,041689 + 1,09861- 0,01)2 = 111062

oy = %(oc14 + 20094 + 20134 +0lgg) = %(L08672+ 2-1,09849+ 2-1,09861+1,11062) = 1,09859;
Y, = Y, +a,h=1,041689+1,09859- 0,01 = 1,052675;
k=6;

X =% +h;

05 = X2 + Y& = 0,057 +1,052675% =1,11062;

2 2
Ol = (x5 + gj + (yg, +oys5- gj = (0,05+0,005)2 + (1,052675+1,11062- 0,005)? =1,12287;
h)? h)?
Olgg = (xg, + E) + (yg, +Olps - Ej = (0,05+0,005)? + (1,052675+1,12287-0,005)% = 1,123

2 2
Olg5 = (x5 + gj + (y5 + 035 g) = (0,05+0,01)? + (1,052675+1123-0,01) % = 1,13549;

og = %(alg, + 20095 + 20135 + Ol45) = %(L11062 + 2112287 + 2-1123+1,13549) = 1122975
Yo = Vs + ash = 1052675+ 1122975 0,01 = 1,0639048,

k=7;
X, =X +h,;
s =X + Y, =0,06° +1,0639048° =1,13549;

2 2
Qs = (xﬁ + gj + (ye + o gj = (0,06 + 0,005) + (1,0639048 + 1,13549- 0,005) = 114823

2 2
QU = (x6 + 2) + (ye + ot gj = (0,06+ 0,005)° + (1,0639048 + 114823 0,005)2 = 1,14837;

4 = (% + )’ + (Y + a5 - )’ = (0,06 + 0,01)? + (1,0639048 + 1,14837 - 0,01)* = 1,16136;
o = %(alﬁ + 2005 + 203 + Oyg) = %(113549 +2-114823+ 2-1,14837 + 1,16136) = 1,14834;
Y, = Y, +a,h =1,0639048 + 114834 0,01 = 1,0753882;

k=8;
X=X +h;
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2 4 y2 = 0,07% +1,0753832% =1,16136;

=X
h)? h)’
= (x7 + E) + (y7 +ay,- E) = (0,07 +0,005)” + (1,0753882 + 1,16136 - 0,005)2 = 117461;

2 2
X, + gj + (y7 +aty, - gj = (0,07 + 0,005) + (1,0753882 + 1,17461- 0,005)” = 1,17475;

Uy
gy = (% +h) +(y, + oy -h) = (0,07 + 0,01) + (1,0753882 + 1,17475- 0,01)* = 1,18826;
a, = %(aﬂ + 20, + 200, + ;) = %(l16136 +2-117461+ 2-117475+1,18826) = 117472,
Vs = Y, +a,h =1,0753882+117472- 0,01 = 1,0871354;
k=9;
X=X +h;

W2 2 2 2 _ .
oyg = X§ + Y§ = 0,08 +1,08781354“ = 1,18826;

2 2
Olog = (xs + gJ + ( Vg + Ol1g 2) = (0,08+0,005) + (1,0871354 +1,18826- 0,005)? =1,20204;

2 2
Olag = (xs + gj +(y8 +log gj = (0,08+0,005) + (1,0871354 +1,20204- 0,005)? = 1,20219;

agg = (Xg + )2 +(yg + i35 - h)? = (0,08+ 0,01)2 + (1,0871354+1,20219- 0,01) % = 1,21625;
g = %(alg + 20198 + 20138 + Ol 4g) = %(L18826+ 2.1,20204+ 2-1,20219+1,21625) = 1,20216;
Yo =Yg + agh =1,0871354+1,20216- 0,01 = 1,099157;

k=10;
X=X+ h;
Oy = Xg + yg =0,09% +1,099157% =1,21625;

2 2
Olyy = (Xg + gj + (yg + oy gj = (0,09 + 0,005)* + (1,099157 + 1,21625- 0,005)* = 1,23058;

2 2
Qg = (xg + gj + (yg oty gj = (0,09 + 0,005)% + (1,099157 +1,23058- 0,005)° = 1,23073

g = (% + N + (Yo + a5 - N’ = (0,09+ 0,01)* + (1,099157 +1,23073- 0,01)* =1,24535;
g = é(alg + 20055 + 2005 + Qyg) = %(], 21625+ 2-1,23058 + 2-1,23073+1,24535) =1,2307;
Yio = Yo + agh =1,099157 +1,2307 - 0,01=1,111464.
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Pesynbratu po3B’si3anHs 3amaui Komri 3a merogom Pynre—Kyrra moxHa

npeacTaBuTH B BUTIIsAAI Tabaui 9.10.

Tabnuns 9.10. Pe3yabTaT po3B’ si3aHHsi AndepeHniaibLHOro

piBHsinasA MeTogoM Pynre—Kyrra 3 kpoxom 0,01

k X Yk

0 0 Yo=1

1 0,01 y; =1,01010135
2 0,02 y, =1,0204109
3 0,03 Y, =1,030937
4 0,04 y, =1,041689
5 0,05 Y, =1,052675
6 0,06 Y, =1,0639048
7 0,07 y, =1,0753882
8 0,08 Y, =1,0871354
9 0,09 Y, =1,099157
10 0,1 Yo =1,111464

JIns  OWIHKM TOYHOCTI HAOJIMKEHOTO PO3B s3aHHSA AUQPEPEHIIATLHOTO
piBusHHS MeTogoM Pynre—Kyrra, mo orpumane 3 KpokoM h, moBTOpHMO

o04HMCIIeHHs 3 MOIBIHHIM KpokoMm 2h.
k=0,
X% =0, Yo=1
k=1
X =X, +2h=0+2h=0+2-0,01=0,02;
=X +ye=0"+1"=1
2h\’ 2h\’ , , ,
Oy = (xo + 7) + (yo +ay, 7) =(0+0,00)° + (1+1-0,01)° =1,0202,
2h)’ 2h)’ ) , _
gy = (xo + 7) + (yo + Oy 7) =(0+0,0)° + (1+1,0202-0,01)° =1,0206%,

= (X +20)° + (Y, + @y - 2h)* = (0+0,02)2 + (1+1,0202-0,02)? =1,04164;
o, = %(am + 20,0 + 205 + Q) = %(1+ 21,0202 + 2-1,02061+1,04164) = 1,02054;

Y, =Y, +a,h=1+102054-0,02 = 1,0204108,
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k=2
X, =X +2h=0,02+2-0,01=0,04;
ay = X +y? =0,02% +1,0204108° = 1,04164;

2 2
ay = (xl + 2—2hj + (yl +ay, 2_2h) = 0,02+ 0,01)% + (1,0204108 + 1,04164 - 0,01)2 =1,0635;

2 2
s = (xl + %hj + (yl +ay, - 2—2hj = (0,02+0,01)? + (1,0204108+ 1,0635- 0,01)* = 1,06396;
a, = (% +2h)* +(y, + @y, - 2h)’ = (0,02+ 0,02)° + (1,0204108+ 1,06396- 0,02) =1,08672;
a, = %(a11 + 20, + 200, + aty)) = %(J,O4164+ 21,0635+ 2-1,06396 +1,08672) = 1,06388;

Y, = ¥, + 2, 2h =1,0204108 + 1,06388 - 0,02 = 1,0416884;

k=3
X3 = Xo +2h=0,04+2-0,01= 0,06;

oqp = X3 + Y3 = 0,042 +1,04168842 =1,08671,;

2 2
Oy = [xz + %hj + (yz +ouyp 2_2hj = (0,04+0,01)2 + (1,0416884 + 1,08671- 0,005) = 1,11037;

2 2
agp = (xz + 2—2hj + (yz +ag 2—2hj — (0,04+0,01)? + (1,0416884+1,11037-0,01)? = 1,11087;

g2 = (Xp +2n) +(yp + agp - 2h)% = (0,04+ 0,02)2 + (1,0416884+ 111087 - 0,02)2 =1,1355;
Ao = %(Otlz + 20 22 + 20(32 + (142) = %(1,08671+ 2- 1,11037 +2- 1,11087 + 1,1355) = 1,11078,

y3 = Yo + 02 =1,0416884 +111078- 0,02 = 1,063904;
k =4;
X4 = X3 +2h=0,04+2-0,01= 0,08,

0q3 = X3 + Y5 = 0,062 +1,0639042 =1,13549;

2 2
Oz = (x3 + 2—2hj + (y?, + 043 2—2hj = (0,06 +0,01)2 + (1,063904 +1,13549 - 0,01)? =1,16108;

2 2
Oag = (x3 + Z—D + (yg + 03 2_2hj = (0,06+0,01)2 + (1,063904 + 1,16108- 0,01)2 = 116163,

ag3 = (X3 +2n)? + (y3 + a3 - 2h)? = (0,06 + 0,02)? + (1,063904 + 1,16163- 0,02) =1,18827;
o3 = %(Otlg + 20 23+ 2&33 + (143) = %(1,13549 +2- :L16108 +2- :L16163+ :L18827) = :L16153,

Y4 = Y3 + 0.32h = 1,063904 + 1,16153- 0,02 = 1,0871346;
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k=5
Xs =X, +2h=0,08+2-0,02=07;
a,, = X5 +yZ =0,08" +1,0871346° =1,18826;

2 2
Ay = (x4 + %hj + (y4 +ay, 2—2hj = (0,08+0,01)* + (1,0871346 + 1,18826 - 0,01)* = 1,21594;

2 2
Oy = (x4 + Z—Zhj + (y4 +ay, - z—zhj = (0,08+0,01)% + (1,0871346 +1,21594 - 0,01)* = 1,21655;
= (X, +2h) +(y, + g, - 2h)* = (0,08+0,02)? + (1,0871346 + 1,21655- 0,02)* =1,24536;
a, = %(am +20,, + 200, + Qy) = %(],18826 +2-1,21594 + 2-1,21655 + 1,24536) = 1,21643,;

Ve = Y, +a,2h =1,0871346+1,21643- 0,02 = 1,1114632.

Pesynbpratu 03B’s13aHHS QU EPEHINIATIBLHOTO IBHAHHSA  METOJIOM
y

Pynre—Kyrta 3 kpokom 2h mpexacrasieno B Tabmmi 9.11.

Tabnuns 9.11. Pe3ysabTaTi po3B’ i3aHHA AUdepeHiaJiLHOro

piBHsiHHA MeToaoM Pynre—Kyrra 3 kpoxom 0,02

k X Yk

0 0 Y, =1

1 0,02 y, =1,0204108
2 0,04 Yy, =1,0416884
3 0,06 y, =1,063904

4 0,08 y, =1,0871346
5 0,1 ys =1114632

BukoHaeMo OIIIHKY MOXHOKM OOYMCIEHHS, IO JOCSTa€ HaWOUIBIIOTO

3HayeHHs B Tourl X =01

|Vion—Vsn| [1111464-11114632)
15 15

[Ipu po3B’s3anHi 3amady Komri MokHa BHKOPHUCTOBYBAaTH 3MIHHHUN KpPOK

5 ~533.107%.

nudepeHITiroBaHHS.

Ipukaang. Busnauntu  HabmwxkeHe  pos3B'sizaHHs  3amadi Kol
1 . .
Yy =xy? + T y(0) =1, na Biapisky [0; 0,4] metogom Pynre—Kyrra 31 3MiHHUM
—X
KPOKOM 3 TOUHICTIO & = 107, Bubparu noyarkoBwmii kpok h=0,2.

Po36’ si30k. UucnoBi 3HavyeHHs Y;, BH3HA4YaeEMO 3i 3MIHHUM KpokoM h,

3MEHIITYIOYH HOT0 BIBIYI.
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PesynbpTaT o0uncneHs npeactasiaeHo B Tadbmmmi 9.12.

Tabnuns 9.12. Pe3yabTaT po3B’ si3aHHs Au(epeHiaibLHOro

piBHsAHHA MeTOa0M Pynre—Kyrra 3i 3MiHHUM KpoKOM

0,2
1,25

0,3
1,428572

0,35
1,538462

0,375
16

04

Xi 0
1 1,666667

Yi

TakuM YuHOM, 3MEHIIYIOYM KpPOK IU(EpEHIIOBAHHS BJABIYI MOXHaA 32
MEHIIY KUIBKICTh iTepalliii MOKHAa OTPUMATHU 3aJ1aHy TOYHICTh OOUHCIICHHS.

Meron Pynre—Kyrtra nae HaGip dopmyn s po3paxyHKy KOOpIUHAT
BHYTPIIIHIX TOYOK. OCKIJIBKM ICHYE HE OIMH CHOCIO PO3MIIIEHHS BHYTPIIIHIX
TOYOK Ta BMOOPY BIIHOCHUX BariB JyIsl 3HAWACHHX MOXITHUX, TO MeToid PyHre—

KyTra 00’ €1HyE 11ij1€ CiIMEHCTBO METO/IIB, 110 MpeacTaBieHo B Tadumiri 9.13 [15].

Tabnuys 9.13. Po3paxyHkoBi (opmMyJin 0THOKPOKOBHX METO/IiB

Meron [Topsimok Po3paxynkoBa popmyra
Eitnepa [epumit Yie1 = Yi + hf (X, Yi)
HesBuuii Eitnepa | ITleprmid Yie1 = Vi + N (Xis1s Y1)
MonaudikoBanuit . h _ h
Egnepa HApyruii k=2 T 0 Ve = Ve + P (4 + 2 Ve + )
. . . h
Einepa—Komi Hpyruit ke =hf (%, Yk): Yis1= Yk +E(f (%> Vi) + T (K10 Y+ Ke))
. . h
Tpanewii HApyruii Yk+1= Yk + E( F 4, Vi) + F (s Yia1))
h kg
ko=hf (¥ ko =hf O+, Yie+ 20D
. .. 2 2
Xoiine Tperiit 1
kg =hf (e + 0 Yic—ki+2K9); - Vi = Yk + (K + Ako +kg)
k=B OGOV Ko = B (X v+
Pynre—Kyrra 1= e s 2= % 3’ Y 3"
TPETHOTO TOPAJIK Tpetiit 2 2 1
P P P kg =hf (4 +3h Yicr ko) Vi = i+ (ke +3kg)
h kg
ko =hf (X Yiek: ko =hif (X2 Y+ )
Pynre—Kyrra h Ky
YETBEPTOTO Yerneprnii ks = hf (% 50k +7); kg = hf (X +h, yic +k3);
HOPSIIKY 1
Yk = Yo+ (K + 2o + 23 + ka)
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Saxinuenns mabn. 9.13

Meron [Topsinok PozpaxynkoBa ¢opmyna
h h h
K =—f(%, Yk); Ko=—F(x+—=, Y +k);
13(Xkyk) 23(Xk3Yk 1)
h h ki ko
kg=—f (X +—=,y +—+-—2);
373 (% 3%k "5 5)
. h h 3, 9
Kyrra—Mepcona | YerBepTuii kg = 3 (% +§, Yk +§k1 +§k3);
h 3, 9
=—f (X +h y +=K —=Kz+6ky);
ks =3 T 0%+ N Y+ Sk =2 kg +6ks)
1
Vi1 = Y+ (ko + 4Ky + k)
Ko = hf ( ) kg =hf( +h +k0)'
Pynre—Kyrra- N — I e Y = 2'yk 27
[eprmmit
®ennbepra 1
Yier1 = Vi + 5 (Ko + 255K)

, . . 1 -
IMpuxnan. Po3s’ s3ati nudepeHiiaibHe piBHIHHS Y = > Xy IIpHU OYaTKOBIN

ymoBi Y(0) =1 na intepsaii [0; 1] 3 kxpokom h=0,2 pi3HUMH METOIaMHU.

Po36 si30k. JIns MOpIBHSHHA PI3HUX METOJIIB YHMCEIBLHOTO PO3B’si3aHHs Kot
HABEJIEMO PE3yJbTAaTH PO3B’S3aHHA JU(PEPEHINATHPHOTO PIBHSIHHS 3 BUKOPUCTAHHIM
meroniB Eiinepa, momudikoBanoro Eitnepa ta Pynre—Kytra, mo mpencrasieno B
ta0mumm 9.14.

Tabauys 9.14. Pe3yabTaTn po3B’ si3aHHsI

AudepeHliaIbHOIO PiBHSIHHSA PI3HUMHU MeTOJaMHU

. MoaudikoBaHuit Meton
K %n Merox Eftnepa MGTO%[) Eiinepa Pynre—Kyrra
1 0,2 1 1,01 1,0100502
2 04 1,02 1,040603 1,0408108
3 0,6 1,0608 1,0936738 1,0941743
4 0,8 1,124448 1,1725277 1,1735109
5 1 1,2144038 1,2822763 1,2840254

Po3risiHyTi METOIM YHCENBbHOTO IHTETPYBAHHS AU(PEPEHIIATBHUX PIBHSIHD €
OJTHOKPOKOBHUMH TOMY, IO BHUKOPHUCTOBYIOTb Ha KOXHOMY KpOILll OO4YHCIEHB
iH(dOpMaIIifo PO 3HAYCHHS PO3B’ A3aHHS TIILKH B OJIHIHA IMOMIEPETHINA TOYIII.

HaBenemo 3aranbHy XapakTepUCTUKY OJHOKPOKOBUX METO/IIB!

— 1151 00YMCIIeHHS 3Ha4YeHb HeBigoMoi (yHKIii Y= f(X) B HacTymHil ToYIl
Xy ;1 BUKOPUCTOBYIOTb JaHi JIUIIE PO OJHY MOMEPEIHIO TOUKY X -;

— B OCHOBI OJJHOKPOKOBUX METOJIB MOKJIAJICHO PO3KJIaJAaHHs (DYyHKIII B psif

Teiisiopa, B sikOMy 30€piraroThCsi WICHH, SKi MICTATh KpoK h B cremeHi mo N
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BKJIFOYHO, OIO € IIOPAOKOM MCTOLY. HpI/I ObOMY JIOKaJIbHA moxuoKa MCTOLAY €
O(h™?), a roGansna — O(h");

— OJIHOKPOKOBI METOAM HE TOTPeOyIOTh OOYHUCICHHS IMOXIIHHX,

OOYHMCITIOIOTHCS TUTbKK JHIe 3Ha4YeHHS (QyHkmii f(X), MOXKIHBO, y JEKIIBKOX

MPOMDKHUX TOYKaX.

9.8. baraTokpokoBi MeTO U PO3B’sI3aHHS
mudepeHiiaJbHUX PiBHSHD

OxpiM paHilie pO3MISIHYTUX  OJHOKPOKOBUX METOAIB  YHCEIBHOIO
IHTerpyBaHHs JudepeHIiaIbHUX PIBHSAHb ICHYE Psii METOIB, IO J03BOJISIOTH
olepKaTH pO3B’s3aHHS 3a7adl 3 BEJIMKOK TOYHICTIO, BHUKOPUCTOBYIOUU
iH(popMmallito, M0 OTPUMaHa paHIll Ha KIUIbKOX MOmepeaHiXx kpokax. Ll meronu
HA3UBAIOThCS  0ararokpokoBuMH. OOuuCIIOBabHI CcXeMH 0araTOKpOKOBHX
METOJIIB OyAyIOThbCS Tak, IO OTpMMaHa paHim iHGoOpMaIis Mpo pillleHHS
BUKOPHUCTOBYIOTH TOBTOPHO HA JICKITHPKOX KPOKAX.

Cepen 6araToKpoOKOBHX METOJIIB Pi3HOMAHITHHUX MOPSIIKIB HAWO1IbIIIE YACTO
BUKOPUCTOBYIOTh MeTomu Apnamca [6]. CyTHICTP IMX METONIB TIONATaE B
HACTYITHOMY. Hexal 3HaljaeHo HaOmmkeHi 3HadeHHs Y(X) B k+1 Toukax
Xiy Xi_1, -, Xj_ 3 TOCTiltHUM KpokoM h. ITosnaummo y(X)=V;; f(X,y;)=f;.3a
JaHUMH BYy3JlaMH OYAYIOThb IHTEpHONAiiHUA momiHoM B (X) mns yHKil
f (X, y(x)). BBaxarouum npubamsuo, mo Y'(X)=R(X), mnpointerpyemo 1e
PIBHSHHS Ha iHTEpBami [ X, X 4]

X1
Viaa® Vi + [ R(Xdx. (9.14)
X

[Tominom R (X) MoOXHa TNpencTaBUTH depe3 KiHIEBI pi3HUI (QYHKIIT
f (X, y(X)), BukopucroBywouu ¢popmyny HeroroHa mis intepriossnii Hazazn (7.13).
Hanpuknan, sKmo OOMEXHUTHCH PI3HUISIMH TPETHOTO MOPSIKY, TO OTPUMAEMO
TaKy eKCTpanoJAliiiHy popmyay Agamca [6]

Vo= Vi +F 4 SAF 4+ 2 APF, + S AF g, (9.15)
2 12 8
ne B =h-104,y0%))

®opmyny (9.15) 3pyyHO mNpEACTaBUTH B IHIIOMY BHIVIS[, 3alMCaBIIH

KIHIIEB1 PI3HUII Yepe3 3HaueHHs QyHKIIT
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AR,y =h(f; — fi_1);

AR =h(fi =2f 1+ f,);

AR _g=h(f; =31 +3f_,— fi_3)
i macraBuBmm ix B (9.15). Tomi oTpumaemMo eKcTpamnojsliiHy ¢opMyJry
Anamca—bomdopra

h
yi+1:yi +a(55f| _59fi—1+37fi—2_9fi—3)' (916)

Tyt BUKOpHCTOBYIOTH 3Ha4eHHS QyHKIii f; B Toukax X, X_1, %_o, X_g3, IO
NepeyIoTh BIIPI3KY IHTErpyBaHHs. Take HAOIM)KEHHS HA3UBAETHCS €KCTPATIONIALIIETO.

[licns  Bu3HayeHHs  BeaWuMHH Yy 1o (9.16), 0O4YHCIIOIOTH
fioa=T(X.1,Yj41), @ TOTIM YTOYHIOIOTH Vi, 32 TaKOI IHTEPIOJALIHHOIO

dbopmyoro Anamca—MynToHa!
h
yi+1:yi +z(9fi+l+lgfi _5fi—l+ fi—2)' (917)

s popmyrna moxxe Oytu orpumana aHajoridHo ¢opmy:ri (9.15) i3 (9.14),
skmo 3amicte R (X) mizcraButi mominoM HproToHa i iHTepmosmii Hazan
(7.13), mo noOyoBaHMit 32 TOUKAMU X1, Xi, Xi_1, Xi_o-

®opmymu (9.16) u (9.17) maroTh 4YeTBEPTHI MOPSAIOK TOYHOCTI. Jst

NOYaTKy OOYHMCIIEHb HEOOX1IHO, OKpIM Yg, MaTH ILIE TPU 3HAYEHHS LIYKaHOIO
pilIeHH] Yy, Yo, Y3. 3a3BUuall iX BU3HAUAIOTh OYyb-SIKUM OJIHOKPOKOBUM METOJIOM

TOTO € MOPSJIKY, Hanpukiaa, metogoMm Pynare—Kyrra. BennunHy kpoky B MeTO/I1
Pynre—Kyrra BuOupaioTh MeHIIMM, HIK B HACTYNHUX OOYMCICHHSX, IS

JIOCSITHEHHSI O1IBIII01 TOYHOCT1 B TIOYATKOBUX TOYKAX BIAPI3KY 1HTETPYBaHHS.

. . np Kop
PisHuus Mk nepenbaueHMM 3HAY€HHsAM Y,.1 Ta CKOperoBaHuMm Yi i, LIO

oTpuMaHi BignoBimHO 3a Qopmynamu (9.16) Ta (9.17), MoXHAa TPHUHUHATH

npuOIU3HO SIK OLIHKY JIOKAJbHOT MOXHOKM 0o0uYMciIeHb Ha AaHoMy kpoii. [lpu

BiAMOBITHOMY BHOOpPi KpoKy h ii MokHa 3poOUTH MEHIIIE Haepe T 3aaH0TO & .
BaxxnuBoro nepeBaroro 6araToOKpoKOBHX METO/IIB € MEHIIHIA 00’ €M 00YUCIIeHb

byukmii f (X,Y) Ha KoxkHOMY Kporli. KpiM TOro, BOHHM JIOIYCKarOTh €KOHOMHHI

o . Kop np .. .
aBTOMATUYHUN KOHTPOJIb KPOKY 3a pisHuuewo |Y;,1 — Yii1|. /1o HENOMKIB METOMIB

Tpeba BiAHECTH TPOOIEeMy OTPUMAHHS TMOYATKOBUX 3HAYCHB TAOJIHII.



C. I1. Bucnoyx, O. B. Bonorko, I'. C. Tumuunk, M. B. ®ininmosa
KOMIT'FTOTEPHE MOJEJIFOBAHH S ITPOLIECIB TA CUCTEM. UUCEJIbHI METO 217

Metoau AnaMca MOXKHAa BUKOPUCTOBYBATH JIJIs1 HAOJIM)KEHOTO PO3B’ sI3aHHS
samaui Komi  (9.4), (9.5 mis cucremn audepeHIiabHUX PpIBHSIHL 1
mudepeHIiaIbHUX PIBHSIHB BUIIUX MOPSAIKIB.

Metoa MiniHa € 6araToKpOKOBUM METOJIOM YETBEPTOTO MOPSIKY TOYHOCTI
TUNY «nepeadadeHHsI-Kopekiis» [6]. JIns mouaTky HOro BUKOPHCTAHHS HEOOXiTHO
BU3HAUUTU OYyIb-IKHUM OJJHOKPOKOBHUM METOJIOM YOTHUPH 3HAYECHHS NIYKAHOTO

pilleHHA Yp, Yy, Yo, Ya. [lonanbnn o04KcaeHHS IPOBOAATH 3a TAKOK CXEMOIO!

— 3a 40Tupma HOHGpC}IHiMI/I TOYKaMu Hepe)l6aanOTI) HACTYIIHC

3HAYEHHS Y 1
non 4
Yit1 ZYi—3+§h(2fi - i +2f,), (9.18)

ne fi=1(x,y;); (1=34,5..)

— OOYHUCITIOIOTH 3HAYCHHS MPABOi YACTUHU PIBHIHHS:

non non

i+1 — f(Xi+11yi+1 .

— KOpPCTYIOTh 3HAYCHHA yi +1:
KO, h non H
yi+][.):yi—l+§(fi—l+4fi+ fi+1 ), (|:3, 4, 5,) (919)

['pannuna aOcomioTHa MoxuOKa 3HAYEHHA Y; B MeToial Anamca—MynToHa

JIOPIBHIOE:

1 non KO
‘5‘i:E|yi %7l (9.20)

KoHTpoJbHiI 3anuTaHHS

1. B oMy cyTb 4KCeNnbHOTO po3B’ si3aHHs 3a1aul Kol ?

2. [ToctanoBka 3agaui Ko,

3. O6uncnenns audepeHiiansHuX piBHSIHL MeTogoM Efinepa.

4. B yomy mnonfrae reoMeTpuyHe po3yMiHHsa Metony Eitnepa?

5. Yomy gopiBHIOE TmOXHOKAa BHUpIIIEHHS JIudepeHIialbHUX pPIBHSAHb
meroaom Eiinepa?

6. Sxuit Burmsan Qopmynu  Eimepa s oOuMcnieHHS — cUCTEM
nudepeHIiaIbHUX PIBHSAHB?

7. SIk po3B’ s3aTH qudepeHItianbitHe piBHSHHS BUIIOTO MOPSIKY ?

8. MonudikoBanuit meton Eitnepa, Horo reoMeTpruiHe pPO3yMiHHS.
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9. Sk Bu3HaunTH MOXUOKY MoaudikoBanoro merony Eitnepa?

10. ®opmyna po3B’ si3aHHA AudepeHIaTbHIX piBHIHb MeTooM Eitnepa—Kori.

11. SIx Bu3HAUNMTH TOXMOKY BUKOpucTanHusa popmynu Eitnepa—Komri?

12. Sxwuii Burisan mae popmyna Pyare—Kyrra?

13. Tloxubka Buxopuctanus (opmynu Pynre—Kyrra npu obOuucnensi
U epeHIlIaIbHUX PIBHSIHb.

14. Pexomenpariii moj0 BUKOPUCTAHHS PI3HOMAHITHUX OJHOKPOKOBHUX
METO/IB PO3B’ A3aHHA TU(DEpPEHIIATbHUX PIBHIHb.

15. CyrtHicTs 06araTOKpOKOBHX METOJIB PO3B si3aHHSA AUQPEPEHIIATBHUX
PIBHSIHB ?

16. SIxi mepeBaru 1 HEIOJIKM BUKOPUCTAaHHS OaraTOKPOKOBHX METO/IIB
pO3B’ si3aHHA qUepeHITIaIbHIX PIBHSIHB?

17. Sxuit Burnan mae ¢Gopmyna Amamca pos3B’s3aHHS AUQEPEHIIATEHUX
PIBHSIHB?

18. Sxum ymHOM OTpuMaHa (opmyna Amamca—bamidopra, sSKHd BHUTISAA
BOHA Ma€?

190 B d4omy nmomsrae ¢opmyna Agamca—MynToHa — pO3B’SI3aHHS
U epeHITIaTbHUX PIBHSHB, SIK BU3HAYAETHCS TIOXMOKA OOUMCIICHHS TAHUM METOIO0M?

20. Slka cyTHicTh popmynu MinHa po3B’ si3aHHSA AUQEPEHIIaTLHUX PIBHSIHB,

SK BU3HAYUTH MOXUOKY i1 BUKOPUCTAHHS ?

3azaui A9 CaMOKOHTPO.JIIO

1. BukoHatu umcenbHe po3B si3aHHs 3anadi Komni mist nudepeHiiaabHOTO
piBHsAHHS Y +2Xy=2Xy? Ha Bigpisky [0; 2] 3 kpokom h=0,4 npu nouarkosiit
ymoBi  Y(0)=05 wmeromom Eiimepa. Bushmaumtd moxuOKy pO3B’sA3aHHS

T epeHIIaIbHOTO PIBHSHHS.

2. Bukonatu uucenpHe po3B’s3aHHA 3amadi Komn mnsa nudepeniiaibsHOTro
piBmsiHEs Xy + Y = y?InX Ha Bipisky [1 2] 3 xpoxom h=0,2 mnpu mouatkosiit
ymoBi  Y(0)=0,5 w™omudikoBanum w™eromom Eiinepa. BuszHauuT mNOXHOKY

pO3B’ si3aHHA TU(EPEHITIAIBHOTO PIBHSHHS.

3. BukoHnatu uuncensHe po3B’s3aHHA 3amadi Komrl mams nudepeniiatsHOTo

+y?

. '
piBHAHHA Y =
1+ x°

Ha Biapi3ky [0; 0,9] 3 kpokom h= 0,1 nmpu mo4aTkoBiii yMOBI
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y(0)=1 wmeromom Eiinepa—Komri. BusHauntd  1moxwOKy  po3B’sA3aHHS
T epeHIIaIbHOTO PIBHSHHS.
4, BukoHatH 4ucelbHE pO3B’si3aHHs 3amadi Komr st audepeHIiiaaibHoro

Xy
1+ X2

y(0)=1 wmerogom Pynre—Kyrra. BusHauumté  moxuOKy  po3B’s3aHHS

piBHSIHHS Y = Ha Bifpi3ky [0; 6] 3 kpokom h= 0,8 npu mouaTkoBiii yMOBi

T epeHITIaIbHOTO PIBHSHHS.
5. Buxonatu 4umcenbHe po3B's3aHHA 3amadi  Kom st cucteMu
27y = y* - 7" +1

Ha Binpisky [0;4] 3 kpokom
Z=z+y

audepeHIiabHUX  PIBHSIHD {

h=0,4 nmpu noyarkoBux ymoBax Y(0) =0 Tta z(0) =0 meromom Eiinepa.
6. BukoHatu uucenbHe po3B's3aHHA 3amaui Kom  ang  cuctemu
27y’ =y* - 7" +1;

audepeHIialbHUX PIBHAHD
Z=2z+y

Ha BiApi3ky [0;4] 3 kpokom

h=0,4 npu nouyarkoBux ymoBax Y(0)=0 ta 2(0) =0 MoaudikoBaHUM METOIOM
Ennepa.

/. BukoHatu uHcenbHE poO3B s3aHHSA 3amaui  Komi  anma  cuctemu

y,:2))//-2
audepeHIliaTbHUX PiBHIHb Ha Binpi3ky [0; 4] 3 kxpokom h=0,4 npu
z=_"°
2y—-z

noyatkoBux ymoBax Y(0) =0 Tta z(0) = 2 metonom Eiinepa—Komri.

8. Buxonatu uucenbHe po3B's3aHHA 3anadl  Komn juist  cucreMu
: : y=3y-2z, .
nudepenLianbHUX PIBHAHD 1 Ha Bipi3ky [0; 2] 3 kpokom h=0,2 npu
Z=z+Yy
nouyatkoBux ymoBax Y(0) =1 ta z(0) =1 meronom Pynre—Kyrra.

9. Bukonatu ymcenbHe po3B si3aHHA 3amaui Kol s audepeHIiiaibHOro
piBHSHHA Jpyroro nopaaky Y’ + 2y +2y=xe “Ha Bigpisky [0;6] 3 kpoxom
h=0,6 mpu noyarkoBux ymoBax Y'(0) =0 ta y(0) =0 meronom Eiinepa.

10. BuxonaTtu 4ucenpHe po3B’ s3aHHs 3anaqi Komr mis aqudepeHiiaibHOTo

piBHSIHHSA apyroro mopsaky Y’ +Y=4sinX na Biapisky [0; 6] 3 kpokom h=0,6

npu novatkoBux ymoBax Y'(0) =0 ta y(0) = 0 moaudikoBanum metogom Elinepa.
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11. Bukonatu yucenbHe po3B si3aHHs 3amavi Komn i audepeHIiaibHoro
piBHsIHHS Apyroro mopsiaky Y' —4y +5y=3x na Biapi3ky [0;1] 3 kpokom h=0,1
npu nouatkoBux ymoBax Y'(0) = 3,6 ta y(0) =1,48 meromom Eitnepa—Koriri.

12. BukoHaTu 4ucenbHe po3B’ s3aHHs 3anavi Komri mis qudepeHIiabHOro
piBHsHHA npyroro mopsaky Y’ +Y=1+€"ua Bigpisky [0;1] 3 xpokom h=01
npu nouatkoBux ymoBax Y'(0) =15 ta y(0) = 2,5 metonom Pynre—Kyrra.

13. BukonaTtu 4mncenpHe po3B’ s3aHHs 3anaqi Komr mis qudepeHIiaibHOTo
piBHstHES Y'=€* + Yy Ha Binpizky [0;1] 3 kpokom h=0,1 mpu mo4aTrkoBili yMOBi
y(0) =0 OararokpokoBUM MeTOJ0M Anamca. J[is BHU3HAYCHHS [MOYATKOBHX
3HAa4eHb Yy, Yo, Y3 BHUKOpPHCTAaTH Oyab-iKMH OIHOKpOKOBUH Meron Eiinepa,

moaudikoBanuit Eitnepa, Eitnepa—Komii a6o Pynre—Kyrra. Busnauntu moxuOky
pO3B’ si3aHHA TU(EpPEHIIAIBHOTO PIBHSHHS.

14. BuxoHaTu 4ucenbHe po3B’sa3anHs 3amauil Komr mis qudepeHiiaibHOro
piBusiHEs Y'=€*+ y? Ha Bigpisky [0;1] 3 kpokom h=01 npu mouarkosiii yMoBi
y(0)=0 oOGararokpokoBuM MeTojgoM Anamca—bamopra. Jlas BHU3HAYCHHS
NOYAaTKOBUX 3HAYCHb Yy, Yo, Y3 BHUKOPHCTAaTH OyAb-SKHH OJHOKPOKOBHH METOJ

Eitnepa, monudikoBanuii Einepa, Eitnepa—Komi abo Pynre—Kyrra. Busnauntu
MOXHOKY po3B’ si3aHHs TUPEPEHIIATLHOTO PIBHAHHS.

15. BukoHaTtu 4mncenbHe po3B’ s3aHHs 3anavi Komr mis qudepeHIiaibHOro
piBustHEs Y'=€* + Y2 Ha Bigpisky [0;1] 3 xpokom h=01 npu mouaTKoBiii ymMOBi
y(0)=0 OaratokpokoBuM MeTogoM Amamca-MynaTtona. Jlins BH3HAYEHHS
NIOYaTKOBUX 3HAUYCHb Vi, Yo, Y3 BHUKOpPHCTaTH OyIb-IKHH OIHOKPOKOBHH METOJ

Eiinepa, moaudikoBanuii Eitnepa, Einepa-Komni a6o Pynre—Kyrra. Busnauutu
MOXUOKY pO3B’ si3aHHS AU(PEPEHIIATLHOTO PiBHIHHS.

16. BuxonaTtu yucenpHe po3B’s3aHHA 3anavi Komr mis qudepeHiiaibHOro
piBmsiHEs Y'=€* + y? Ha Bixpisky [0;1] 3 kpokom h=01 npu mouaTKoBiil ymoBi
y(0) = 0 6araTokpokoBuM MeTo10M MinHa. [ BU3HAYCHHS [TOYATKOBUX 3HAYCHb
Vi, Yo, Y3 ~ BUKOpUCTaTH  OyIb-aKMH  OAHOKpokoBMi  meron  Eiinepa,

moaudikoBanuit Eitnepa, Eitnepa—Komi a6o Pynre—Kyrra. Busnauntu moxuOky

pO3B’ si3aHHS TU(EePEHIIIATBHOTO PIBHSHHS.
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